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PREFACE

The fast Fourier transform (FFT) is a widely used signal-processing and
analysis concept. Availability of special-purpose hardware in both the com-
mercial and military sectors has led to sophisticated signal-processing sys-
tems based on the features of the FFT. The implementation of FFT algo-
rithms on large mainframe computers has made unprecedented solution
techniques readily achievable. Personal computers have generated yet a fur-
ther proliferation of FFT applications. To the student, the professional at
home, engineers, computer scientists, and research analysts, the FFT has
become an invaluable problem-solving tool.

Popularity of the FFT is evidenced by the wide variety of application
areas. In addition to conventional radar, communications, sonar, and speech
signal-processing applications, current fields of FFT usage include biomed-
ical engineering, imaging, analysis of stock market data, spectroscopy,
metallurgical analysis, nonlinear systems analysis, mechanical analysis,
geophysical analysis, simulation, music synthesis, and the determination
of weight variation in the production of paper from pulp. Clearly, an appli-
cations text cannot address in depth such a breadth of technology. The
objective of this book is to provide the foundation from which one can ac-
quire the fundamental knowledge to apply the FFT to problems of interest.

The book is designed to be user friendly. We stress a pictorial, intuitive
approach supported by mathematics, rather than an elegant exposition that
is difficult to read. Every major concept is developed by a three-stage se-
quential process. First, the concept is introduced by an intuitive graphical
development. Second, a nonsophisticated (but theoretically sound) mathe-

xiii



xiv Preface

matical treatment is developed to support the intuitive arguments. The third
stage consists of practical examples designed to review and expand the con-
cept. This three-step procedure, with an emphasis on graphical techniques,
gives meaning as well as mathematical substance to the basic properties and
applications of the FFT. Readers should expect a high efficiency in trans-
ferring the development of the text into practical applications.

This book is a sequel to The Fast Fourier Transform. The focus of the
original volume was on the Fourier transform, the discrete Fourier trans-
form, and the FFT. Only a cursory examination of FFT applications was
presented. This text extends the original volume with the incorporation of
extensive developments of fundamental FFT applications. Applications of
the FFT are based on its unique property to rapidly compute the Fourier,
inverse Fourier, or Laplace transforms. For this reason, we develop in detail
the methods for applying the FFT to transform analysis and interpreting
results. We then extend the development and apply the FFT to the com-
putation of convolution and correlation integrals. All developments employ
a rich use of graphical techniques and examples to insure clarity of the
presentation. We then build on these fundamentals and expand the basic
FFT uses to a higher level of application topics. Topical areas include two-
dimensional FFT analysis, FFT digital filter design, FFT multichannel band-
pass filtering, FFT signal processing, and FFT systems applications.

The text should provide an excellent basis for a senior level or intro-
ductory graduate course on digital signal processing. Course outlines em-
phasizing a thorough examination of the Fourier Transform will find the text
particularly appealing. The added applications material allows students to
develop the experience necessary to apply the FFT to problems spanning a
wide variety of disciplines. Students are expected to have access to a digital
computer. The text should serve equally well as a supplementary text for a
course with broad systems analysis and signal-processing objectives. The
book should also be very attractive as a reference to the practicing signal-
processing community because it offers not only a readable introduction to
the FFT, but a thorough and unified reference for applying the FFT to any
field of interest. Readers should also find that the material provides an ex-
cellent self-study text.

The text is divided into five major subject areas:

1. The Fourier Transform. In Chapters 2 through 6, we lay the foun-
dation for the entire book. We investigate the Fourier transform, its inversion
formula, and its basic properties; graphical explanation of each discussion
lends physical insight to the concept. The transform properties of the con-
volution and correlation integrals are explored in detail. Numerous examples
are presented to facilitate understanding. For reference in later chapters,
Fourier series and waveform sampling of baseband signals are developed in
terms of Fourier transform theory.
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2. The Discrete Fourier Transform. Chapters 6 and 7 develop the dis-
crete Fourier transform. A graphical presentation develops the discrete
transform from the continuous Fourier transform. This graphical presen-
tation is substantiated by a theoretical development. Discrete transform
properties are derived. The relationship between the discrete and continuous
Fourier transform is explored in detail; numerous waveform classes are con-
sidered by illustrative examples. Discrete convolution and correlation are
defined and compared with continuous equivalents by illustrative examples.

3. The Fast Fourier Transform. In Chapter 8, we develop the FFT
algorithm. A simplified explanation of why the FFT is efficient is presented.
We follow with the development of a signal flow graph, a graphical procedure
for examining the FFT. Based on this flow graph, we describe sufficient
generalities to develop a computer flowchart and computer programs. Theo-
retical developments of the various forms of the FFT are presented.

4. Basic Applications of the FFT. Chapters 9 through 11 focus on an
investigation of the basic applications of the FFT. Application of the FFT
to the computation of discrete and inverse discrete Fourier transforms is
presented with emphasis on a graphical examination of resolution and com-
mon FFT user mistakes (aliasing, time-domain truncation, noncausal time
functions, and periodic functions). FFT data-weighting functions are ex-
amined in depth. Laplace transform computation using the FFT is presented
with graphical examples. FFT implementation of discrete convolution and
correlation is developed by extensive graphical presentations. Computa-
tional procedures are carefully defined and a computer program is provided.
Two-dimensional Fourier transforms, convolution, and correlation are de-
veloped (graphically and by example), as in the one-dimensional case. Ap-
plication of the FFT to two-dimensional Fourier transform and convolution
computation are described and computer programs are provided.

5. Signal Processing and System FFT Applications. The design and
application of digital filters using the FFT is explored from a practical usage
perspective. A novel application of the FFT to multichannel band-pass fil-
tering is developed in a manner from which the reader can readily expand
the results.

Because waveform sampling is fundamental to FFT signal-processing
applications, band-pass and quadrature waveform sampling is addressed in
detail. The philosophy underlying the remaining discussions is to address a
range of FFT techniques that are applicable to sonar, seismic, radar, com-
munications, medical, optical, system analysis, and antenna applications.
Specific FFT application areas addressed include signal-to-noise enhance-
ment, matched filtering, deconvolution filtering, time-difference-of-arrival
measurements, phase interferometry measurements, antenna analysis, sys-
tem simulation, power spectrum analysis, and array beamforming.
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INTRODUCTION

The fast Fourier transform (FFT) is a fundamental problem-solving tool in
the educational, industrial, and military sectors. Since 1965 [1], FFT usage
has rapidly expanded and personal computers fuel an explosion of additional
FFT applications. The single focus of this book is the FFT and its applications.

In this chapter, we survey briefly the broad application areas of the
FFT to give the reader a perspective for its seemingly universal appeal. We
will establish the FFT as one of the major developments in signal-processing
technology. The diverse applications of the FFT follow from the roots of
the FFT: the discrete Fourier transform and hence the Fourier transform.
Our overview of the Fourier transform and its interpretation with respect
to the time and frequency domains is presented.

1.1 THE UBIQUITOUS FFT

Ubiquitous is defined as being everywhere at the same time. The FFT is
certainly ubiquitous because of the great variety of apparent unrelated fields
of application. However, we know that the proliferation of applications
across broad and diverse areas is because they are united by a common
entity, the Fourier transform. For years only the elitist theoretical mathe-
matician was capable of staying abreast of such a broad spectrum of tech-
nologies. However, with the FFT, Fourier analysis has been reduced to a
readily available and practical procedure that can be applied effectively with-

1



Applied Mechanics

structural dynamics
aircraft wing-flutter
suppression
machinery dynamics
diagnostics
nuclear power plant
modeling
vibration analysis

Sonics and Acoustics

acoustic imaging
passive sonar
ultrasonic transducers
array processing
architecture acoustic
measurement

music synthesis

Biomedical Engineering

diagnosis of airways
obstruction

muscle fatigue monitoring

assessing heart valve
damage

tissue structure
characterization

gastric disturbances
investigation

cardiac patients diagnosis

ECG data compression

artery dynamics
investigation

Numerical Methods

high-speed interpolation

conjugate gradient method

boundary value problems

Riccati and Dirichlet
equations

Rayleigh’s integral

Introduction Chap. 1

Wiener-Hopf integral
equation

diffusion equation

numerical integration

Karhunen-Loeve transform

elliptic differential
equations

Signal Processing

matched filters
deconvolution
real-time spectral
cepstrum analysis
coherence function
estimation
speech synthesis and
recognition
random process generation
transfer function
estimation
echo/reverbation removal

analysis

Instrumentation

chromatography
microscopy
spectroscopy

x-ray diffraction
electrochronography

Radar

cross-section measurement
moving target indicator
synthetic aperture
doppler processor

pulse compression
clutter rejection

Electromagnetics

microstrip line propagation
conducting bodies
scattering

Figure 1.1 Summary of FFT Applications.
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e antenna radiation patterns ® signal detection
e dielectric substrate e high-speed digital filters
capacitance ® voice coding systems
e phased-array antenna e video bandwidth
analysis compression
e time-domain reflectometry
o waveguide analysis Miscellaneous
® network analysis ¢ magnetotellurics
* metallurgy
Communications o felectrical power systems
® 1mage restoration
e systems analysis e nonlinear system analysis
e transmultiplexers ® geophysics
¢ demodulators ® GaAs FET transient
® speech scrambler system response
e multichannel filtering ¢ integrated circuit modeling
® M-ary signaling ® quality control

Figure 1.1 (cont.)

out sophisticated training or years of experience. The FFT has become a
standard analysis module because of its usefulness and availability.

The FFT is no longer a textbook novelty. In Fig. 1.1, we show an
abbreviated listing of typical application areas of the FFT. Key reference
materials in the FFT application fields shown are included in the bibliog-
raphy. The FFT, once the province of engineers and scientists, has become
a technique used in areas ranging from the analysis of stock market trends
to the determination of weight variations in the production of paper from
pulp. Computer technology evolution, particularly that of the personal com-
puter, has positioned the FFT as a handy and powerful analysis tool whose
availability is no longer limited only to the signal-processing specialist. As
shown in Fig. 1.1, the application fields of the FFT are extremely diverse.
In an age where it is virtually impossible to stay abreast of technology, it is
stimulating to find an analysis concept that enables one to approach an un-
familiar field with familiar tools. Certainly, the FFT has become one of the
major developments in digital signal-processing technology.

As stated previously, the common bond throughout the varied appli-
cation of the FFT is the Fourier transform. A key property of the Fourier
transform is its ability to allow one to examine a function or waveform from
the perspective of both the time and frequency domains. The Fourier trans-
form is the cornerstone of this text.
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1.2 INTERPRETING THE FOURIER TRANSFORM

A simplified interpretation of the Fourier transform is illustrated in Fig. 1.2.
As shown, the essence of the Fourier transform of a waveform is to decom-
pose or separate the waveform into a sum of sinusoids of different frequen-
cies. If these sinusoids sum to the original waveform, then we have deter-
mined the Fourier transform of the waveform. The pictorial representation
of the Fourier transform is a diagram that displays the amplitude and fre-
quency of each of the determined sinusoids.

Figure 1.2 also illustrates an example of the Fourier transform of a
simple waveform. The Fourier transform is the two sinusoids that add to
yield the waveform. As shown, the Fourier transform diagram displays both
the amplitude and frequency of each sinusoid. We have followed the usual
convention and displayed both positive and negative frequency sinusoids
for each frequency; the amplitude has been halved accordingly. The Fourier
transform then decomposes the example waveform into its two individual
sinusoidal components.

The Fourier transform identifies or distinguishes the different fre-
quency sinusoids (and their respective amplitudes) that combine to form an
arbitrary waveform. Mathematically, this relationship is stated as

S(f) = f_a; s(t)e =2 dt (1.1

where s(¢) is the waveform to be decomposed into a sum of sinusoids, S(f)
is the Fourier transform of s(¢), and j = V — 1. An example of the Fourier
transform of a square-wave function is illustrated in Fig. 1.3(a). An intuitive
justification that a square waveform can be decomposed into the set of sin-
usoids determined by the Fourier transform is shown in Fig. 1.3(b).

We normally associate the analysis of periodic functions such as a
square wave with Fourier series rather than Fourier transforms. However,
as we will show in Chapter 5, the Fourier series is a special case of the
Fourier transform.

If the waveform s(¢) is not periodic, then the Fourier transform will
be a continuous function of frequency, that is, s(¢) is represented by the
summation of sinusoids of all frequencies. For illustration, consider the pulse
waveform and its Fourier transform, as shown in Fig. 1.4, In this example,
the Fourier transform indicates that one sinusoid frequency becomes indis-
tinguishable from the next and, as a result, all frequencies must be
considered.

The Fourier transform is then a frequency-domain representation of a
function. As illustrated in both Figs. 1.3(a) and 1.4, the Fourier transform
frequency domain contains exactly the same information as that of the orig-
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s(t) S(f)

(a)

sq{t} = cos (2mf 1} - 1/3 cos (671 t) S4(H
12 1 112
i T
-1/6 1/6
so(t) = cos (2af 1) - 1/3 cos (67T t) S,(f)

+1/5 cos (10mf,g)

s3(t) = cos (2nf 1) - 1/3 cos (6xf 1)
+1/5 cos (10wt t)
- 177 cos (14xf 1)

(b}

Figure 1.3 Fourier transform of a square-wave tunction.

inal function; they differ only in the manner of presentation. Fourier analysis
allows one to examine a function from another point of view, the transform
domain. As we will see in the discussions to follow, the method of Fourier
transform analysis employed, as illustrated in Fig. 1.2, is often the key to
problem-solving success.
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s(t)

1 1
,  w, T,
()

Figure 1.4 Fourier transform of a pulse waveform.

1.3 DIGITAL FOURIER ANALYSIS

Because of the wide range of problems that are susceptible to attack by the
Fourier transform, we would expect the logical extension of Fourier trans-
form analysis to the digital computer. Numerical integration of Eq. (1.1)
implies the relationship:
N—-1
S(fk) = 2 S(ti)e_jZﬁfk’i(Ii+1 — 1) k=0,1,... , N —1 (1.2)
i=0
For those problems that do not yield to a closed-form Fourier transform
solution, the discrete Fourier transform of Eq. (1.2) offers a potential method
of attack. However, careful inspection of Eq. (1.2) reveals that if there are
N data points of the function s(¢;) and if we desire to determine the amplitude
of N separate sinusoids, then computation time is proportional to N2, the
number of multiplications. Even with high-speed computers, computation
of the discrete Fourier transform requires excessive machine time for large
N.
An obvious requirement existed for the development of techniques to
reduce the computing time of the discrete Fourier transform; however, the
scientific community met with little success. Then, in 1965, Cooley and
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Tukey published their mathematical algorithm [1], which has become known
as the ‘‘fast Fourier transform.’’ The fast Fourier transform (FFT) is a com-
putational algorithm that reduces the computing time of Eq. (1.2) to a time
proportional to N log, N. This increase in computing speed has completely
revolutionized many facets of scientific analysis. A historical review of the
discovery of the FFT illustrates that this important development was almost
ignored [4, 5].

The FFT has revolutionized the use of the discrete Fourier transform.
It is important to recognize that one’s ability to apply the FFT relies prin-
cipally on an understanding of the discrete Fourier transform and not the
FFT algorithm. For this reason, this text emphasizes the fundamentals of
the Fourier and discrete Fourier transforms.
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THE FOURIER TRANSFORM

A principal analysis tool in many of today’s scientific challenges is the Four-
ier transform. Possibly the most well-known application of this mathematical
technique is the analysis of linear time-invariant systems. But, as emphasized
in Chapter 1, the Fourier transform is essentially a universal problem-solving
technique. Its importance is based on the fundamental property that one can
examine a particular relationship from an entirely different viewpoint. Si-
multaneous visualization of a function and its Fourier transform is often the
key to successful problem solving.

2.1 THE FOURIER INTEGRAL

The Fourier integral is defined by the expression
H(f) = f " k(e di @.1)

If the integral exists for every value of the parameter f, then Eq. (2.1) defines
H(f), the Fourier transform of h(t). Typically, h(t) is termed a function of
the variable time and H(f) is termed a function of the variable frequency.
We use this terminology throughout the book: ¢ is time and f is frequency.
Further, a lowercase symbol represents a function of time; the Fourier trans-
form of this time function is represented by the same uppercase symbol as
a function of frequency.
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In general, the Fourier transform is a complex quantity:

H(f) = R(f) + jI(f) = | H(f) | P 2.2)

where R(f) is the real part of the Fourier transform,
I(f) is the imaginary part of the Fourier transform,

| H(f) | is the amplitude or Fourier spectrum of h(t) and is given by
R*(f) + I*(f),

0(f) is the phase angle of the Fourier transform and is given by

tan~ ' [I(f)/R(f)].

Example 2.1 Exponential Waveform

To illustrate the various defining terms of the Fourier transform, consider the func-
tion of time

h(t) = Be ™ t>0 .3)
=0 <0

From Eq. (2.1),

H(f)

f°° Be e~ df — fm o~ @+izmh gy
0 (V]

___B

"B —rizmn -

= - (4 T
a + j2uf o o+ j2uf Q.4

_ Ba . 2nfB
Tt eu)r '@t ey

B ejtan—l[—Z-n'f/u]

Vao? + 2nf)?

Hence,

Boa
a? + 2nf)?

—2nfB
a? + Qnf)?

B
Va? + Qnf)?

o) = tan"[iﬁf]
o

Each of these functions is plotted in Fig. 2.1 to illustrate the various forms of Fourier
transform presentation.

R(f) =

1(f) =

|HS) | =
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t f f

(a) (b) (c)

h(t)

Figure 2.1 (a) Example of a time-domain function, (b) real and imaginary pre-
sentations of the Fourier transform, and (¢) magnitude and phase presentations
of the Fourier transform.

2.2 THE INVERSE FOURIER TRANSFORM
The inverse Fourier transform is defined as
Wy = [ Herm df @.5)

Inversion transformation, Eq. (2.5), allows the determination of a function
of time from its Fourier transform. If the functions 4(¢) and H(f) are related
by Egs. (2.1) and (2.5), the two functions are termed a Fourier transform
pair, and we indicate this relationship by the notation

ht) <& H(f) (2.6)
Example 2.2 Inverse Fourier Transform of Example 2.1
Consider the frequency function determined in the previous example:

B _ Ba . 2mfp
a + j2nf o + Quf)? Jaz + 2nf)?

H(f) =

From Eq. (2.5),

- 2 -
h(t) = f_m [az +B;x2ﬂf)z _Jaz +1T(f23ﬂf)2j| e/t df
Because ¢/2™" = cos(2nft) + j sin(2mft), then
_(* | Bacosnft) | 2nwfB sinQwfr)
o = f‘“ [az + Q2wf)? * a® + 2xnf)? ] df
+j f:c [ﬁﬂt sin@wft) 2mwfB cos(21rft)] af

2.7

o? + Quf)? a? + 2mf)?

The second integral of Eq. (2.7) is zero because each integrand term is an odd func-
tion. This point is clarified by examination of Fig. 2.2; the first integrand term in
the second integral of Eq. (2.7) is illustrated. Note that the function is odd, that is,
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Ba sin (27ft)

Figure 2.2 Integration of an odd function.

g(t) = —g(—1). Consequently, the area under the function from — f, to f, is zero.
Therefore, in the limit as f, approaches infinity, the integral of the function remains
zero; the infinite integral of any odd function is zero.

Equation (2.7) becomes

Ba (= cos2wtf) 2B (= f sinQmwtf)
@2m)? f—w(a/Zw)z r Yt o) g Y @Y

From a standard table of integrals,

h(t) =

* cos(ax) T _uw
—wb2+x2dx =Ze “ a>0
= x sin(ax
ﬁmsz(xz)dx=1T€_ab a>0

Hence, Eq. (2.8) can be written as

_ Ba L - (217;)(“/21:)] 27 - @mt)o/2m)
WO = Gy [(a/Z*rr) € * aap ™ ] 2.9

B —at B —af —at
= — « = af — o >
> e + 5 e Be t>0
The time function
h(t) = Be™ ™ t>0

and the frequency function

__ B
HD = e
are related by both Eqgs. (2.1) and (2.5) and hence are a Fourier transform pair:
e (>0 & —B (2.10)

a + j2=wf)
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2.3 EXISTENCE OF THE FOURIER INTEGRAL

To this point, we have not considered the validity of Eqs. (2.1) and (2.5);
the integral equations have been assumed to be well-defined for all functions.
In general, for most functions encountered in practical scientific analysis,
the Fourier transform and its inverse are well-defined. We do not intend to
present a highly theoretical discussion of the existence of the Fourier trans-
form but rather to point out conditions for its existence and to give examples
of these conditions. Our discussion follows that of Papoulis [3].

Condition 1. If h(t) is integrable in the sense
[ 1hwtar< e @.11)

then its Fourier transform H(f) exists and satisfies the inverse Fourier
transform of Eq. (2.5).

It is important to note that Condition 1 is a sufficient but not necessary
condition for the existence of a Fourier transform. There are functions that
do not satisfy Condition 1 but have a transform satisfying Eq. (2.5). This
class of functions is covered by Condition 2.

Example 2.3 Symmetrical Pulse Waveform

To illustrate Condition 1, consider the pulse time waveform

h(t) = A |t] < Ty

=é t==+T, 2.12)
2
=0 | t]|> To

which is shown in Fig. 2.3. Equation (2.11) is satisfied for this function; therefore,
the Fourier transform exists and is given by

To .
H(f) = f Ae 7275t gy
—To

To To
A f cosQuft) dt — jA f sinmf1) dt
—To —To

The second integral is equal to zero because the integrand is odd:
To

H(f) sin(2wft)

A
2mf -To @.13)
sin@aTof)

= 2AT() 211'T0f

Those terms that obviously can be canceled are retained to emphasize the [sin(af)]/
af characteristic of the Fourier transform of a pulse waveform, as shown in Fig.
2.3.
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| heo HIf) = 2AT, sin (20T )

—Tr

o

Figure 2.3 Fourier transform of a symmetrical-pulse time-domain waveform.

Because this example satisfies Condition 1, then H(f) as given by Eq. (2.13)
must satisfy Eq. (2.5).

I sinwTof) 2t
h(z)_[_szTo——zﬁTof &2 df 10

= 24T, [ %"gfm [cos@nfr) + j sin@mf)] df

The imaginary integrand term is odd; therefore,

_A (" sin2wTof) cosQmft)
h(t) = — f_w 7 df 2.15)
From the trigonometric identity
sin(x) cos(y) = #fsin(x + y) + sin(x — y)] (2.16)

h(t) becomes

A (= sinRwf(To + 1)) A (> sinRmf(T, — 0]
Wy = 2 [ FREEEe T Dgp o 2 [ S0l = D)
D= ) f A I f af
ATo*t ATot
R 2|7, +1l A 21T,
2 2
T : T, t
1.a l.a
2 2

Figure 2.4 Graphical evaluation of Eq. (2.19).
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and can be rewritten as

sin2wf(Ty + )]

h(t) = A(Ty, + ¢ ) d
() = Ao + 1) [ 520 o)
= sin[2wf(To — 1)]
+ A(To — 1) j_m e
Because
* sin(2max) _ 1
[—w 2max 2 | a |l 2.18)
(| | denotes magnitude or absolute value), then
h(t)=A To +t A Ty —t 2.19)

—- + —

Each term of Eq. (2.19) is illustrated in Fig. 2.4; by inspection, these terms add to
yield

M)=A |t|<T,
A
=0 |t]|> T,

The existence of the Fourier transform and the inverse Fourier transform has
been demonstrated for a function satisfying Condition 1. We have established the
Fourier transform pair (Fig. 2.3):

inQwT
W =A (|t]<Ty & 241, 30CTTof) @.21)
2'11'T0f
Example 2.4 General Pulse Time Waveform
Consider the pulse time waveform
h(t) = A 0<t<2T,
- 12‘ ¢ =0;1=2T, (2.22)
=0 otherwise
which is shown in Fig. 2.5(a). The Fourier transform is given by
27, )
Hp = [ Aermr ar
27, 27,
- A f cos2mf1) di — jA j sin@wf1) dr
0 0 (2.23)

2To

(Al2wf) sinQufn) 7 + j(AR2wf) cosQnft) |

_ 24T, sin2n(2To)f)
B 2n(2To)f

cos[2w(2T o) f] 24T, }

t {2’”" w@Tf | 2m@Tof
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\ hit}

0 2To t

(a)
h 1o

2AT,

(b) Fourier transform amplitude func-
tion, and (c) Fourier transform phase
() function.

NG
\I \l J\‘ N 2 f Figure 2.5 (a) General pulse waveform,
T o 0

The amplitude spectrum is given by

_ 2AT, . 5
| H(f) | = CRRCTRY: {sin’2w(2To)f] + cos’[2m(2Ty)f]

— 2 cos[2m(2To)f]1 + 1}
2AT,

_ _ 172
= 2 aTOF {2 — 2 cos[2m(2Ty)f}

sin[2nwTof]
21TTOf

Because cos(x) — 1 = —sin?(x) and sin(x) = 2 sin(x/2) cos(x/2), then the phase
angle is given by

(2.24)

2AT,

8(f)

tan-"! {cos[Zw(ZTo)f] - 1}
sin[2m(27T)f]

tan~! {M‘ﬂ} (2.25)

cos[2mTof]
- 211'T0f
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The amplitude spectrum | H(f) | and phase angle 6(f) of the Fourier transform of
h(t) are shown in Figs. 2.5(b) and (c), respectively. Note that the tan~!(x) function
is restricted to —m < 6 < « by normal convention.

Condition 2. If h(t) = B(¢) sinQRwft + o) (Where f and « are arbitrary
constants), if B(r + k) < B(#), and if for | ¢ | > N\ > 0, the function A(t)/
t is absolutely integrable in the sense of Eq. (2.11), then H(f) exists
and satisfies the inverse Fourier transform, Eq. (2.5).

An important example is the function [sin(at)]/at, which does not sat-
isfy the integrability requirements of Condition 1.
Example 2.5 Pulse Frequency Waveform
Consider the function
sin(wfot)
2nfot

illustrated in Fig. 2.6. From Condition 2, the Fourier transform of A(¢) exists and is
given by

h(t) = 2Afq (2.26)

sin(wfot)
—e

—j2nft dt
21Tf0t

H) = [ 245,

_ A (= sinQufor)
[

s

[cos@mft) — jsinwfr)] dt 2.27)

_ éf” sin(2wfot) coswft) dt

T t

The imaginary term integrates to zero because the integrand term is an odd function.
Substitution of the trigonometric identity of Eq. (2.16) gives

_ A (= sin2m(fo + )] A (= sin2wt(fo — ]
H) = o0 f—oc t At om f—w t a

sin2wt(fo + )]

= Ao+ ) [ T e 228
= sin2w(fo — f)]
Ao - ) [ T dr
| hit) = 21 sin (21rf::) AH(f)
248,
A
AN _
T 5 1 o o
ffO ﬁ) 5fO

Figure 2.6 Fourier transform of A [sin(at)/at].
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Equation (2.28) is of the same form as Eq. (2.17); identical analysis techniques yield
Hf)=A |fl<fo

A
=3 f==f (2.29)
=0 |f|>f0

Because this example satisfies Condition 2, H(f) [Eq. (2.29)], must satisfy the
inverse Fourier transform relationship, Eq. (2.5):

] )
h(t) = f _;0 Ae*™t df

f : fo

= A f " cosuft) df = a SRCTID (2.30)
= fo 2wt —fo

_ sinwfot)

B ZAfO 2"ﬂ'f0t

By means of Condition 2, the Fourier transform pair
sin(2mfot
245, D S gy =a | f]< fo @.31)

21Tf0[
has been established and is illustrated in Fig. 2.6.

Condition 3. Although not specifically stated, all functions for which Con-
ditions 1 and 2 hold are assumed to be of bounded variation, that is,
they can be represented by a curve of finite height in any finite time
interval. By means of Condition 3, we extend the theory to include
singular (impulse) functions.

If h(r) is a periodic or impulse function, then H(f) exists only if one
introduces the theory of distributions. Appendix A has an elementary dis-
cussion of distribution theory; with the aid of this development, the Fourier
transform of singular functions can be defined. It is important to develop
the Fourier transform of impulse functions because their use greatly sim-
plifies the derivation of many transform pairs.

Impulse function 8(¢) is defined as [Eq. (A.8)]

fw 3t — to)x(t) dt = x(to) (2.32)

where x(¢) is an arbitrary function continuous at #o. Application of the defi-
nition of Eq. (2.32) yields straightforwardly the Fourier transform of many
important functions.

Example 2.6 Impulse Function

Consider the function
h(t) = Kb¥(¢) (2.33)
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h(t) = K 8(t) “ HIf) =K

. O

l t

]
Figure 2.7 Fourier transform of an impulse function.

The Fourier transform of h(¢) is easily derived using the definition of Eq. (2.32):
H) = [ Ko " di = Ke® = K 2.34)

The inverse Fourier transform of H(f) is given by

W = [ (Kl df = [ Kcosemfn df +j [ Ksin@ufndf  239)

Because the integrand of the second integral is an odd function, the integral is zero;
the first integral is meaningless unless it is interpreted in the sense of distribution
theory. From Eq. (A.21), Eq. (2.35) exists and can be rewritten as

) = K f:c eI gf = K [_mm cos2uff) df = K3(1) (2.36)

These results establish the Fourier transform pair
k() <& HE) = K 2.37)

which is illustrated in Fig. 2.7.
Similarly, the Fourier transform pair, as shown in Fig. 2.8,

nr) = Kk & Ks(f) 2.38)

can be established where the reasoning process concerning existence is exactly as
argued previously.

Example 2.7 Periodic Functions
To illustrate the Fourier transform of periodic functions, consider

h(t) = A cosQmfot) (2.39)

hit) =K
H(f) = K 8(f)

K

©

1 | f

Figure 2.8 Fourier transform of a constant-amplitude waveform.
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| nit) = A cos (2xt 1) AHn=rn

A
) 5 tref) 8 autt,)

t f f f

—————
P

Figure 2.9 Fourier transform of A cos(at).
The Fourier transform is given by

H(f) = fm A cos2ufot)e 2™ dt

- é - [eijfot + e—jz'xrfor]e—jz-:rﬂ dt

2 )= (2.40)
= é * [e —j2wt(f - fo) + e—flm(fo+f)] dt

2 Jow

= 25 - fo) + 580 + o

where arguments identical to those leading to Eq. (2.36) have been employed. The
inversion formula yields

wo = [ [Sour + g0 + G005 — s |enicas

— é j27 for é —j2ufor
= 2e’ + 2e (2.41)
= A cosQufot)
The Fourier transform pair
A
A cosufor) & 28— fo) + %S(f + fo) Q.4

is illustrated in Fig. 2.9.

hit) = Assin (2nf t) H(f) = ji(f)

A
3 8(f+fo)

o

f
A
-3 8(f-f°)

Figure 2.10 Fourier transform of A sin(at).
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Similarly, the Fourier transform pair (Fig. 2.10)
. A ' A
A sin@ufor) K j58( + fo) = J5(F = fo) 2.43)

can be established. Note that the Fourier transform is imaginary.

Example 2.8 Sequence of Impulse Functions

The Fourier transform of a sequence of equidistant impulse functions is another
sequence of equidistant impulses [3].

(1) = 2 3t - nT) <& H) = = 2 a(f - —) (2.44)

n= - n——OO

A graphical development of this Fourier transform pair is illustrated in Fig. 2.11.

hqlt) = 1+ 2 cos (2nf, ) Hy(f)
_1 ry
—f, [ fo=F f
hyly=1+2 2 2mkt_1)
3(t) = g cos ( o
k=1 Halh

ot

f, 2, 36,  f
(b)

5
hslt) =142 5 cos (2mkfot)

Hg(f)
t fo 2f, 3f, 4f 61 f
(c)
@
hm(t) = ng_malt —nT) H (f) = 2 5(f - —)
eoe t ' XX XY} 1
T 2T ot f =1
a | o1

Figure 2.11 Graphical development of the Fourier transform of a sequence of
equidistant impulse functions.
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The importance of the Fourier transform pair of Eq. (2.44) becomes obvious in future
discussions of discrete Fourier transforms.

Inversion Formula Proof

By means of distribution theory concepts, it is possible to derive a
simple formal proof of the inversion formula of Eq. (2.5).

Substitution of H(f) [Eq. (2.1)] into the inverse Fourier transform of
Eq. (2.5) yields

H(erdf = [ ermriaf [T e dx @49)

— oo

Because [Eq. (A.21)]
f T et g = §(p)

— oo

then an interchange of integration in Eq. (2.45) gives

f_wm H(f)ejz-rrft df - f_ww h(x) dx fj; ejzwf(:—x) df (2 46)

- f:, hO)B(t — x) dx

But by the definition of the impulse function of Eq. (2.32), Eq. (2.46) simply

equals h(¢). This statement is valid only if A(t) is continuous.’ However, if

it is assumed that

h(t*) + h(t™)
2

that is, if A(¢) is defined as the midvalue at a discontinuity, then the inversion

formula still holds. Note that in the previous examples we carefully defined
each discontinuous function consistent with Eq. (2.47).

h(r) = (2.47)

2.4 ALTERNATE FOURIER TRANSFORM DEFINITIONS

It is a well-established fact that the Fourier transform is a universally ac-
cepted tool of modern analysis. Yet, to this day, there is not a common
definition of the Fourier integral and its inversion formula. To be specific,
the Fourier transform pair is defined as

Hw) = a, f_ww Wte = di o = 2uf (2.48)

h(t) = as fi H(w)e™ dw (2.49)

! See Appendix A. The definition of the impulse response is based on the continuity of
the testing function h(z).
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where the coefficients a; and a, assume different values depending on the
user. Some set a; = 1 and a» = 1/2w; others set a; = a; = 1/\/27; or set
a, = 12w and a, = 1. Equations (2.48) and (2.49) impose the requirement
that a,a, = 1/2w. Various users are then concerned with the splitting of the
product aa;.

To resolve this question, we must define the relationship desired be-
tween the Fourier transform and the Laplace transform and the definition
we wish to assume for the relationship between the total energy computed
in the time domain and the total energy computed in w, the radian frequency
domain. For example, Parseval’s Theorem states:

fw K2(t) dt = 2mal f:, | H(w) |? do (2.50)

If the energy computed in ¢ is required to be equal to the energy computed
inw, thena;, = 1/V2w. However, if the requirement is made that the Laplace
transform, universally defined as

L) = [ hwerdr = [T heerorar @51

shall reduce to the Fourier transform when the real part of s is set to zero,
then a comparison of Eqgs. (2.48) and (2.51) requires a, = 1, i.e., a; =
12w, which is in contradiction to the previous hypothesis.

A logical way to resolve this conflict is to define the Fourier transform
pair as follows:

H(f) = f: h(t)e 7275t dy 2.52)

h(t) = f H(f)e’™ " df (2.53)
With this definition, Parseval’s Theorem becomes
[ wwar= [T 1Hp P as

and Eq. (2.52) is consistent with the definition of the Laplace transform.
Note that as long as integration is with respect to f, the scale factor 12w
never appears. For this reason, the latter definition of the Fourier transform
pair was chosen for this book.

2.5 FOURIER TRANSFORM PAIRS

A pictorial table of Fourier transform pairs is given in Fig. 2.12. This graph-
ical and analytical catalog is by no means complete, but does contain the
most frequently encountered transform pairs.
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Time Domain

Frequency Domain

pro W) =A || <Te j wo
A sinwTof) 2AT,
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> =1 < H(f) = 24T, T
- =0 1I| > To
'To To t 1 1 3
r, T,
o ho = 245 D S g - i<n pre
21Tf()t
2Af° A
A
=3 Ifl = fo
=0 Ifl > fo -
1 3 t - f
% i % § i
h{t) H(f) = K §(f)
——— K -—— K
wt) = K € H(f) = K5(f)
t
hi) A o)
—_ K I
. -
k(1) = K3(1) & H(f) = K

~Y
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Time Domain

Frequency Domain

hit) H{f
- | o=
" W= 3 du-n) & HH=7 3 3 (f - ﬁT) l ‘ ! ’ ‘
5T 3T T | T 3T 5T 2 1 1 2 ¢
4T 27 2T 4T T T T T
hit) | Hif)
A
A h(t) = A cos@ufor) & H(f) = 5 8 = fo)
B B8it+1) £ 8(4)
+t3 3(f + fo) -
£ fo f
hit) fHen
A . A A
W) = A sinnfo) & H() = —j 58 - fo) 7 0+%o)
fO
A K Tf
+i 5 8 + fo) ° -5 8ttt,)

Figure 2.12 Catalog of Fourier transform pairs.
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Time Domain Frequency Domain
| hiv) ‘ H(f)
_ A 3 sin?QnTof) 2ATo
A W) = = 5+ A O H(f) = 24Ty 7aTof
|t| < 2T,
=90 |t| > 2T,
- 1 3
2To T, t %To fo fTo
A hit)
2 A Ho
T
h(1) = A cos@ufor) < H(f) = A’TlQ(f + fo) °1
A
lf] < To + Qf = fo)l
=0 |f| > T() sin(2~rrTof)
f) = ——=7
T, T, ot o 2nTof
o fo f
Af. A A wf
A n h(t) = =< q) & H(f) = 5 + 7 cos <f—> Hif)
A
A 4 AL (r + —)
4 T\ T |1 = £.
L AL ( _L) =0 fl>f
1 t 4 2 f’c f, t
te a0 = sin2mf 1)

wt
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| 1 Tt 1
h(t) - - — - =
t h(1) 5 + 5 cos (T0> S HY) = S o) e
1 1 1
| < To ile(r ) i
=0 |t| >Tp 1
- re(r-53)]
R T t o) = sinQ2wTof) Tlu f
wf
h(t) H(f)
1
o
2 1 ol
h(f) = Eaexp(—cx|t|) @ H(f) = m
: cl
h(t) H(f)
(g)‘/: 112 252 !
7 h(t) = (i) exp(—ar) & HY) = exp (_zf)

-

Figure 2.12 (cont.)
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2.1,

2.2,

2.3.
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PROBLEMS

Determine the real and imaginary parts of the Fourier transform of each of the
following functions:

(@) h(1) = e —o <t <™
k t>0
k
(b) h(r) = > t=20
0 t<0
—A <0
(c) h(t) =<0 t=0

A t>0

{A cosmfot) t>0

d) h@t) = t=0
t<0
A a<t<b,a,b>0
@k ={8 r=ai=b
0 elsewhere
Ae ' sin(wfot) t=0
®) h() = 0 <0

a

@® h(t) = %[5(: +a) + 8t —a) + 8(1 + g) + 8<t - 5)]

Determine the amplitude spectrum | H(f) | and phase 6(f) of the Fourier trans-
form of h(t):

@h =1 -w<i<a

(b) h(t) = e~ —m <t <o

(©) h(t) = Asin@ufot) 0=t<w

(d) h(t) = Ae > cosmfot) 0=st<>

_ ) At 0<t<T,
© k1) = {0 elsewhere
) h(t) = cos’mfot)
4
@ h(1) = cos2mfol) [t]=
~ fo
=0 otherwise
Determine the inverse Fourier transform of each of the following:
sin(2: cos(2
@) Hf) = Q2mfT) cosnfT)
2nf

a-/ |fl<i

=0 otherwise

(b) H(f)
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) f
© HE) = @ + a0
d) H(f) = A cosmfto)
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3

FOURIER TRANSFORM
PROPERTIES

In dealing with Fourier transforms, there are a few properties that are basic
to a thorough understanding. A visual interpretation of these fundamental
properties is of equal importance to knowledge of their mathematical rela-
tionships. The purpose of this chapter is to develop not only the theoretical
concepts of the basic Fourier transform pairs, but also the meaning of these
properties. For this reason, we use ample analytical and graphical examples.

3.1 LINEARITY

If x(¢) and y(¢) have the Fourier transforms X(f) and Y(f), respectively, then
the sum x(¢) + y(¢) has the Fourier transform X(f) + Y(f). This property
is established as follows:

f 0 + y0le T dr = f

oo

x(t)e =72t dt

]

+ f_w y(t)e 721" d G.1)

= X(f) + 1(f)

The Fourier transform pair
x(t) + Y1) & X(f) + Y(f) 3.2)

is of considerable importance becausg it reflects the applicability of the Four-
ier transform to linear-system analysis.

30
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Example 3.1 Addition of a Constant and a Sinusoid

To illustrate the linearity property, consider the Fourier transform pairs

xt) = K & X(f) = Kd(f) (3.3)
WD) = A cosmfor) € V() = T8 - o) + 580 + f) B
By the linearity theorem,

A
xX(1) + y(1) = K + A cosQufor) & X(f) + Y(f) = K3(f) + ES(f — fo) 3.5

A
+ ES(f + fo)

Figures 3.1(a), (b), and (c) illustrate each of the Fourier transform pairs, respectively.

\X(t) X(f)
K
o K
: { I
t f
A viv = cos 2xtt) | Yih
A
| |
! ©
* A2 * A/2
t o fo f
[} x(t) +yi) A xtn+vin
A+K
! ]
[
A
A2 K f A/2
t RS f, f

Figure 3.1 The linearity property.
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3.2 SYMMETRY

If h(t) and H(f) are a Fourier transform pair, then
Ht) & (-1 (3.6)
The Fourier transform pair of Eq. (3.6) is established by rewriting Eq. (2.5):

W-0 = [ H(@e 1 df 3.7
and by interchanging the parameters ¢ and f:

W= = [ Hwe  ar (3.8)

Example 3.2 Pulse Time and Frequency Waveforms
To illustrate this property, consider the Fourier transform pair:

Wey=a (|t]<Ty) & ALosinCrTof) (3.9)
21TT()f

illustrated previously in Fig. 2.3. By the symmetry theorem,

24T, S0CTTD) =y = A | f|<To 3.10)
2'17T0t

which is identical to the Fourier transform pair of Eq. (2.31) illustrated in Fig. 2.6.
Utilization of the symmetry theorem can eliminate many complicated mathematical
developments; a case in point is the development of the Fourier transform pair of
Eq. (2.31).

3.3 TIME AND FREQUENCY SCALING

If the Fourier transform of /(z) is H(f), then the Fourier transform of h(kt),
where £ is a real constant greater than zero, is determined by substituting
t' = kt in the Fourier integral equation:

oo i 20 i , d ’ 1
| nkesmrar = [~ wanesmem S~ ! G.11)
e —o k k \k
For k negative, the term on the right-hand side changes sign because the
limits of integration are interchanged. Therefore, time scaling results in the
Fourier transform pair:

1 f
hkt) & mH(;) (3.12)
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When dealing with time scaling of impulses, extra care must be ex-
ercised; from Eq. (A.10),
1
d(at) = mS(t) (3.13)
Example 3.3 Time Scale Expansion

The time-scaling Fourier transform property is well-known in many fields of scientific
endeavor. As shown in Fig. 3.2, time scale expansion corresponds to frequency scale
compression. Note that as the time scale expands, the frequency scale not only
contracts, but the amplitude increases vertically in such a way as to keep the area
constant. This is a well-known concept in radar and antenna theory.

Frequency Scaling

If the inverse Fourier transform of H(f) is h(t), the inverse Fourier
transform of H(kf), where k is a real constant, is given by the Fourier trans-
form pair:

ﬁ” (i) & Hk (3.14)

The relationship of Eq. (3.14) is established by substituting f' = kf into the
inversion formula:

[ mener=sag = [ mgermsm & Lh(ﬁ) (3.15)
Frequency scaling of impulse functions is given by
1
3af) = méi(f) (3.16)

Example 3.4 Frequency-Scale Expansion

Analogous to time scaling, frequency-scale expansion results in a contraction of the
time scale. This effect is illustrated in Fig. 3.3. Note that as the frequency scale
expands, the amplitude of the time function increases. This is simply a reflection of
the symmetry property of Eq. (3.6) and the time-scaling relationship of Eq. (3.12).

Example 3.5 Infinite Sequence of Impulse Functions

Many texts state Fourier transform pairs in terms of the radian frequency . For
example, Papoulis [2] gives

W)= S ot - nT) & Hw) = 27'" s 8(0) - 2—"T’1> (3.17)

n= —oc n=—ox

By the frequency-scaling relationship of Eq. (3.16), we know that

S p]-15y o

n=—o
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A nd;; 2H(2f)
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sin (87T f)
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8AT 4A +

Figure 3.2 Time-scaling property.

and Eq. (3.17) can be rewritten in terms of the frequency variable f:

o<

hey=S 8¢t — nT) & HY) =% P a(f - %) (.19)

n= —a

which is Eq. (2.44).
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Figure 3.3 Frequency-scaling property.
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If h(z) is shifted by a constant ¢, then by substituting s = ¢t — ¢o, the Fourier

transform becomes

f_ h(t - to)e—jz-rrft dt = f_ h(s)e—jz'rrf(s+:o) ds

e "I H(f)

e—j21-rfto f h(s)e —j2nfs dS

(3.20)
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The time-shifted Fourier transform pair is
h(t — to) & H(f)e 7> 3.21)
Example 3.6 Phase Shifting

A pictorial description of this pair is illustrated in Fig. 3.4. As shown, time shifting
results in a change in the phase angle 6(f) = tan™'[I(f)/R(f)]. Note that time shifting

h(t) R(f) If)
2A
A A
t f ‘ i
h{t-t) R{f) 1)
2A ¢
t ‘ f _% f
h(t-2v') R(f) i)
2A
TA T —
" i ’ N ‘ g
h(t- 4t)
2A
t

Figure 3.4 Time-shifting property.

Si>
y S
S
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does not alter the magnitude of the Fourier transform. This follows because
H(f)e 7™ = H(f)[cos2mfto) — j sinmfto)]

and hence the magnitude is given by

| H(f)e 727f* | = VH*(f)lcos’2mfte) + sin’(2mfto)] = VH(f) (3.22)

where H(f) has been assumed to be real for simplicity. These results are easily
extended to the case of H(f), a complex function.

Frequency Shifting

If H(f) is shifted by a constant fo, its inverse transform is multiplied
by ej2‘n'tfo

h(t)er™fo K H(f — fo) (3.23)

This Fourier transform pair is established by substituting s = f — f, into
the inverse Fourier transform-defining relationship:

f_wH(f — fo)ej27rft df — f_o; H(s)ejZ-rrt(s+fo) ds

= ermn [ Hermds  (3.24)
)

Example 3.7 Modulation

To illustrate the effect of frequency shifting, let us assume that the frequency function
H(f) is real. For this case, frequency shifting results in a multiplication of the time
function A(t) by a cosine whose frequency is determined by the frequency shift fo
(Fig. 3.5). This process is commonly known as modulation.

Example 3.8 Down Conversion by Frequency Multiplication

A practical application of frequency shifting is illustrated in Fig. 3.6. Multiplication
of a sinusoid of frequency 2f, with another sinusoid of frequency 3f, results in two
sinusoids. One sinusoid has a frequency that is the sum of the frequencies of the
multiplied sinusoids, that is, 5f,. The second sinusoid has a frequency determined
by the difference of the two frequencies, fo. This difference-frequency sinusoid is
commonly referred to as the down conversion term or component.
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AP

H(f)

h(t) cos (27f 1)

-

1} YALH(F-fo) + H(f+fo)]

h(t) cos (47t )

Figure 3.5 Frequency-shifting property.
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hi(t)= cos(2m(3folt} A Hilf)
‘/2“
— T — — 1 —————
-5f -4, - 3o -2f0 -fo fo 2fo 3fo 4 5fs  f
@
ha{t)= cos[2m(2fo}t] A Haf)

-5f, -4fo -3fo -2f; -fo fo 2f, 3fo 4f, 5fo f

{b)

ha(t)hz{t) = cos [2m(2f,)t] - Hi(f) » Hz(f)
cos [2m(3f, )t}

@

-5fo -4fo-3fo - 2fo -fo fo 2fo 3fo 4fc 5fs 6fc f

(c)

Figure 3.6 Examples of sum and difference frequencies produced by frequency
multiplication.



40 Fourier Transform Properties Chap. 3

3.5 ALTERNATE INVERSION FORMULA

The inversion formula of Eq. (2.5) can also be written as

h(e) = [ |- wr e s df] (3.25)
where H*(f) is the conjugate of H(f); that is, if H(f) = R(f) + jI(f), then

H*(f) = R(f) — JjI(f). The relationship of Eq. (3.25) is verified by simply
performing the conjugation operations indicated.

h(t)

— *

|- mr e df]
o i} .
= | [T rnemias = [T wpe e df]

= f_o; [R(f) cosmft) — I(f) sinwft)] df

y f " [R() sin@nfr) + I(f) cos@uf)] df]
- (3.26)

| IR@) costemfo) — 1) sin@nfo df
+j [T 1R sin@xfr) + 1) cos@rfo) df
= f_o; [R() + jI(N]lcosQmft) + jsinQRmft)] df

= [ Hperr af

The significance of the alternate inversion formula is that now both the
Fourier transform and its inverse contain the common term e 27, This
similarity is of considerable importance in the development of fast Fourier
transform computer programs.

3.6 EVEN AND ODD FUNCTIONS

If h.(¢) is an even function, that is, k.(t) = h.(—t), then the Fourier trans-
form of h.(¢) is an even function and is real:

he(t) © R = [ hoto) cos@nf) di (3.27)
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This pair is established by manipulating the defining relationships:

H) = [~ hivemm at
= [ hwcosenfiyd = j [ hwsin@nfnde 3.28)

= f:o he(t) cosQmft) dt = R.(f)

The imaginary term is zero because the integrand is an odd function. Because
cos(2wft) is an even function, then A.(¢t) cosQnft) = h.(t) cos[2nw(— f)t]
and H.(f) = H.(—f); the frequency function is even. Similarly, if H(f) is
given as a real and even frequency function, the inversion formula yields

o = [ Hper s dr = [T RUpern df
= [[_ R cosmfn df +j [ R sin@min df  (3.29)

- f: R.(f) cos@nfr) df = h.(t)

Example 3.9 Even Time and Frequency Functions

As shown in Fig. 3.7, the Fourier transform of an even time function is a real and
even frequency function; conversely, the inverse Fourier transform of a real and
even frequency function is an even function of time.

0dd Functions

If ho(t) = —ho(—1), then ho(¢) is an odd function, and its Fourier
transform is an odd and imaginary function,

H(f) = f: ho(t)e =251 dy

| oty cos@nfry dr - j [ ho(o) sin@nfny i (3.30)

~j [ hoto) sinmsn) dt = jlo(s)

Wiy A L
YT T

(a) (b) (c)

Figure 3.7 Fourier transform of an even function.
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The real integral is zero because the multiplication of an odd and an even
function is an odd function. Because sin(2wf¢) is an odd function, then A¢(2)
sinnft) = —ho(t) sin[2w(—f)t] and Ho(f) = — Ho(—f); the frequency
function is odd. For H(f) given as an odd and imaginary function, then

h(t) = f:o H(f)e*™ 1 dt = j fjw Io(f)e>™F" df
=J f :c Io(f) cos2mfr) df + j? f_: Io(f) sin@nfr)y df  (3.31)

- - f: Io(f) sin@wft) df = ho(t)

and the resulting ho(¢) is an odd function. The Fourier transform pair is thus
established:

hott) © jloth) = —j [__hotv) sin@nf) di (3.32)

Example 3.10 Odd Time and Frequency Functions

An illustrative example of this transform pair is shown in Fig. 3.8. The function A(¢)
depicted is odd; therefore, the Fourier transform is an odd and imaginary function
of frequency. If a frequency function is odd and imaginary, then its inverse transform
is an odd function of time.

h(t) ‘n(f) J H, () = 1)
t | f / [

Figure 3.8 Fourier transform of an odd function.

3.7 WAVEFORM DECOMPOSITION

An arbitrary function can always be decomposed or separated into the sum
of an even and an odd function:

h(z)=%+f’%
_ | A | h(=1) h(t)  h(-1)
[0 K] (M _wen] g

he() + ho(r)

The terms in brackets satisfy the definitions of even and odd functions,
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respectively. From Eqgs. (3.27) and (3.32), the Fourier transform of Eq. (3.33)
is
H(f) = R(f) + jI(f) = H.(f) + Ho(f) (3.34)

where H.(f) = R(f) and Hy(f) = jI(f). We show in Chapter 9 that decom-
position can increase the speed of computation of the FFT.

Example 3.11 Exponential Waveform Decomposition

To demonstrate the concept of waveform decomposition, consider the exponential
function [Fig. 3.9(a)]

h(t) = e ™ t=0 (3.35)
Following the developments leading to Eq. (3.33), we obtain

- [5] - []
A EL 5[5
5 5

= {he(D} + {ho(0)}

Figures 3.9(b) and (c) illustrate the even and odd decompositions, respectively.

h(t) = et

= yetltl
hy(t) = %e

ho(t)

Figure 3.9 Waveform decomposition -¥e
property. (c)



44 Fourier Transform Properties Chap. 3

3.8 COMPLEX TIME FUNCTIONS

For ease of presentation, we have to this point considered only real functions
of time. The Fourier transform, Eq. (2.1), the inversion integral, Eq. (2.5),
and the Fourier transform properties hold for the case of A(t), a complex
function of time. If

h(t) = h(2) + jhi(2) (3.37)

where &,(t) and A,(¢) are the real and imaginary parts of the complex function
h(t), respectively, then the Fourier integral, Eq. (2.1), becomes

H) = [ o) + jhiole 2" di

1

f :, [h,(1) cos2nft) + hit) sin@ufe)] dt

(3.38)
—J f_w [h(2) sinQmft) — hi(t) cosQnft)] dt
= R(f) + jI(f)
Therefore,
R(f) = f; [h(2) cos(2mft) + hi(t) sinQmf1)] dt (3.39)

I(f) = —ff [R,(t) sinQmft) — h(t) cosQmft)] dt (3.40)
Similarly, the inversion formula, Eq. (2.5), for complex functions yields

() = f _Z [R(f) cos2uft) — I(f) sin@ufn)] df (3.41)

hit) = f:c [R(f) sin@mf1) + I(f) cosnufe)] df (3.42)

If A(¢) is real, then h(z) = h,(¢) and the real and imaginary parts of the
Fourier transform are given by Eqgs. (3.39) and (3.40), respectively:

Re(p) = [~ htt) cos(emsn) de (3.43)
L) = - f: hi(1) sin@mft) dt (3.44)

R.(f) is an even function because R.(f) = R.(—f). Similarly, Io(—f) =
—1o(f) and Io(f) is odd.
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For h(t) purely imaginary, h(t) = jh;(t) and

Ro(H) = [~ hi(o) sin@nfo) s (3.45)

L) = f: hi(t) cosmft) dt (3.46)

Ro(f) is an odd function and I.(f) is an even function. Table 3.1 lists various
complex time functions and their respective Fourier transforms.

Example 3.12 Simultaneous Fourier Transforms

We can employ the relationships of Eqs. (3.43), (3.44), (3.45), and (3.46) to simul-
taneously determine the Fourier transform of two real functions. To illustrate this
point, recall the linearity property of Eq. (3.2):

x0) + y) & X + Y (3.47)

Let x(t) = h(¢) and y(t) = jg(t), where both h(t) and g(¢) are real functions. It
follows that X(f) = H(f) and Y(f) = jG(f). Because x(¢) is real, then from Egs.
(3.43) and (3.44)

x1) = k() & X(f) = HE) = R + jlo(P) (3.48)
Similarly, because y(¢) is imaginary, then from Eqs. (3.45) and (3.46)
¥1) = jg(t)y DY) = jG(f) = Ro(f) + jL.(f) (3.49)
Hence,
o + jg) < H) + jG(f) (3.50)

TABLE 3.1 Properties of the Fourier Transform for
Complex Functions

Time domain Frequency domain
h(t) H(f)

Real Real part even
Imaginary part odd

Imaginary Real part odd
Imaginary part even

Real even, imaginary odd Real

Real odd, imaginary even Imaginary

Real and even Real and even

Real and odd Imaginary and odd

Imaginary and even Imaginary and even

Imaginary and odd Real and odd

Complex and even Complex and even

Complex and odd Complex and odd
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where
H(f) = R.f) + jlo(f) (3.51)
G(f) = I.(f) — jRo(f) (3.52)
Thus, if
(1) = k() + jg(1) (3.53)

then the Fourier transform of z(¢) can be expressed as

Z(f) = R(H) + JI(¥)

[E2 . B0, [20 R -

and from Egs. (3.51) and (3.52)
H(f) = [%f) + R(T_f)] + j[%f) - I(%f)] (3.55)
G(f) = [%f) + ’(;—f)] - j[%f) - ﬂzlﬁ] (3.56)

Thus, it is possible to separate the frequency function Z(f) into the Fourier trans-
forms of h(t) and g(¢). As is demonstrated in Chapter 9, this technique is used ad-
vantageously to increase the speed of computation of the FFT.

3.9 SUMMARY TABLE OF FOURIER TRANSFORM
PROPERTIES

For future reference, the basic properties of the Fourier transform are sum-
marized in Table 3.2. These relationships are of considerable importance
throughout the remainder of the book.

PROBLEMS
3.1. Let

A |t]<2
A

h[: - =

(1) 5 t = +2
0 [t]>2
-A  |t]<1
A

)= (-2 =

x() > t = +1
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Problems

TABLE 3.2 Properties of Fourier Transforms

47

Time domain

Equation number

Frequency domain

Linear addition
x(1) + y(1)

Symmetry
H(1)

Time scaling
h(kt)

Inverse scale change
1 t
m"(k)
Time shifting
h(t — to)
Modulation
h(r)es2mt/0
Even function
he(1)

Odd function
ho(1)

Real function
h(t) = h (1)

Imaginary function
h(t) = jhd1)

3.2)

(3.6)

(3.12)

(3.14)

3.21)

(3.23)

(3.27)

(3.30)

(3.43)
(3.44)

(3.45)
(3.46)

Linear addition
X(f) + Y(f)
Symmetry
h(—1)

Inverse scale change

e(0)

Frequency scaling
H(kf)

Phase shifting
H(f)e —j2nfto
Frequency shifting
H(f - fo)

Real function

H.(f) = R.(f)
Imaginary

Ho(f) = jlo(f)

Real part even
Imaginary part odd
H(f) = R.f) + jlo(f)
Real part odd
Imaginary part even

H(f) = Ro(f) + jl.(f)

3.2

3.3.

3.4.

3.5.

Sketch A(t), x(t), and [A(t) — x(1)]. Use the Fourier transform pair of Eq.
(2.21) and the linearity theorem to find the Fourier transform of [A(¢) — x(¢)].

Consider the functions A(¢) illustrated in Fig. 3.10. Use the linearity property
to derive the Fourier transform of A(¢).

Use the symmetry theorem and the Fourier transform pairs of Fig. 2.12 to

determine the Fourier transform of the following:
A? sin’(2uT 1)

(@ h() = (e
0.2

(b) h(r) =

(¢) h(r) = exp(

(a? + 47%?)
— w2

Derive the frequency-scaling property from the time-scaling property by means

of the symmetry theorem.

Consider
A%|t]

h(t) = 2T,

| t| < 2T,
[ t]>2T,
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| hiv)
LN ] A LR N ]
5T, 3T, T, To 37, 5T, ¢

(a)

A hiv)
[N ] A PP
5T, 3T, Ty To 3T, 5T, t

-A

(b)

Figure 3.10 Functions for Problem 3.2.

Sketch the Fourier transform of A4(2¢), h(4t), and h(8¢). (The Fourier transform
of h(t) is given in Figure 2.12.)

3.6. Derive the time-scaling property for the case where k is negative.

3.7. By means of the shifting theorem, find the Fourier transform of the following

functions:
(@) h(t) = A sin2mfo(t — to)]
7(t — to)
(b) (1) = Kd(r — tq)
AZ

A2 — — |t —ty] |t -t <2Tp
(©) h(1) = 2To

0 [t = to]| > 2T,

3.8. Show that

hat — ) & Lermray i)
[e] o
3.9. Show that | H(f) | = | e />™™H(f) |, that is, the magnitude of a frequency
function is independent of the time delay.
3.10. Find the inverse Fourier transform of the following functions by using the
frequency-shifting theorem:
A sin2wTo(f — fo)]
a) H(f) =
(a) H(f) o = fo)
aZ
a? + 4w (f + fo)?

(b) H(f) =
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3.11.

3.12.

3.13.
3.14.
3.15.

3.16.

3.17.

A? sin2[21'rTo(f = fo)l
© H() (w(f — foF
Review the derivations leading to Egs. (2.9), (2.13), (2.20), (2.29), (2.30), and
(2.36). Note the mathematics that result are real for the Fourier transform of
an even function.
Decompose and sketch the even and odd components of the following
functions:

_J1 1<r<2
@ (1) = {0 otherwise
|
® O = =27
-t +1 O0<tr=1
(© k() = {0 otherwise

@h)=1+t+2+2
(e) h(t) = 1 + sin(2wfr)
Prove each of the properties listed in Table 3.1.
If h(¢) is real, show that | H(f) | is an even function.
By making a substitution of a variable in Eq. (2.32), show that
= 1 (1o
f_m x(1)d(at — to) dt = —x(;)

lal

Prove the following Fourier transform pairs:

@ 0 & pna

Tdr
o) [-j2mth(r) < %;f)

Use the derivative relationship of Problem 3.16(a) to find the Fourier transform
of a pulse waveform given the Fourier transform of a triangular waveform.
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4

CONVOLUTION AND
CORRELATION

In Chapter 3, we investigated those properties that are fundamental to the
Fourier transform. However, there exists a class of Fourier transform re-
lationships whose importance far outranks those previously considered.
These properties are the convolution and correlation theorems, which are
to be discussed at length in this chapter.

4.1 CONVOLUTION INTEGRAL

Convolution of two functions is a significant physical concept in many di-
verse scientific fields. However, as in the case of many important mathe-
matical relationships, the convolution integral does not readily unveil itself
as to its true implications. To be more specific, the convolution integral is
given by

v = [ x@ht = 0 dv = x0) % (o) @.1)

Function y(¢) is said to be the convolution of the functions x(¢) and A(t).
Note that it is extremely difficult to visualize the mathematical operation of
Eq. (4.1). We develop the true meaning of convolution by graphical analysis.

50
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4.2 GRAPHICAL EVALUATION OF THE CONVOLUTION
INTEGRAL

Let x(¢) and A(¢) be two time functions given by graphs, as represented in
Figs. 4.1(a) and (b), respectively. To evaluate Eq. (4.1), functions x(t) and
h(t — 7) are required; x(t) and A(t) are simply x(¢) and h(¢), respectively,
where the variable ¢ has been replaced by the variable 1. h(—1) is the image
of h(t) about the ordinate axis and A(¢t — 7) is simply the function A(—1)
shifted by the quantity ¢. Functions x(t), A(—7), and A(t — 7) are shown in
Fig. 4.2. To compute the integral of Eq. (4.1), it is necessary to multiply
and integrate the functions x(7) [Fig. 4.2(a)] and A(t — =) [Fig. 4.2(c)] for
each value of t from —x to + . As illustrated in Figs. 4.3(a) and (h), this
product is zero for the choice of the parameter ¢t = —¢,. The product remains
zero until ¢ is reduced to zero. As illustrated in Figs. 4.3(c) and (h), the
product of x(t) and A(z, — 1) is the function emphasized by shading. The
integral of this function is simply the shaded area beneath the curve. As ¢
is increased to 2¢, and further to 3¢,, Figs. 4.3(d), (e), and (h) illustrate the
relationships of the functions to be multiplied as well as the resulting inte-
grations. For t = 4¢,, the product again becomes zero, as shown by Figs.
4.3(f) and (h). This product remains zero for all ¢ greater than 4¢, [Figs. 4.3(g)
and (h)]. If ¢ is allowed to be a continuum of values, then the convolution
of x(t) and A(t) is the triangular function illustrated in Fig. 4.3(h).

The procedure described is a convenient graphical technique for eval-
uating convolution integrals. Summarizing the steps:

. Folding. Take the mirror image of A(t) about the ordinate axis.
. Displacement. Shift h(—1) by the amount .
. Multiplication. Multiply the shifted function A(t — 1) by x(7).

. Integration. The area under the product of A(¢z — 7) and x(7) is the value
of the convolution at time ¢.

W -

x(t) hit)

1 t 1 t

(a) (b)

Figure 4.1 Example waveforms for convolution.
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x(1)
1
1 T
(a)
h(n
%
-1 T
(b)
h{t-1)
%
—_t |‘_ T
Figure4.2 Graphical illustration of fold-
{c) ing and displacement operations.

x(T)
h(3t1"f)
2y T (e) Mo
X{7]
I’_‘—"Ll h{4ty-1)
4t.| T
A
N x(7)
N h{5t,-
N, ( ty T)
N (9)
: \\ - 5ty T

4 0 t 2t 3t 4ty 5t t
{h)

Figure 4.3 Graphical example of convolution; 1, = 1/2.

Example 4.1 Convolution Procedure

To illustrate further the rules for graphical evaluation of the convolution integral,
convolve the functions illustrated in Figs. 4.4(a) and (b). First, fold A(t) to obtain
h(—1), as illustrated in Fig. 4.4(c). Next, displace or shift 4#(—7) by the amount ¢,
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| hin=eT [x(r)

Y

(a) (b}

h(-7)
FOLDING :"> o

{c) T

hit-1)
DISPLACEMENT ::>
g (t-7
| ! -

(d) T

x(T)h(t-7)

MULTIPLICATION > x(7}

-«

(e) t=t

SHADED
A ylt) AREA

o
INTEGRATION ~—— > e

(f) t t

Figure 4.4 Convolution procedure: folding, displacement, multiplication, and
integration.
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as shown in Fig. 4.4(d). Then, multiply 4(t — 7) by x(7) [Fig. 4.4(¢)] and, finally,
integrate to obtain the convolution result for time ¢’ [Fig. 4.4(f)].
The result illustrated in Fig. 4.4(f) can be determined directly from Eq. (4.1):

<

y(t) = f_w x(Dh(t — 1) dr = j(;’ (l)e—(l—'r) dr

e e ) =e e —11=1—-¢""

4.2)

Note that the general convolution integration limits of —o to + be-
come 0 to ¢ for Ex. 4.1. It is desired to develop a straightforward approach
to find the correct integration limits. For Ex. 4.1, the lower nonzero value
of the function A(t — 7) = e "™ is — and the lower nonzero value for
x(7) is 0. When we integrated, we chose the largest of these two values as
our lower limit of integration. The upper nonzero value of A(t — 1) is ¢; the
upper nonzero value of x(7) is . We chose the smallest of these two for our
upper limit of integration.

A general rule for determining the limits of integration can then be
stated as follows:

Given two functions with lower nonzero values of L, and L, and upper
nonzero values of U, and U,, choose the lower limit of integration as
max[L,,L,] and the upper limit of integration as min[U,,U>].

It should be noted that the lower and upper nonzero values for the
fixed function x(7) do not change; however, the lower and upper nonzero
values of the sliding function (¢ — 7) change as ¢ changes. Thus, it is possible
to have different limits of integration for different ranges of ¢. A graphical
sketch similar to Fig. 4.4 is also an extremely valuable aid in choosing the
correct limit of integration.

4.3 ALTERNATE FORM OF THE CONVOLUTION
INTEGRAL

The previous graphical illustration is but one of the possible interpretations
of convolution. Equation (4.1) can also be written equivalently as

(1) = f _Z h)x(t — 1) dr 4.3)

Hence, either A(t7) or x(1) can be folded and shifted.

To see graphically that Eqs. (4.1) and (4.3) are equivalent, consider
the functions illustrated in Fig. 4.5(a). It is desired to convolve these two
functions. The series of graphs on the left in Fig. 4.5 illustrate the evaluation
of Eq. (4.1); the graphs on the right illustrate the evaluation of Eq. (4.3).
The previously defined steps of (1) folding, (2) displacement, (3) multipli-
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Figure 4.5 Graphical example of convolution by Egs. (4.1) and (4.3).

cation, and (4) integration are illustrated by Figs. 4.5(b), (c), (d), and (e),
respectively. As indicated by Fig. 4.5(¢e), the convolution of x(7) and A(1) is
the same irrespective of which function is chosen for folding and

displacement.



56 Convolution and Correlation

Example 4.2 Equivalence of Eqs. (4.1) and (4.3)

Let
h(t) =e™' t=0
=0 <0
and
x(t) = sint Ostsg
=0 otherwise

Find h(t) * x(¢) using both Eqs. (4.1) and (4.3).
From Eq. 4.1)

vy = [ xwnt - dr
L ‘lsinmle~“Pdr  0=t= R

— w2
YO = [T sinele 0 de 12T
o 2
0 t=0

Chap. 4

4.4)

“4.5)

4.6)

The integral limits are easily determined by using the procedure described previously.
The lower and upper nonzero values of the function x(t) are 0 and w/2, respectively.
For the function A(t — 1) = e~“~7, the lower nonzero value is —® and the upper
nonzero value is f. We take the maximum of the lower nonzero values for our lower
limit of integration, i.e., 0. The upper limit of integration is a function of ¢. For 0 =
t = w/2, the minimum of the upper nonzero values is ¢ and hence the upper limit of
integration is ¢. For ¢t = w/2, the minimum of the upper nonzero values is w/2 and
consequently the upper limit of integration for this range of ¢ is w/2. A graphical

sketch of the convolution process also yields these integration limits.
Evaluating Eq. (4.6), we obtain

0 t=0
1 . _r m
1) = 2(smt—cost+e ) O<ts2
e’ /2 ™
> 1+ e™) t= 5
Similarly, from Eq. (4.3), we obtain
0 = [ ket - 0 ds
! ™
f e "[sin(t — 7)] dt 0<t<—
0 2
— t
¥ = f e "[sin(t — )] dt t = T
) 2
0 t<0

4.7

(4.8)
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Although Eqgs. (4.8) are different from Eqs. (4.6), evaluation yields identical
results to Eq. (4.7).

4.4 CONVOLUTION INVOLVING IMPULSE FUNCTIONS

The simplest type of convolution integral to evaluate is one in which either
x(t) or h(t) is an impulse function. To illustrate this point, let 4(¢) be the
singular function shown graphically in Fig. 4.6(a) and let x(¢) be the rectan-

h(t)
1 1
- T t
(a)
x(t)
A
[ ] t
(b)
h(t)ex(t)
A+
-T T t

(c)

Figure 4.6 Illustration of convolution involving impulse functions.
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gular function shown in Fig. 4.6(b). For these example functions, Eq. (4.1)
becomes

(1) = fw Bt — T) + 8t + Dx(t — 7) dr (4.9)
Recall from Eq. (2.28) that
|86 = Dxt dr = x(D)

Hence, Eq. (4.9) can be written as
vty =xt —T) +x(t + 1) (4.10)

Function y(¢) is illustrated in Fig. 4.6(c). Note that convolution of the func-
tion x(¢) with an impulse function is evaluated by simply reconstructing x(r)
with the position of the impulse function replacing the ordinate of x(¢). As
we will see in the developments to follow, the ability to visualize convolution
involving impulse functions is of considerable importance.

Example 4.3 Convolution with Impulses

Let h(t) be a series of impulse functions, as illustrated in Fig. 4.7(a). To evaluate
the convolution of A(¢) with the rectangular pulse shown in Fig. 4.7(b), we simply

hit)

—
—
———
——
-
—
~Y

~Y

I
)

h{t)ex(t)

M0

Figure 4.7 Convolution with an infinite sequence of impulse functions.
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reproduce the rectangular pulse at each of the impulse functions. The resulting con-
volution results are illustrated in Fig. 4.7(c).

Example 4.4 Linear-System Convolution

Convolution of two functions is a significant physical concept in many diverse sci-
entific fields. A linear system is characterized by an output that is determined by
the convolution of the system input and the system impulse response. To demon-
strate, consider Fig. 4.8. As shown, if the system input is an impulse, the output is
the impulse response of the system. It is the impulse response of a system that allows
one to express the system output in terms of the input. To illustrate this point, we
assume the system is time-invariant, that is, if the impulse is delayed by a time ¢t =

LINEAR SYSTEM
x (1) x(t) | hit) y(t) y(t) = hit)

ad 4
z

(a)

x(t-7 y{t)=hit-7)

3 =

(b)

kox(t) + kq x(t - 77) yi{t) = ko h{t) + kih(t-74) +k2 h{t-72)

+k2x(t-1’2)

1

| 1
To T T2

~v

(]

y(t)

h(t-nezx(ne7)ler

—’”'—51

(d) ner

Figure 4.8 Graphical development of the characterization of a linear system by
the convolution integral.
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7, then the output response is also delayed by the same duration of time. As shown
in Fig. 4.8(b), the input 8(¢ — 1) results in an output A(f — 7).

We also assume that the system is linear. Linear means that if the input x;(¢)
produces the output y(t), then the input k,x,(¢) + kx»(f) produces the output
kiyi(t) + koy»(2). As illustrated in Fig. 4.8(c), a system input composed of a series
of delayed impulses of varying amplitudes yields an output consisting of delayed
impulse response functions whose amplitudes are determined by the amplitude of
the input impulse causing the response. The sum of these individual impulse re-
sponses is the system output and is computed by the sum

3
¥ = 3 kit — 1) “.11)
i=1

To extend Eq. (4.11) to include a general waveform, consider Fig. 4.8(d). We
divide the input into small elements of width €. ; the element has a height of x(ne.,)
and a width of e,. If we assume that this element represents an impulse with area
[x(ne,)]lle.], we know from the previous discussions that the output corresponding
to this input is given by [A(¢ — ne.)][x(ne.)[e.] This output is shown in Fig. 4.8(d).

To determine the output due to all elements, we compute the sum

£

yt) = 3 [h(t — ne)llx(ne.)](e-] (4.12)

n= —o

If we let e, — 0 and n — o, such that ne, — 7, we obtain

w0 = [kt = wxw) dr @.13)

4.5 TIME-CONVOLUTION THEOREM

Possibly the most important and powerful tool in modern scientific analysis
is the relationship between Eq. (4.1) and its Fourier transform. This rela-
tionship, known as the time-convolution theorem, allows one the complete
freedom to convolve mathematically (or visually) in the time domain by a
simple multiplication in the frequency domain. That is, if 4(¢) has the Fourier
transform H(f) and x(¢) has the Fourier transform X(f), then A(¢) * x(¢) has
the Fourier transform H(f)X(f). The convolution theorem is thus given by
the Fourier transform pair:

W) * x(t) & HEX) (4.14)

To establish this result, first form the Fourier transform of both sides
of Eq. (4.1):

[ ywesmrar = [ [ |7 xwntt = dT]e-ﬂ“f' dt (419
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which is equivalent to (assuming the order of integration can be changed)

v =[xt [ |7 = e s dt] dr (4.16)
By substituting ¢ = ¢ — 7, the term in the brackets becomes

[ h@eretesn dg = et |7 gl 21 do

(4.17)
= e~ H(f)
Equation (4.16) can then be rewritten as
Y(f) = f: x(t)e 2™ H(f) dv = H(f)X(f) (4.18)

The converse is proven similarly.

Example 4.5 Convolution of Pulse Waveforms

To illustrate the application of the convolution theorem, consider the convolution
of the two pulse functions shown in Figs. 4.9(a) and (b). As we have seen previously,
the convolution of two rectangular functions is a triangular function, as shown in
Fig. 4.9(e). Recall from the Fourier transform pair of Eq. (2.21) that the Fourier
transform of a rectangular function is the [sin(f))/f function illustrated in Figs. 4.9(c)
and (d). The convolution theorem states that convolution in the time domain cor-
responds to multiplication in the frequency domain; therefore, the triangular wave-
form of Fig. 4.9(e) and the [sin(f))/f? function of Fig. 4.9(f) are Fourier transform
pairs. Thus, we can use the theorem as a convenient tool for developing additional
Fourier transform pairs.

Example 4.6 Infinite Pulse-Train Waveform

One of the most significant contributions of distribution theory results from the fact
that the product of a continuous function and an impulse function is well-defined
(Appendix A); hence, if h(¢) is continuous at ¢t = ¢, then

h(£)d(t — to) = h(to)d(¢t — to) (4.19)

This result, coupled with the convolution theorem, allows one to eliminate the te-
dious derivation of many Fourier transform pairs. To illustrate, consider the two
time functions A(¢) and x(¢) shown in Figs. 4.10(a) and (b). As described previously,
the convolution of these two functions is the infinite pulse train illustrated in Fig.
4.10(e). It is desired to determine the Fourier transform of this infinite sequence of
pulses. We simply use the convolution theorem: the Fourier transform of 4(¢) is the
sequence of impulse functions, the transform pair of Eq. (2.44), as illustrated in Fig.
4.10(c); and the Fourier transform of a rectangular function is the [sin(f)])/f function
shown in Fig. 4.10(d). Multiplication of these two frequency functions yields the
desired Fourier transform. As illustrated in Fig. 4.10(f), the Fourier transform of a
pulse train is a sequence of impulse functions whose amplitude is weighted by a
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h(t) x(t)

CONVOLUTION

h(t)ex(t)

2
2A° T,

A A
';To ' 'z"ro t
(e)
> f J
H(f) X(f)
2AT, 2AT,
MULTIPLICATION
~N N _r ~N N\_~.
J T 1 A\ Ar AW/ I 1 \J
VAR, Vany,
(c) (d)

Figure 4.9 Graphical example of the convolution theorem.

[sin())/f function. This is a well-known result in the field of radar systems. It is to
be noted that the multiplication of the two frequency functions must be interpreted
in the sense of distribution theory; otherwise, the product is meaningless. We can
see that the ability to change from a convolution in the time domain to multiplication
in the frequency domain often renders unwieldy problems rather straightforward.
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hit) x(t)
A
CONVOLUTION
ooe 1 ooe
1
T I T t T, t
(a) (b)
h{t)ex(t)
A
T T t
(e)
Q N~
H(f) X(f)
1 MULTIPLICATION 2AT,
| H
EREY f 1 f
TT T,

(c) (d)

Figure 4.10 Example application of the convolution theorem.
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4.6 FREQUENCY-CONVOLUTION THEOREM
We can equivalently go from convolution in the frequency domain to mul-

tiplication in the time domain by using the frequency-convolution theorem:
the Fourier transform of the product A(¢)x(z) is equal to the convolution H(f)

h(t) x(t)

MULTIPLICATION

(b)

(a)

x(t)h(t)

(e)

(¢
L

H(f)
X(f)

CONVOLUTION 2T,
A
2
1
T

f 1 f

- —
N>

(c) (d)

Figure 4.11 Graphical example of the frequency-convolution theorem.
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* X(f). The frequency-convolution theorem is
h(x(t)y < H(f) * X(f) (4.20)

This pair is established by simply substituting the Fourier transform pair of
Eq. (4.14) into the symmetry Fourier transform relationship of Eq. (3.6).

Example 4.7 Modulated Pulse Waveform

To illustrate the frequency-convolution theorem, consider the cosine waveform of
Fig. 4.11(a) and the rectangular waveform of Fig. 4.11(b). It is desired to determine
the Fourier transform of the product of these two functions [Fig. 4.11(e)]. The Fourier
transforms of the cosine and rectangular waveforms are given in Figs. 4.11(c) and
(d), respectively. Convolution of these two frequency functions yields the function
shown in Fig. 4.11(f); Figs. 4.11(e) and (f) are thus Fourier transform pairs. This is
the well-known Fourier transform pair of a single frequency-modulated pulse.

4.7 CORRELATION THEOREM

Another integral equation of importance in both theoretical and practical
application is the correlation integral:

() = [ xh(t + 7 dr @.21)

A comparison of the above expression and the convolution integral, Eq.
(4.1), indicates that the two are closely related. The nature of this relationship
is best described by the graphical illustrations of Fig. 4.12. The functions to
be both convolved and correlated are shown in Fig. 4.12(a). Illustrations on
the left depict the process of convolution as described in the previous section;
illustrations on the right graphically portray the process of correlation. As
evidenced in Fig. 4.12(b), the two integrals differ in that there is no folding
of one of the integrands in correlation. The previously described rules of
displacement, multiplication, and integration are performed identically for
both convolution and correlation. For the special case where either x(z) or
h(t) is an even function, convolution and correlation are equivalent; this
follows because an even function and its image are identical and, thus, fold-
ing can be eliminated from the steps in computing the convolution integral.

Example 4.8 Correlation Procedure

Correlate graphically and analytically the waveforms illustrated in Fig. 4.13(a).

According to the rules for correlation, we displace A(t) by the shift ¢, multiply
by x(t), and integrate the product x(t)h(t + 7), as illustrated in Figs. 4.13(b), (¢),
and (d), respectively.
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Figure 4.12 Graphical comparison of convolution and correlation.
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Figure 4.13 Correlation procedure: displacement, multiplication, and integeration.

From Eq. (4.21), for positive displacement ¢, we obtain

oo

a0 = [ xhte + 1) ds

=fa_t(1)g'rd'r 4.22)
[ a

_9L|"T_Q - <

—z'r . —E(a 1) O=t=<a
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For negative displacement, see Fig. 4.13(c) to justify the limits of integration.

() = fa (l)g Tdr
! a (4.23)

=%(a2—t2) —a<t=<0

A general rule can be developed for determining the limits of integration for
the correlation integral (see Problem 4.14).

Recall that convolution multiplication forms a Fourier transform pair.
A similar result can be obtained for correlation. To derive this relationship,
first evaluate the Fourier transform of Eq. (4.21)

f Z At)e 275 gy = fw [ f_l X(Mh(t + 7) d"r] 2t gy (4.24)

or (assuming the order of integration can be interchanged)

Z(f) = f_ x(7) [f_ h(t + T)e ~/2mft dt] dr (4.25)
Let o = t + 7 and rewrite the term in brackets as

f‘” h((r)e —Jj2nf(o—7) do = ej21'rf'r fw h(()')e —j2nfo do
o - (4.26)
= & H(j)

Equation (4.25) then becomes

26 = [ x@erm H) dn

H) [ f _Z x(1) cos2nfr) dr + j f _2 x(1) sin(2mf7) d'r:| (4.27)
H(OIR) + JI(N)]

Now the Fourier transform of x(7) is given by

oo

x(t)e =727 dr

x) = |

oo

=[xt cos@nfn) ds — j [ xto) sin@mf) dr 4.28)

= R(f) — JjI(f)

The bracketed term of Eq. (4.27) and the expression on the right in
Eq. (4.28) are called conjugates [defined in Eq. (3.25)]. Equation (4.27) can
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be written as
Z(f) = HHX*(f) (4.29)
and the Fourier transform pair for correlation is

f Z xMh(t + 1) dr < HHOX*() (4.30)

Note that if x(¢) is an even function, then X(f) is purely real and X(f)
= X*(f). For these conditions, the Fourier transform of the correlation
integral is H(f)X(f), which is identical to the Fourier transform of the con-
volution integral. These arguments for identity of the two integrals are simply
the frequency-domain equivalents of the previously discussed time-domain
requirement for equality of the two integrals.

If x(¢) and h(z) are the same function, Eq. (4.21) is normally termed
the autocorrelation function; if x(¢) and k(t) differ, the term crosscorrelation
is normally used.

Example 4.9 Autocorrelation Function
Determine the autocorrelation function of the waveform
h(t) = e ® t>0 .31
=0 t<0
From Eq. (4.21),

20 = [ h@htt + ) dn

— f e-—a-re-—a(t+-r) dT > 0
0 (4.32)

= fme_‘”e‘““”) dr t<0
t

~ale

2a

€

—oo < < 0

PROBLEMS

4.1. Prove the following convolution properties:
(a) Convolution is commutative: [A(t) * x(¢)] = [x(¢) * h(¢t)]
(b) Convolution is associative: a(t) * [g(t) * x(£)] = [h(r) * g(1)] * x(¢)
(¢) Convolution is distributive over addition: A(t) * [g(¢) + x(2)] = h(r) * g(1)
+ h(t) * x(¢)
4.2. Determine h(t) * g(t), where
(a) h(1) a1 >0

g(t) =
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4.3.
4.4.

4.5.

4.6.

4.7.

4.8.

4.9.

4.10.

Convolution and Correlation Chap. 4

M) h(t) =te™" =0
=0 <0
gy =e"* t>0
=90 t<0
() h(t) = te™' t=0
=0 <0
g(t) = ¢ t< —1
=0 t> —1
d) h(t) = 2  t>1
=0 t<0
g(t) = 2¢* t<0
=0 t>0
(e) h(r) = sin(2wt) 0=t=<1}
=0 elsewhere
git) =1 0<t<}
=0 1<0;r>4%
®) h(t) =1-¢ o0<t<1
=0 1<0;r>1
g(t) = h(1)
@® h(t) =(a—[t]) -a=t=a
=0 elsewhere
g() = h(1)
(h) h(t) = e™* t>0
=0 <0
gy=1-1 0<t<l1
=0 t<0;r>1

Sketch the convolution of the functions x(¢) and A(¢) illustrated in Fig. 4.14.

Sketch the convolution of the two odd functions x(z) and A(¢) illustrated in
Fig. 4.15. Show that the convolution of two odd functions is an even function.

Use the convolution theorem to graphically determine the Fourier transform
of the functions illustrated in Fig. 4.16.

Analytically, determine the Fourier transform of e ~*” * ¢ ~#”, (Hint: Use the
convolution theorem.)

Use the frequency convolution theorem to graphically determine the Fourier
transform of the product of the functions x(¢) and Ah(¢) illustrated in Fig. 4.17.

Graphically determine the correlation of the functions x(¢) and A(z) illustrated
in Fig. 4.14.

Let A(t) be a time-limited function that is nonzero over the range

—To_ r==22

2 2

Show that A(t) * h(t) is nonzero over the range — T, < ¢ < T,; that is, hA(z) *
h(t) has a “‘width’’ twice that of A(t).

Show that if h(f) = f(¢) * g(t), then

dn() _df) .o dg(t)
dt ~  dr gln) = (1) dt




Chap. 4 Problems 7

x(t) h{t)
T I T t o T‘ T
‘o o - t
? 7
x(t)  hit)
(b)
-To To t -{.Q T, t
x(t) h(t)
(c)
To t T To t

Figure 4.14 Functions x(z) and h(¢) for Problems 4.3 and 4.8.

x(t) h(t)

Figure 4.15 Functions x(¢) and h(z) for Problem 4.4.

4.11. By means of the frequency-convolution theorem, graphically determine the
Fourier transform of a half-wave rectified waveform. Using this result, incor-
porate the shifting theorem to determine the Fourier transform of a full-wave
rectified waveform.

4.12. Graphically find the Fourier transform of the following functions:

@) h(t) = A cos’2mfot)
(b) h(t) = A sin’wfot)
(©) h(1) = A cos’Qmfot) + A cos®(mfot)
4.13. Graphically find the inverse Fourier transform of the following functions:
[sin(zqrf)]2
(@) “omf
1

®) (1 + j2=mf)?
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Jreo

(a)

h(t)

\ sin (t-T,)

VT,

(b)

Figure 4.16 Functions for Problem 4.5.

x(t) “ h(t)

el cos (2w f, 1)
[ \
'

(a)

x(t)
h(t)
ealtl
sin (2w f, 1)

t / \ t
/ /’
/ 7/
(b)

Figure 4.17 Functions x(¢) and h(t) for Problem 4.7.

() e ~ 12l
@d1-e ¥

4.14. Develop a set of rules for determining the limits of integration for the corre-
lation integral.
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5

FOURIER SERIES AND
SAMPLED WAVEFORMS

In the technical literature, Fourier series are normally developed indepen-
dently of the Fourier integral. However, with the introduction of distribution
theory, Fourier series can be theoretically derived as a special case of the
Fourier integral. This approach is significant in that it is fundamental in
considering the discrete Fourier transform as a special case of the Fourier
integral. Also fundamental to an understanding of the discrete Fourier trans-
form is the Fourier transform of sampled waveforms. In this chapter, we
relate both of these relationships to the Fourier transform and thereby pro-
vide the framework for the development of the discrete Fourier transform
in Chapter 6.

5.1 FOURIER SERIES

A periodic function y(¢) with period T, expressed as a Fourier series is given
by the expression

% + S [an cos@mnfot) + b, sinQmnfor)] .1)

n=1

y(t) =

where f, is the fundamental frequency equal to 1/To. The magnitude of the

74
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sinusoids or coefficients are given by the integrals

2 T0/2
an—-iEJZIWZyU)COQZﬂnfM)dt n=01,23 ... (2
2 To/2 .
M—?;LWJMthMmdt n=1,23,... (5.3)
By applying the identities
cosQmnfot) = %(ejz'""f“ 4+ ¢Jzmnfory (5.4)
and
sinQmnfot) = zlj(eﬂ""fof _ g J2mnory (5.5)

the expression of Eq. (5.1) can be written as

2 _ jbn)ej}rrnfot

|\>|Q

() =
(5.6)

1
2
2 an +jbn)e—j2~rmfot

I\)I'—l

To simplify this expression, negative values of n are introduced in Egs. (5.2)
and (5.3).

2 To/2
a_, = T f—To/Z y(t) cos(—2mnfot) dt

2 To/2
-~ f_m y(t) cosQmnfor) dt (5.7)
= a, n=12,3,...

2 (T2 )
b_, = T f—To/Z y(2) sin(—2wnfot) dt

2 To/2

= _T y(t) sin(2wnfot) dt (5.8)

=—b’l n=1,2,3,..-

Hence, we can write

] —

2 ane—jZ-rrnfot = 2 a,,ejz'""f"' (5.9)

n=1 n=—1
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and

2 jbne—ijnfot - _ 2 jb"ejZn-nfot (510)

n=1 n=-—1

Substitution of Eqgs. (5.9) and (5.10) into Eq. (5.6) yields
| .
y(t) = %) + 5 2 (an — jbn)eJZn-nfot
n= - (5.11)

o

2 a ejZ‘rmfo!
n

n=—o

Equation (5.11) is the Fourier series expressed in exponential form; coef-
ficients o, are, in general, complex. Because

1
a,,=5(a,,—jb,.) n=0=1 =2 ...
the combination of Egs. (5.2), (5.3), (5.7), and (5.8) yields

1 To/2 mnor d
= = —Jemnio = +1 +
%= Ty f_my“)e ton=0,%1=2,... (512

The expression of the Fourier series in exponential form, Eq. (5.11), and
the complex coefficients in the form of Eq. (5.12) is normally the preferred
approach in analysis.

Example 5.1 Triangular-Waveform Fourier Series

Determine the Fourier series of the periodic function illustrated in Fig. 5.1.

From Eq. (5.12), because y(¢) is an even function, then

1 To/2
E) f_ T2 y(t) cosmnfot) dt

1 fo 2 + it cosQmnfot) dt
oy, = T() —To/2 To T(z) 0

L™ (2 _4 2 d 0,1,3,5
+FOL (To——fgt)cos(ﬁnfot)t n=20,1,3,5,...
0 n=246,... (5.13)
(4 1
TrzTo? n=13,5,...
o, = <
1
'770 n=20
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Figure 5.1 Periodic triangular waveform.

Hence,

1 8 1
¥(t) = — + —= | cosQmfot) + =5 cos(6mfot) + -15 cos(10mfot) + -+
™ T() 3 5

T,
(5.14)
where fo = 1/T,.

5.2 FOURIER SERIES AS A SPECIAL CASE
OF THE FOURIER INTEGRAL

Consider the periodic triangular function illustrated in Fig. 5.2(e). From Ex.
5.1, we know that the Fourier series of this waveform is an infinite set of
sinusoids. We will now show that an identical relationship can be obtained
from the Fourier integral.

To accomplish the derivation, we utilize the convolution theorem, Eq.
(4.14). Note that the periodic triangular waveform (period 7o) is simply the
convolution of the single triangle shown in Fig. 5.2(a) and the infinite se-
quence of equidistant impulses illustrated in Fig. 5.2(b). The periodic func-
tion y(z) can then be expressed by

y(t) = h(1) * x(1) (5.15)

Fourier transforms of both A(¢) and x(¢) have been determined previously
and are illustrated in Figs. 5.2(c) and (d), respectively. From the convolution
theorem, the desired Fourier transform is the product of these two frequency
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2 ' 2 f 11 f
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Figure 5.2 Graphical convolution theorem development of the Fourier transform
of a periodic triangular waveform.
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functions:

H()X(f)
H(f)— 2 a(f - —0) (5.16)

0 n=—w

n 2 () 7)

Equations (2.44) and (4.19) were used to develop Eq. (5.16).

The Fourier transform of the periodic function is then an infinite set
of sinusoids (i.e., an infinite sequence of equidistant impulses) with ampli-
tudes of H(n/T,). Recall that the Fourier series of a periodic function is an
infinite sum of sinusoids with amplitudes given by «,, Eq. (5.12). But note
that because the limits of integration of Eq. (5.12) are from — T,/2 to To/2
and because

Y(f)

T T
W) = y(t) <1< (5.17)
2 2
the function y(¢) can be replaced by A(¢) and Eq. (5.12) can be rewritten in
the form:
1 To/2 .
an =z [ he=m dy
To —To/2 (5.18)

i H(nfo) =+ H(T0>

Thus, the coefficients as derived by means of the Fourier integral and those
of the conventional Fourier series are the same for a periodic function. Also,
a comparison of Figs. 5.2(c) and (f) reveals that except for a factor 1/T,,
the coefficients a, of the Fourier series expansion of y(¢) equal the values
of the Fourier transform H(f) evaluated at n/T,.

In summary, we point out again that the key to the preceding devel-
opment is the incorporation of distribution theory into Fourier integral the-
ory. As will be demonstrated in the discussions to follow, this unifying con-
cept is basic to a thorough understanding of the discrete Fourier transform
and hence the fast Fourier transform.

5.3 WAVEFORM SAMPLING

In the preceding chapters, we have developed a Fourier transform theory
that considers both continuous and impulse functions of time. Based on these
developments, it is straightforward to extend the theory to include sampled
waveforms, which are of particular interest in this book. We have developed
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sufficient tools to investigate in detail the theoretical as well as the visual
interpretations of sampled waveforms.

If the function A(?) is continuous at ¢t = T, then a sample of /(¢) at time
equal to T is expressed as

() = h()d( — T) = W(T)d(t — T) (5.19)

where the product must be interpreted in the sense of distribution theory
[Eq. (A.12)]. The impulse that occurs at time T has an area equal to the
function value at time T. If A(¢) is continuous at ¢t = nT forn = 0, =1,
+*2, ...,

() = 3 h(nDd(t — nT) (5.20)
h(t) is termed the sampled waveform A(¢) with sample interval 7. Sampled
h(t) is then an infinite sequence of equidistant impulses, each of whose
amplitude is given by the value of A(t) corresponding to the time of occur-
rence of the impulse. Figure 5.3 illustrates graphically the sampling concept.
Since Eq. (5.20) is the product of the continuous function A(¢) and the se-
quence of impulses, we can employ the frequency-convolution theorem, Eq.
(4.17), to derive the Fourier transform of the sampled waveform. As illus-
trated in Fig. 5.3, the sampled function [Fig. 5.3(e)] is equal to the product
of the waveform A(t) shown in Fig. 5.3(a) and the sequence of impulses A(¢)
illustrated in Fig. 5.3(b). We call A(¢) the sampling function; the notation
A(t) will always imply an infinite sequence of impulses separated by T. The
Fourier transforms of A(¢) and A(t) are shown in Figs. 5.3(c) and (d), re-
spectively. Note that the Fourier transform of the sampling function A(¢) is
A(f); this function is termed the frequency-sampling function. From the
frequency-convolution theorem, the desired Fourier transform is the con-
volution of the frequency functions illustrated in Figs. 5.3(c) and (d). The
Fourier transform of the sampled waveform is then a periodic function,
where one period is equal, within a constant, to the Fourier transform of
the continuous function A(¢). This last statement is valid only if the sampling
interval T is sufficiently small.

If T is chosen too large, the results illustrated in Fig. 5.4 are obtained.
Note that as the sample interval T is increased [Figs.!5.3(b) and 5.4(b)], the
equidistant impulses of A(f) become more closely spaced [Figs. 5.3(d) and
5.4(d)]. Because of the decreased spacing of the frequency impulses, their
convolution with the frequency function H(f) [Fig. 5.4(c)] results in the
overlapping waveform illustrated in Fig. 5.4(f). This distortion of the desired
Fourier transform of a sampled function is known as aliasing. As described,
aliasing occurs because the time function was not sampled at a sufficiently
high rate, i.e., the sample interval T is too large. It is then natural to pose
the question: How does one ensure that the Fourier transform of a sampled
function is not aliased? An examination of Figs. 5.4(c) and (d) points up the
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Figure 5.3 Graphical frequency-convolution theorem development of the Fourier
transform of a sampled waveform.

fact that convolution overlap occurs until the separation of the impulses of
A(f)is increased to 1/T = 2f., where f. is the highest frequency component
of the Fourier transform of the continuous function 4(z). That is, if the sample
interval T is chosen equal to one-half the reciprocal of the highest frequency
component, aliasing does not occur. This is an extremely important concept
in many fields of scientific application; the reason is that we need only retain
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Figure 5.4 Aliased Fourier transform of a waveform sampled at an insufficient rate.

samples of the continuous waveform to determine a replica of the continuous
Fourier transform. Furthermore, if a waveform is sampled such that aliasing
does not occur, these samples can be appropriately combined to reconstruct
identically the continuous waveform. This is merely a statement of the sam-
pling theorem that we investigate in Sec. 5.4.
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Example 5.1 Time-Domain Aliasing

Figure 5.5 illustrates the concept of aliasing from a time-domain viewpoint. Note
that the sample interval T was not chosen less than one-half the period of the highest
frequency component of the time waveform. As a result, the equally spaced sample
values shown can represent at least two sinusoids of different frequencies. In the
time domain, aliasing is characterized by the inability to distinguish the frequency
of the sinusoid that the sample values represent.

Figure 5.5 Time-domain example of aliasing.

5.4 SAMPLING THEOREMS

The sampling theorem states that if the Fourier transform of a function A(¢)
is zero for all frequencies greater than a certain frequency f., then the con-
tinuous function A(¢) can be uniquely determined from a knowledge of its
sampled values

h(t) = § h(nT)5(t — nT) (5.21)

where T = 1/2f..
In particular, A(z) is given by

sin 2wf.(t — nT)
h(t) = T,._Eiw h(nT) o P—

Constraints of the theorem are illustrated graphically in Fig. 5.6. First, it is
necessary that the Fourier transform of 4(t) be zero for frequencies greater
than f.. As shown in Fig. 5.6(c), the example frequency function is band-
limited at the frequency f.; the term band-limited is a shortened way of
saying that the Fourier transform is zero for | f | > f.. The bandwidth of a
signal is the width of the positive frequency band where the amplitude is
nonzero. The bandwidth of the waveform illustrated in Fig. 5.6(c) is then
fe. The second constraint is that the sample spacing be chosen as T = 1/
2f., that is, the impulse functions of Fig. 5.6(d) are required to be separated
by I/T = 2f.. This spacing ensures that when A (f) and H(f) are convolved,
there is no aliasing. Alternately, the functions H(f) and H(f) * A(f), as

(5.22)
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Figure 5.6 Fourier transform of a waveform sampled at the Nyquist sampling rate.

illustrated in Figs. 5.6(c) and (f), respectively, are equal in the interval | f |
< f., within the scaling constant T. If T > 1/2f., then aliasing will result;
if T < 1/2f., the theorem still holds. The requirement that T = 1/2f, is
simply the maximum spacing between samples for which the theorem holds.
Frequency 1/T = 2f. is known as the Nyquist sampling rate. Given that
these two constraints are true, the theorem states that A(¢) [Fig. 5.6(a)] can
be reconstructed from a knowledge of the impulses illustrated in Fig. 5.6(e).



Sec. 5.4 Sampling Theorems 85

To construct a proof of the sampling theorem, recall from the discussion
on constraints of the theorem that the Fourier transform of the sampled
function is identical, within the constant T, to the Fourier transform of the
unsampled function, in the frequency range — f. < f = f.. From Fig. 5.6(f),
the Fourier transform of the sampled time function is given by H(f) * A(f).
Hence, as illustrated in Figs. 5.7(a), (b), and (e), the multiplication of a
rectangular-frequency function of amplitude T with the Fourier transform

1 fHen.am Tham
' T \
' \
MULTIPLICATION
T I T _1
fo  fo f fe fom o f
(a) (b)
N LI
o 1ot t
(e)
h{t)
v T U
(f)
hitla(t) . q(t)
CONVOLUTION
f f N P
' —~T— 1 Mt ' AN ¢
(c) (d)

Figure 5.7 Graphical derivation of the sampling theorem.
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of the sampled waveform is the Fourier transform H(f):

H(f) = [H(f) * A(N]Q() (5.23)

The inverse Fourier transform of H(f) is the original waveform h(¢), as
shown in Fig. 5.7(f). But from the convolution theorem, A(¢) is equal to the
convolution of the inverse Fourier transforms of H(f) * A(f) and of the
rectangular-frequency function. Hence, A(t) is given by the convolution of
h(t)a(e) [Fig. 5.7(c)] and ¢(¢) [Fig. 5.7(d)]:

h(t) = [A()a(D)] * q(¢)

oo

> [A(nDd(r — nD)] * (1)

i 5.24
= > h(nDg(t — nT) 2
_T i hnT) sin[2nwf.(t — nT)]

et w(t — nT)

Function ¢(¢) is given by the Fourier transform pair of Eq. (2.31). Equation
(5.24) is the desired expression for reconstructing 4(t) from a knowledge of
only the samples of A(t).

We should note carefully that it is possible to reconstruct a sampled
waveform perfectly only if the waveform is band-limited. In practice, this
condition rarely exists. The solution is to sample at such a rate that aliasing
is negligible; it may be necessary to filter the signal prior to quantization to
ensure that there exists, to the extent possible, a band-limited function.

The band-limited waveforms considered in this section are referred to
as baseband signals. This nomenclature refers to signals whose frequency
spectrum generally occupy the frequency range 0 = f < f.. A band-pass
signal is one whose frequency spectrum occupies the frequency range fiow
< f < fhign and fiow >> 0. The sampling theorem developed here can be
applied to either baseband or band-pass signals. However, more efficient
sampling theorems for band-pass signals are developed in Chapter 14.

Frequency-Sampling Theorem

Analogous to time-domain sampling is a sampling theorem in the fre-
quency domain. If a function A(¢) is time-limited, that is,

) =0 |t|>T. (5.25)

then its Fourier transform H(f) can be uniquely determined from equidistant
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samples of H(f). In particular, H(f) is given by

I S _n \ sin2nT(f — n2T.)]
H(f) = 2T, Em H(zrc) w(f — n2T.)

The proof is similar to the proof of the time-domain sampling theorem.

(5.26)

PROBLEMS

5.1. Find the Fourier series of the periodic waveforms illustrated in Fig. 5.8.

5.2. Determine the Fourier transform of the waveforms illustrated in Fig. 5.8. Com-
pare these results with those of Problem 5.1.

5.3. By using graphical arguments similar to those of Fig. 5.4, determine the Ny-
quist sampling rate for the time functions whose Fourier transform magnitude
functions are illustrated in Fig. 5.9.

5.4. Graphically justify the band-pass sampling theorem that states that
2f high

largest integer not exceeding

Critical sampling frequency = 7
high

(Frigh — fiow)

where fhignh and fiow are the upper and lower cutoff frequencies of the band-
pass spectrum.

5.5. Assume that the function 4(#) = cos(2mt) has been sampled at t = n/4, where
n=0,=+1, £2,. ... Sketch A(¢) and indicate the sampled values. Graphically
and analytically determine Eq. (5.24) for & (¢t = 7/8), where the summation is
only overn = 2, 3,4, and 5.

x(t)

g -Tol/' T°l/ '
(a)

p

(b)

Figure 5.8 Waveforms for Problems 5.1 and 5.2.
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o

.«"

-1

(b}

Figure 5.9 Functions for Problem 5.3.

5.6. A frequency function (say a filter frequency response) has been determined
experimentally in the laboratory and is given by a graphical curve. If it is
desired to sample this function for computer storage purposes, what is the
minimum frequency-sampling interval if the frequency function is to be later
totally reconstructed? State all assumptions.
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6

THE DISCRETE FOURIER
TRANSFORM

Normally, a discussion of the discrete Fourier transform is based on an initial
definition of the finite-length discrete transform; from this assumed axiom,
those properties of the transform implied by this definition are derived. This
approach is unrewarding in that at its conclusion there is always the un-
answered question: How does the discrete Fourier transform relate to the
continuous Fourier transform? To answer this question, we find it preferable
to derive the discrete Fourier transform as a special case of continuous
Fourier transform theory. Clearly, the discrete Fourier transform can be
defined independently of the Fourier transform. However, many applica-
tions involving the continuous Fourier transform rely on a digital computer
for implementation, which leads to the use of the discrete Fourier transform
and hence the FFT. Both approaches yield identical results; the distinction
is in the interpretation of the results.

In this chapter, we develop a special case of the continuous Fourier
transform that is amenable to machine computation. The approach is to
develop the discrete Fourier transform from a graphical derivation based on
continuous Fourier transform theory. These graphical arguments are then
substantiated by a theoretical development. Both approaches emphasize the
modifications of continuous Fourier transform theory that are necessary to
define a computer-oriented transform pair. We also develop properties of
the discrete Fourier transform.

89
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6.1 A GRAPHICAL DEVELOPMENT

Consider the example function A(¢) and its Fourier transform H(f), as il-
lustrated in Fig. 6.1(a). It is desired to modify this Fourier transform pair
in such a manner that the pair is amenable to digital computer computation.
This modified pair, termed the discrete Fourier transform, is to approximate
as closely as possible the continuous Fourier transform.

To determine the Fourier transform of 4(¢) by means of digital analysis
techniques, it is necessary to sample A(t), as described in Chapter 5. Sam-
pling is accomplished by multiplying A(¢) by the sampling function illustrated
in Fig. 6.1(b). The sample interval is 7. Sampled function A(¢) and its Fourier
transform are illustrated in Fig. 6.1(c). This Fourier transform pair represents
the first modification to the original pair, which is necessary in defining a
discrete transform pair. Note that to this point the modified transform pair
differs from the original transform pair only by the aliasing effect that results
from sampling. As discussed in Sec. 5.3, if the waveform A(¢) is sampled at
a frequency of at least twice the largest frequency component of A(t), there
is no loss of information as a result of sampling. If the function A(¢) is not
band-limited, i.e., H(f) # 0 for some | f | > f., then sampling will introduce
aliasing, as illustrated in Fig. 6.1(c). To reduce this error, we have only one
recourse, and that is to sample faster, that is, choose T smaller.

The Fourier transform pair in Fig. 6.1(c) is not suitable for machine
computation because an infinity of samples of A(z) is considered; it is nec-
essary to truncate the sampled /(¢) so that only a finite number of points,
say N, are considered. The rectangular, or truncation, function and its Four-
ier transform are illustrated in Fig. 6.1(d). The product of the infinite se-
quence of impulse functions representing A(¢) and the truncation function
yields the finite-length time function illustrated in Fig. 6.1(e). Truncation
introduces the second modification of the original Fourier transform pair;
this effect is to convolve the aliased frequency transform of Fig. 6.1(c) with
the Fourier transform of the truncation function [Fig. 6.1(d)]. As shown in
Fig. 6.1(e), the frequency transform now has a ripple to it; this effect has
been accentuated in the illustration for emphasis. To reduce this effect, recall
the inverse relation that exists between the width of a time function and its
Fourier transform (Sec. 3.3). Hence, if the truncation (rectangular) function
is increased in length, then the [sin(f)]/f function approaches an impulse;
the more closely the [sin(f))/f function approximates an impulse, the less
ripple or error is introduced by the convolution that results from truncation.
Therefore, it is desirable to choose the length of the truncation function as
long as possible. We investigate the effect of truncation in detail in Sec. 6.4.

The modified transform pair of Fig. 6.1(e) is still not an acceptable
discrete Fourier transform pair because the frequency transform is a con-
tinuous function. For machine computation, only sample values of the fre-
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Figure 6.1 Graphical development of the discrete Fourier transform.
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quency function can be computed; it is necessary to modify the frequency
transform by the frequency-sampling function illustrated in Fig. 6.1(f). The
frequency-sampling interval is 1/T,.

The discrete Fourier transform pair of Fig. 6.1(g) is acceptable for the
purposes of digital machine computation because both the time and fre-
quency domains are represented by discrete values. As illustrated in Fig.
6.1(g), the original time function is approximated by N samples; the original
Fourier transform H(f) is also approximated by N samples. These N samples
define the discrete Fourier transform pair and approximate the original Four-
ier transform pair. Note that sampling in the time domain results in a periodic
function of frequency; sampling in the frequency domain results in a periodic
function of time. Hence, the discrete Fourier transform requires that both
the original time and frequency functions be modified such that they become
periodic functions. N time samples and N frequency values represent one
period of the time- and frequency-domain waveforms, respectively. Because
the N values of time and frequency are related by the continuous Fourier
transform, then a discrete relationship can be derived.

6.2 THEORETICAL DEVELOPMENT

The preceding graphical development illustrates the point that if a continuous
Fourier transform pair is suitably modified, then the modified pair is ac-
ceptable for computation on a digital computer. Thus, to develop this dis-
crete Fourier transform pair, it is only necessary to derive the mathematical
relationships that result from each of the required modifications: time-do-
main sampling, truncation, and frequency-domain sampling.

Consider the Fourier transform pair illustrated in Fig. 6.2(a). To dis-
cretize this transform pair, it is first necessary to sample the waveform h(z);
the sampled waveform can be written as h(z)A¢(t), where Aq(¢) is the time-
domain sampling function illustrated in Fig. 6.2(b). The sampling interval is
T. From Eq. (5.20), the sampled function can be written as

h(1)ao(t)

h(t) i 8(t — KT)
k= 6.1)

i h(kT)8(t — kT)

k= —o

The result of this multiplication is illustrated in Fig. 6.2(c). Note the aliasing
effect that results from the choice of T.
Next, the sampled function is truncated by multiplication with the rec-
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Figure 6.2 Graphical derivation of the discrete Fourier transform pair.
tangular function x(¢), as illustrated in Fig. 6.2(d):
T T
x(t) =1 —=—<t<Ty - =
2 2 (6.2)
=0 otherwise
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where T, is the duration of the truncation function. An obvious question at
this point is: Why is the rectangular function x(z) not centered at zero or
To/2? Centering of x(¢) at zero is avoided to alleviate notation problems.
The reason for not centering the rectangular function at T,/2 will become
obvious later in the development.

Truncation yields

h(t)Ao()x(2)

[ § h(kT)d(t — kT)]x(t)
k= —oo

N-1

S w(kT)3(r — kT)
k=0

(6.3)

where it has been assumed that there are N equidistant impulse functions
lying within the truncation interval, that is, N = To/T. The sampled truncated
waveform and its Fourier transform are illustrated in Fig. 6.2(e). As in the
previous example, truncation in the time domain results in rippling in the
frequency domain.

The final step in modifying the original Fourier transform pair to a
discrete Fourier transform pair is to sample the Fourier transform of Eq.
(6.3). In the time domain, this product is equivalent to convolving the sam-
pled truncated waveform of Eq. (6.3) and the time function A,(#), as illus-
trated in Fig. 6.2(f). Function A,(¢) is given by Fourier transform pair of Eq.
(2.44) as

M) =To D 8(t — rTo) 6.4)

r=—o

The desired relationship is [A(2)Ao(2)x(2)] * A,(2); hence,

N—-1
[A(D)Ao()x(2)] * A((2) [ > h(kT)3(t — kT)]
k=0

* [To i 8(t - rTo):|

r=—o
N-—1

C+ To S hKT)S(t + To — kT) (6.5)
k=0

N-—1
+ To S h(kT)S(t — kT)
k=0

N-1

+To S hkT)S(t — To — kT) + . . .

k=0
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Note that Eq. (6.5) is periodic with period Ty; in compact notation form,
the equation can be written as

oo N—-1
h(t) = T, [ > hkD)d(t — kT — rTo)] (6.6)
r=—o k=0
We choose the notation A(¢) to imply that A(¢) is an approximation to the
function A(z).

Choice of the rectangular function x(¢), as described by Eq. (6.2), can
now be explained. Note that the convolution result of Eq. (6.6) is a periodic
function with period T that consists of N samples. If the rectangular function
had been chosen such that a sample value coincided with each end point of
the rectangular function, the convolution of the rectangular function with
impulses spaced at intervals of T¢ would result in time-domain aliasing. That
is, the Nth point of one period would coincide with (and add to) the first
point of the next period. To ensure that time-domain aliasing does not occur,
it is necessary to choose the truncation interval as illustrated in Fig. 6.2(d).
(The truncation function can also be chosen as illustrated in Fig. 6.1(d), but
note that the end points of the truncation function lie at the midpoint of two
adjacent sample values to avoid time-domain aliasing.)

To develop the Fourier transform of Eq. (6.6), recall from the discus-
sion on Fourier series, Sec. 5.1, that the Fourier transform of a periodic
function A(z) is a sequence of equidistant impulses:

~ n Rl 1
A=) = 3 ad(f -nfo) fo==o 6.7
To = T
where
1 To—T/2 _ )
o, = —f fi(t)e —72mTo gy n=0,=x1, £2,... (6.8)
ToJ-112
Substituting Eq. (6.6) in (6.8) yields
1 To—T/2 o  N-—1 '
a, = —f TO 2 2 h(kns(t - kT — rTO)e —j2wnt/To dt
Ty J-112 ==

Integration is only over one period; hence,

Qn

To—7/2 N1 )
f S WKT)(t — kT)e 2/ o gy
k=0

—-772

N-1 To-T2
S h(kT) f e ~2mITo §(¢ — KT) dt ©6.9)
o -T2

N-1

E h(kT)e —Jj2wknT/To

k=0
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Because Ty = NT, Eq. (6.9) can be rewritten as

N-1
a, = 3, h(kT)e ~J2m*n/N n=20,=x1, =2, ... (6.10)
k=0
and the Fourier transform of Eq. (6.6) is
oo N-—1
- n .
H|l — — —j2wkn/N .
(NT) S 3 e 6.11)

For a cursory evaluation of Eq. (6.11), it is not obvious that the Fourier
transform H(n/NT) is periodic, as illustrated in Fig. 6.2(g). However, there
are only N distinct complex values computable from Eq. (6.11). To establish
this fact, let n = r, where r is an arbitrary integer; Eq. (6.11) becomes

N-—-1
H(NLT) = S h(kT)e ~72mkrIN (6.12)
k=0
Now let n = r + N; note that
e —Jj2wk(r+ N)IN _ e —j2'n'kr/Ne —Jj2wk (6 13)
= o ~J2mkrIN

because e 2™ = cos(2wk) — jsinQwk) = 1 for k integer valued. Thus, for
n=r+ N,

_(r+ N Nt .
— —Jj2wk(r + N)IN
H( NT ) k:Eo h(kT)e

N-1

= 3 h(kT)e >N 6.14)
k=0

()

Therefore, there are only N distinct values for which Eq. (6.11) can be
evaluated; H(n/NT) is periodic with a period of N samples. The Fourier
transform, Eq. (6.11), can be expressed equivalently as

N—1
H(%‘) = 2 h(kT)e—jZ'rrnk/N n = 0, 1, e ey N -1 (615)
k=0

Equation (6.15) is the desired discrete Fourier transform; the expres-
sion relates N samples of time and N samples of frequency by means of the
continuous Fourier transform. The discrete Fourier transform is then a spe-
cial case of the continuous Fourier transform. If it is assumed that the N
samples of the original function A(¢) are one period of a periodic waveform,
the Fourier transform of this periodic function is given by the N samples,
as computed by Eq. (6.15). Notation H(n/NT) indicates that the discrete
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Fourier transform is an approximation to the continuous Fourier transform.
Normally, Eq. (6.15) is written as

N-—1
G(%_‘) - E g(kT)e—j2-rrnk/N n = 0, 1’ C e N — 1 (6.16)
k=0

because the Fourier transform of the sampled periodic function g(kT) is
identically G(n/NT).

6.3 DISCRETE INVERSE FOURIER TRANSFORM

The discrete inverse Fourier transform is given by
N-—1

1
gkT) = % X G(NT)eﬂ“""/N k=0,1,...,N -1 (6.17)
n=0

To prove that Eq. (6.17) and the transform relation, Eq. (6.16), form a dis-
crete Fourier transform pair, substitute Eq. (6.17) into Eq. (6.16).

N—1
n j2nrkiN |, —j2mnkiN
o) = 2 & 2 olwz)

=0
1 N—-1 r N-1
— N 2 G(ﬁ) |: z ej21rrk/Ne —j21-rnk/N] (6 18)

r k=0

n
- o(37)
The identity of Eq. (6.18) follows from the orthogonality relationship:

s N r=n
Jj2mrkIN , —j2mnkiN =
,EO ¢ ¢ { 0 otherwise (6.19)

The discrete inversion formula, Eq. (6.17), exhibits periodicity in the
same manner as the discrete transform; the period is defined by N samples
of g(kT). This property results from the periodic nature of ¢/2™*N_ Hence,
g(kT) is actually defined on the complete set of integers k = 0, =1, +2,

. and is constrained by the identity

g(kT) = g[(rN + k)T] r=0, 1, =2, ... (6.20)
In summary, the discrete Fourier transform pair is given by

N-1
2(kT) = 2 ( )enmkw XD G(NLT) = S g(kT)e 2N

k=0

(6.21)

It is important to remember that the transform pair of Eq. (6.21) requires
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both the time- and frequency-domain functions to be periodic:

ny\ (rN + n)
o) o "5 -

g(kT) = gl(rN + k)T] r

0, =1, =2, ... (6.22)

0, =1, =2,. .. (6.23)

6.4 RELATIONSHIP BETWEEN THE DISCRETE
AND CONTINUOUS FOURIER TRANSFORM

The discrete Fourier transform is of interest primarily because it approxi-
mates the continuous Fourier transform. Validity of this approximation is
strictly a function of the waveform being analyzed. In this section, we use
graphical analysis to indicate for general classes of functions the degree of
equivalence between the discrete and continuous transform. As will be
stressed, differences in the two transforms arise because of the discrete
transform requirement for sampling and truncation.

Band-Limited Periodic Waveforms: Truncation
Internal Equal to Period

Consider the function h(¢) and its Fourier transform, as illustrated in
Fig. 6.3(a). We wish to sample h(t), truncate the sampled function to N
samples, and apply the discrete Fourier transform of Eq. (6.16). Rather than
applying this equation directly, we develop its application graphically. Wave-
form Ah(t¢) is sampled by multiplication with the sampling function, as illus-
trated in Fig. 6.3(b). Sampled waveform A(kT) and its Fourier transform are
illustrated in Fig. 6.3(c). Note that for this example there is no aliasing. Also
observe that as a result of time-domain sampling, the frequency domain has
been scaled by the factor 1/T; the Fourier transform impulse now has an
area of A/2T rather than the original area of A/2. The sampled waveform is
truncated by multiplication with the rectangular function, as illustrated in
Fig. 6.3(d); Fig. 6.3(e) illustrates the sampled and truncated waveform. As
shown, we chose the rectangular function, so that the N sample values re-
maining after truncation equate to one period of the original waveform A(z).

The Fourier transform of the finite-length sampled waveform [Fig.
6.3(e)] is obtained by convolving the frequency-domain impulse functions
of Fig. 6.3(c) and the [sin(f)])/f frequency function of Fig. 6.3(d). Figure
6.3(e) illustrates the convolution results; an expanded view of this convo-
lution is shown in Fig. 6.4(b). A [sin(f)]/f function (dashed line) is centered
on each impulse of Fig. 6.4(a) and the resultant waveforms are additively
combined (solid line) to form the convolution result.

With respect to the original transform H(f), the convolved frequency
function [Fig. 6.4(b)] is significantly distorted. However, when this function
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Figure 6.3 Discrete Fourier transform of a band-limited periodic waveform: the
truncation interval is equal to one period.

is sampled by the frequency-sampling function illustrated in Fig. 6.3(f), the
distortion is eliminated. This follows because the equidistant impulses of the
frequency-sampling function are separated by 1/Ty; at these frequencies,
the solid line of Fig. 6.4(b) is zero except at frequency =+ 1/T,. Frequency
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Figure 6.4 Expanded illustration of the convolution of Fig. 6.3(e).

+1/Ty corresponds to the frequency-domain impulses of the original fre-
quency function H(f). Because of time-domain truncation, these impulses
now have an area of ATo/2T rather than the original area of A/2. (Figure
6.4(b) does not take into account that the Fourier transform of the truncation
function x(#), as illustrated in Fig. 6.4(d), is actually a complex frequency
function; however, had we considered a complex function, similar results
would have been obtained.)

Multiplication of the frequency function of Fig. 6.3(e) and the fre-
quency-sampling function A (f) implies the convolution of the time functions
shown in Figs. 6.3(e) and (f). Because the sampled truncated waveform [Fig.
6.3(e)] is exactly one period of the original waveform A(¢) and because the
time-domain impulse functions of Fig. 6.3(f) are separated by T,, then their
convolution yields a periodic function, as illustrated in Fig. 6.3(g). This is
simply the time-domain equivalent to the previously discussed frequency
sampling that yielded only a single impulse or frequency component. The
time function of Fig. 6.3(g) has a maximum amplitude of AT, as compared
to the original maximum value of A as a result of frequency-domain sampling.

Examination of Fig. 6.3(g) indicates that we have taken our original
time function, sampled it, and then multiplied each sample by T,. The Four-
ier transform of this function is related to the original frequency function by
the factor ATo/2T. Factor T, is common and can be eliminated. If we desire
to compute the Fourier transform by means of the discrete Fourier trans-
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form, it is necessary to multiply the discrete time function by the factor T,
which yields the desired A/2 area for the frequency function; Eq. (6.16) thus
becomes

N-—1
H(—]\';—T> =T 3 h(kT)e 72N (6.24)
k=0

We expect this result because the relationship of Eq. (6.24) is simply the
rectangular rule for integration of the continuous Fourier transform.

This example represents the only class of waveforms for which the
discrete and continuous Fourier transforms are exactly the same within a
scaling constant. Equivalence of the two transforms requires (1) the time
function A(¢) must be periodic, (2) A(#) must be band-limited, (3) the sampling
rate must be at least two times the largest frequency component of A(¢), and
(4) the truncation function x(¢) must be nonzero over exactly one period (or
integer multiple period) of h(r).

Band-Limited Periodic Waveforms: Truncation
Interval Not Equal to Period

If a band-limited periodic function is sampled and truncated to consist
of other than an integer multiple of the period, the resulting discrete and
continuous Fourier transform differs considerably. To examine this effect,
consider the illustrations of Fig. 6.5. This example differs from the preceding
only in the frequency of the sinusoidal waveform Ah(t). As before, function
h(t) is sampled [Fig. 6.5(c)] and truncated [Fig. 6.5(e)]. Note that the sampled
truncated function is not an integer multiple of the period of A(¢); therefore,
when the time functions of Figs. 6.5(e) and (f) are convolved, the periodic
waveform of Fig. 6.5(g) results. Although this function is periodic, it is not
a replica of the original periodic function A(z). We would not expect the
Fourier transform of the time waveforms of Fig. 6.5(a) and (g) to be equiv-
alent. It is of value to examine these same relationships in the frequency
domain.

Fourier transform of the sampled truncated waveform of Fig. 6.5(¢) is
obtained by convolving the frequency-domain impulse functions of Fig.
6.5(c) and the [sin(f))/f function illustrated in Fig. 6.5(d). This convolution
is graphically illustrated in an expanded view in Fig. 6.6. Sampling of the
resulting convolution at frequency intervals of 1/T, yields the impulses as
illustrated in Fig. 6.6 and, equivalently, Fig. 6.5(g). These sample values
represent the Fourier transform of the periodic time waveform of Fig. 6.5(g).
Note that there is an impulse at zero frequency. This component represents
the average value of the truncated waveform; because the truncated wave-
form is not an even number of cycles, the average value is not expected to
be zero. The remaining frequency-domain impulses occur because the zeros
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Figure 6.5 Discrete Fourier transform of a band-limited periodic waveform: the
truncation interval is not equal to one period.

of the [sin(f)]/f function are not coincident with each sample value as was

the case in the previous example.
This discrepancy between the continuous and discrete Fourier trans-
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Figure 6.6 Expanded illustration of the convolution of Fig. 6.5(¢); To = 3.5T.

forms is probably the one most often encountered and least understood by
users of the discrete Fourier transform. The effect of truncation at other
than a multiple of the period is to create a periodic function with sharp
discontinuities, as illustrated in Fig. 6.5(g). Intuitively, we expect the intro-
duction of these sharp changes in the time domain to result in additional
frequency components in the frequency domain. Viewed in the frequency
domain, time-domain truncation is equivalent to the convolution of a [sin(f)]/
f function with the single impulse representing the original frequency func-
tion H(f). Consequently, the frequency function is no longer a single im-
pulse, but rather a continuous function of frequency with a local maximum
centered at the original impulse and a series of other peaks that are termed
sidelobes. These sidelobes are responsible for the additional frequency com-
ponents that occur after frequency-domain sampling. This effect is termed
leakage and is inherent in the discrete Fourier transform because of the
required time-domain truncation. Techniques for reducing leakage are ex-
plored in Sec. 9.2.

Finite-Duration Waveforms

The preceding two examples have explored the relationship between
the discrete and continuous Fourier transforms for band-limited periodic
functions. Another class of functions of interest is that of finite duration,
such as the function A(t) illustrated in Fig. 6.7. If h(¢) is time-limited, its
Fourier transform cannot be band-limited; sampling must result in aliasing.
It is necessary to choose the sample interval T such that aliasing is reduced
to an acceptable range. As illustrated in Fig. 6.7(c), the sample interval T
was chosen too large and as a result there is significant aliasing.

If the finite-length waveform is sampled and if N is chosen equal to
the number of samples of the time-limited waveform, then it is not necessary
to truncate in the time domain. Truncation is omitted and the Fourier trans-
form of the time-sampled function [Fig. 6.7(c)] is multiplied by A;(f), the
frequency-domain sampling function. The time-domain equivalent to this
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Figure 6.7 Discrete Fourier transform of a time-limited waveform.

product is the convolution of the time functions shown in Figs. 6.7(c) and
(d). The resulting waveform is periodic, where a period is defined by the N
samples of the original function, and thus is a replica of the original function.
The Fourier transform of this periodic function is the sampled function il-
lustrated in Fig. 6.7(¢e).

For this class of functions, if N is chosen equal to the number of samples
of the finite-length function, then the only error is that introduced by aliasing.
Errors introduced by aliasing are reduced by choosing the sample interval
T sufficiently small. For this case, the discrete Fourier transform sample
values agree (within a constant) reasonably well with samples of the con-
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tinuous Fourier transform. Unfortunately, there exist few applications of
discrete Fourier transform for this class of functions.

General Periodic Waveforms

Figure 6.7 can also be used to illustrate the relationship between the
discrete and continuous Fourier transform for periodic functions that are
not band-limited. Assume that A4(¢), as illustrated in Fig. 6.7(a), is only one
period of a periodic waveform. If this periodic waveform is sampled and
truncated at exactly the period, then the resulting waveform is identical to
the time waveform of Fig. 6.7(c). Instead of the continuous frequency func-
tion, as illustrated in Fig. 6.7(c), the frequency transform is an infinite series
of equidistant impulses separated by 1/T,, whose areas are given exactly by
the continuous frequency function. Because the frequency-sampling func-
tion A(f), as illustrated in Fig. 6.7(d), is an infinite series of equidistant
impulses separated by 1/T,, then the result is identical to those of Fig. 6.7(e).
As before, the only error source is that of aliasing if the truncation function
is chosen exactly equal to an integer multiple of the period. If the time-
domain truncation is not equal to a period, then results as described pre-
viously are to be expected.

General Waveforms

The most important class of functions are those that are neither time-
limited nor band-limited. An example of this class of functions is illustrated
in Fig. 6.8(a). Sampling results in the aliased frequency function illustrated
in Fig. 6.8(c). Time-domain truncation introduces rippling in the frequency
domain of Fig. 6.8(e). Frequency sampling results in the Fourier transform
pair illustrated in Fig. 6.8(g). The time-domain function of this pair is a
periodic function, where the period is defined by the N points of the original
function after sampling and truncation. The frequency-domain function of
the pair is also a periodic function, where a period is defined by N points,
whose values differ from the original frequency function by the errors in-
troduced in aliasing and time-domain truncation. The aliasing error can be
reduced to an acceptable level by decreasing the sample interval 7. Pro-
cedures for reducing time-domain truncation errors are addressed in Sec.
9.2.

Summary

We have shown that if care is exercised, then there exist many appli-
cations where the discrete Fourier transform can be employed to derive
results essentially equivalent to the continuous Fourier transform. The most
important concept to keep in mind is that the discrete Fourier transform
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implies periodicity in both the time and frequency domains. If one remem-
bers that the N sample values of the time-domain function represent one
sample of a periodic function, then application of the discrete Fourier trans-
form should result in few surprises.

6.5 DISCRETE FOURIER TRANSFORM PROPERTIES

Properties established for the Fourier transform in Chapter 3 can be extended
to the discrete Fourier transform because we have shown that the discrete
transform is a special case of the continous transform. Although we often
use the continuous equivalents in our problem-solving thought process, it
is the discrete properties that form the theoretical basis for applications of
the FFT. We replace kT by k and n/NT by n for convenience of notation.

Linearity

If x(k) and y(k) have discrete Fourier transforms X(n) and Y(n), re-
spectively, then

xk) + ytkb)y & X(n) + Y(n) (6.25)

The discrete Fourier transform pair of Eq. (6.25) follows directly from the
discrete Fourier transform pair of Eq. (6.21).

Symmetry
If h(k) and H(n) are a discrete Fourier transform pair, then
~ Hi) © h(=n) (6.26)

The discrete Fourier transform pair of Eq. (6.26) is established by rewriting
Eq. (6.17):

h(—k) = % 2 H(n)e/*mn(—bIN 6.27)
and by interchanging the parameters k and n:
1N ,
h(—n) = N > H(k)e />N (6.28)
n=0

Time Shifting

If h(k) is shifted by the integer i, then
hk — i) < H(n)e 2N (6.29)
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To verify Eq. (6.29), substitute r = k — i into the inverse discrete Fourier
transform:

1 NZ ;
h(r — ﬁ E (n)eJZ-rmr/N

n=0

1 N-1

hk — i) = N H(n)e/2mnk—DIN (6.30)

n=0

1 -1

— X] 2 [H(n)e —j21mi/N]ej2-nnk/N

n=0

Frequency Shifting

If H(n) is shifted by the integer i, then its inverse discrete Fourier
transform is multiplied by e/27*'N

h(k)e>* N < H(n — i) 6.31)

This discrete Fourier transform pair is established by substituting r =
n — iinto the discrete Fourier transform
N-—1
H(r) = D, h(k)e 72mrkiN
k=0
N-1

2 h(k)e —Jj2m(n—DkIN (632)

k=0

Hn - i)

N-1

— 2 [h(k)ejZ’)Tik/N]e —Jj2mnk/IN

k=0
Alternate Inversion Formula

The discrete inversion formula, Eq. (6.17), can also be written as

N-—1 *
h(k) = 1 [ >, H*(ne ‘ﬂ’*""’N] (6.33)
k=0

N
where * implies conjugation. To prove Eq. (6.33), we simply perform the
indicated conjugation. Let H(n) = R(n) + jl(n); hence, H * (n) = R(n) —
jI(n) and Eq. (6.33) becomes

*

1 N-—1
h(k) = [ E [R(n) — jl(n)]e /27N ]

1[N= , 2enk\ . . (2mnk\ 1"
A - () (22
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) — I(n) sin (2’;\’,’1‘)

2N ) + I(n) cos (2’;\?1‘)]
N—-1

_1 [ 2 R(n) cos (2 ) — I(n) sin <271'\;’k>

N . (2mnk 2mnk
+ji > R(n)sm( N ) +I(n)cos< N )

n=0

1[] 27
N[ E R(n)cos (

N-1
-i> R(n)sm<

n=0

(6.34)

| . 2wnk
ﬁ R(n) + jI(n)] [cos < N

H(n)ejz-n-nk/N

iMT i

ZI—-

The significance of the alternate inversion formula is that the discrete
transform, Eq. (6.34), can be used to compute both the Fourier transform
and its inversion. Hence, one only needs to develop a single FFT computer
program.

Even Functions

If h.(k) is an even function, then h.(k) = h.(—k) and the discrete
Fourier transform of 4.(k) is an even function and is real:
2wnk
N

N-—1
hok) & R.m) = S h.(k) cos( (6.35)
n=0

To verify Eq. (6.35), we simply manipulate the defining relationships:

N—-1

2 he(k)e —Jj2mwnkIN

k=0
N-—1 N-—1

= S h.(k) cos (2—’1’\/’1‘) J Z hetk) sin (27;\]")
k=0

NI 2nnk
= h.(k

3, hethrcos ()
= R.(n)

The imaginary summation is zero because the summation is over an even
number of cycles of an odd function. Because h.(k) cosQmwnk/N) = h.(k)
{cos[2w(—n)k/N1}, then H.(n) = H.(—n)and the frequency function is even.
The inversion formula is proven similarly. Hence, if H(n) is given as a real

Il

H.(n)

(6.36)
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and even function, then its inverse discrete Fourier transform is an even
function.

Odd Functions

If ho(k) = —ho(—k), then ho(k) is an odd function and its discrete
Fourier transform is an odd and imaginary function:

N-—-1

E ho(k)e —j2mnk/IN

k=0
N-—1 N_1

= 3 hok) cos (M‘) 'S ety sin (21'rnk)
k=0 N P N

N—-1
= ~j 3 ho(k) sin (2'"”")
k=0 N

Hy(n)

(6.37)

= jlo(n)

The real summation is zero because summation is over an even number of
cycles of an odd function. For H(n) given as an odd and imaginary function,
the proof that A¢(k) is an odd function is established similarly; therefore,

N-—1
hotk) & jlo(n) = —j 3 ho(k) sin (2’;"‘> (6.38)
k=0

Waveform Decomposition

To decompose an arbitrary function A(k) into an even and an odd func-
tion, we simply add and subtract the common function h(— k)/2.

h(k h(k
iy = 150+ 1P
_ | hk) | h(—k) h(k) — h(-k)
—[2+ 2]+[2 2] (6.39)

he(k) + ho(k)

The terms in brackets satisfy the definition of an even and an odd function,
respectively. Because ka(k) is periodic with period N, then

h(—k) = (N — k) (6.40)
and

he(k) =

h(k) _h(N — k)
2 "7 2

h(k) k(N — k)
2 2

(6.41)

ho(k) =
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For discrete periodic functions, Eq. (6.41) is the desired relationship
for decomposition. From Egs. (6.35) and (6.38), the discrete Fourier trans-
form of Eq. (6.39) is

H(n) = R(n) + jl(n) = H.(n) + Ho(n) (6.42)

where
H.(n) = R(n) and Ho(n) = jl(n) (6.43)

Complex Time Functions

If h(k) = h,(k) + jhi:(k), where h,(k) and h;(k) are, respectively, the
real and imaginary parts of the complex time function 4(k), then the discrete
Fourier transform becomes

N-1

H(n) = > [h(k) + jhik)]e /2mnk/N

k=0

21'rnk>
(6.44)

N! 2mnk .
= /Eo h,(k) cos ( N ) + hi(k) sin ( N

N-1
- j[ kgo h, (k) sin <21;\'71k) — hi(k) cos (21;1k>:|

The first expression of Eq. (6.44) is R(n), the real part of the discrete trans-
form, and the latter expression is I(n), the imaginary part of the discrete
transform. If h(k) is real, then h(k) = h,(k), and from Eq. (6.44),

N! 2mnk
R.(n) = 3 h,(k) cos ( ) (6.45)
k=0 N
N-—1
Ion) = —j S h,(k) sin (2"”") (6.46)
k=0 N
Note that cosQmnk/N) = cos(—2mwnk/N); thus, R.(n) = R.(—n), and R.(n)
is an even function. Similarly, Io(n) = —Io(—n) and Iy(n) is an odd function.
For h(k) purely imaginary, h(k) = jh:(k) and from Eq. (6.44),
N! 2mnk
Ro(n) = O hi(k) sin ( ) (6.47)
K=o N
N-1
L) = 3 hik) cos (2"”") (6.48)
k=0 N

For h(k) imaginary, the real part of its transform is odd and the imaginary
part of its transform is even.
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Time-Convolution Theorem

Discrete convolution is defined by the summation (see Chapter 7):
N-1
yk) = > x@h(k - i) (6.49)
i=0
where x(k), h(k), and y(k) are periodic functions with period N.
Analogous to Fourier transform theory, one of the most important
properties of the discrete Fourier transform is exhibited by the discrete Four-
ier transform of Eq. (6.49). Discrete Fourier transformation yields the dis-
crete convolution theorem that is expressed as
N-1
S x(hk — i) <& X(n)H(n) (6.50)
i=0
To establish this result, substitute Eq. (6.17) into the left-hand side of Eq.
(6.50):
N-1 N

S x()hk - i)

1
i=0 i—o N ,20

[
Mi

(6.51)

X(n)H(m)ej2-rrmk/N

0
[ ejZﬁin/Ne jZﬁim/N:|
i=0

The bracketed term of Eq. (6.51) is simply the orthogonality relationship of
Eq. (6.19) and is equal to N if m = n; therefore,
N—-1 1 N-—1
> x(h(k — i) = N > X(n)H(n)e/2™k/N (6.52)
i=0 n=0
Thus, the discrete Fourier transform of the convolution of two periodic sam-
pled functions with period N is equal to the product of the discrete Fourier
transform of the periodic functions.

Frequency-Convolution Theorem

Consider the frequency convolution:

N-—1

Y(n) = > X()H(n — i) (6.53)

i=0
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We can establish the frequency-convolution theorem by substitution into
Eq. (6.53):

N-1 Nl E N1
> X(HHn — i) > [ > x(m)e —j2nmi/N:|
i=0 i=0

m=0

N-1
X[ E h(k)e—j2nk(n—0/N:|

k=0

N—1N-1 (6.54)
— E 2 x(m)h(k)e—ijkn/N
m=0 k=0

N-1
X [ E e —j21-rmi/Nej2-rrki/N:|

i=0
The bracketed term of Eq. (6.54) is the orthogonality relationship of Eq.
(6.19) and is equal to N if m = k; therefore,

N-1 N-—1

> XWOH@m — i) = N > x(k)h(k)e ~/2mk/N (6.55)
i=0 k=0
and the discrete transform pair is established:

1 N-—1
x(k)h(k) & N > X(@)H@n - i) (6.56)
i=0

Correlation Theorem

Discrete correlation is defined as

N-1

z2(k) = 3, x(Dh(k + i) (6.57)

i=0

where x(k), h(k), and z(k) are periodic functions with period N.
The transform pair

N-1

S x(Dhk + i) & X * (n)H(n) (6.58)

i=0

is termed the discrete correlation theorem. By means of the correlation
theorem, correlation can be determined equivalently in the transform do-
main. To verify this relationship, substitute the discrete Fourier transform
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Fourier Transform Property Discrete Fourier Transform
x(1) + y(n © X(f) + Y(f) (3.2) Linearity (6.25) x(k) + y(k) © X(n) + Y(n)
H(1) © h(-f) (3.6) Symmetry (6.26) Al/H(k) O h(=n)
h(t — to) © H(f)e /20 (3.21) Time shifting (6.29) h(k — i) © H(n)e J*™iN
h(1)e*™° O H(f - fo) (3.23) Frequency shifting 6.31) h(k)e*>™ N & H(n — i)
* : . N-1 *
[ f H*(f)e 27 df] (3.25) Alternate inversion formula (6.33) [1%, S H* (e _jzﬂ,m,N]
—x n=0
h. (1) © R.(f) (3.27) Even functions (6.35) he(k) © R.(n)
ho(1) © jlo(f) (3.32) Odd functions (6.38) ho(k) © jlo(n)
h(1) = h.(1) + ho(t) (3.33) Decomposition (6.39) h(k) = h.(k) + ho(k)
- [, 2] [, H k)
) 2 Tl 2 2
- [ ien) [ v ]
2 2 2 2
o N-1
¥ = f_m x(Mh(t — 7)dr (4.1) Convolution (6.49) y(k) = 3 x(Dhk — i) = x(k) * h(k)
= x(1) * h(1) =0
y(1) * h(1) & Y(HH(f) (4.14) Time convolution theorem (6.50) y(k) * h(k) © Y(n)H(n)
N-1
an) = [T xhte + 1) dr (4.21) Correlation 657 3 = 3, xhtk + b
y(DOh(1) © Y(f) * H(f) (4.20) Frequency convolution theorem (6.56) y(k)h(k) © % Y(n) * H(n)

[Cwwa= [T 1H P

Parseval’s Theorem

N-1

N-1
S Wk =5 3 | Hm P
k=0 n=0
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into the left-hand side of Eq. (6.58):

N—1 N-1 g N1
2 X(l)h(k + l) 2 |: E X(n)eJZ-rrm/N]
i=0 P =

1 NZ!
N E— H(m)ej2-rrm(k+i)/N

NI . (6.59)
— _— —Jj2win/IN
- 3 [§ 20 e

N-—1
I:N E H(m)eJZn'm(k+1)/N:|

m=0

where the alternate inversion formula, Eq. (6.33), has been utilized to in-
troduce the conjugate of X(n). Note that the second conjugation indicated
in Eq. (6.33) can be omitted if only real functions are considered. For this
case, Eq. (6.59) can be rewritten as:

N-1

S x(Dh(k + i)

i=0
1 - -1 ' 1 N-—1 o . (6.60)
- — E 2 X * (n)H(m)eJZ‘n-mk/N l:_ 2 e —jZ‘n‘l’l/NeJZ’lTim/N]
N ,=o iZo N =
From the orthogonality relationship of Eq. (6.19), the bracketed term is equal
to N if n = m. Hence, Eq. (6.60) becomes
N-1 N-—-1

> x(dh(k + i) = % > X * (n)H(n)e>™nk/N (6.61)
n=0

i=0

Summary Table of Discrete Fourier Transform
Properties

For future reference, the discrete Fourier transform properties are sum-
marized in Table 6.1. The continuous Fourier transform properties are also
tabled for purposes of comparison. Appropriate equation numbers are listed

in order that one can easily locate the continuous or discrete development
for each property.

PROBLEMS

6.1. Repeat the graphical development of Fig. 6.1 for the following functions:
@) h(t) =|t|e "
®) k() =1 - 1|t] |1]
=0 | £]
(¢) h(t) = cos ¢t

VIA
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6.2.

6.3.

6.4.

6.5.

6.6.

6.7.
6.8.

6.9.

6.10.

6.11.
6.12.

6.13.

6.14.

6.15.

The Discrete Fourier Transform Chap. 6

Retrace the development of the discrete Fourier transform [Egs. (6.1) through
(6.16)]. Write all steps of the derivation in detail.

Repeat the graphical derivation of Fig. 6.3 for A(t) = sin(2mwfot). Show the
effect of setting the truncation interval unequal to the period. What is the result
of setting the truncation interval equal to two periods?

Consider Fig. 6.7. Assume that h(#)A(?) is represented by N nonzero samples.
What is the effect of truncating h(#)Aq(t) so that only 3N/4 nonzero samples
are considered? What is the effect of truncating 4(#)A,(¢) so that the N nonzero
samples and N/4 zero samples are considered?

Repeat the graphical derivation of Fig. 6.7 for A(f) = >, e~ %*~"7 What

are the error sources?

To establish the concept of rippling, perform the following graphical
convolutions:

(a) An impulse with (sin #)/z.

(b) A narrow pulse with (sin ¢)/t.

(¢) A wide pulse with (sin #)/t.

(d) A single triangular waveform with (sin #)/t.

Write several terms of Eq. (6.19) to establish the orthogonality relationship.

The truncation interval is termed the record length. In terms of the record
length, write an equation defining the resolution or frequency spacing of the
frequency-domain samples of the discrete Fourier transform.

Comment on the following: The discrete Fourier transform is analogous to a
bank of band-pass filters.

Let x(k) and y(k) be discrete periodic functions:

3 k=204
x(k) = 41 k=1,2,3
0 k=5,6,7
x(k + 8r) = x(k) r=0, =1, £2,...
y(k) = x(k)
y(k + 8r) = y(k) r=0, =1, £2,...

Compute X(n) and Y(n). Add these results to determine [X(n) + Y(n)]. De-
termine z(k) = x(k) + y(k). Compute Z(n). Discuss your results in terms of
the linearity property.

Demonstrate the symmetry property of Eq. (6.26) for x(k).

Compute the discrete Fourier transform of x(k — 3). Compare results with
those obtained from the time-shifting relationship of Eq. (6.29).

Compute the inverse discrete Fourier transform of X(n — 1). Repeat this com-
putation by applying the frequency-shifting theorem of Eq. (6.31) and compare
results.

Compute the inverse discrete Fourier transform of X(n) using the alternate
inversion formula of Eq. (6.33).

Compute the discrete Fourier transform of x(k — 2). Investigate the even-odd
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relationship of x(k — 2) and the real-imaginary relationship of its discrete
transform.

6.16. Let z(k) = x(k) — y(k — 4). Compute the discrete Fourier transform of z(k).

6.17. Let z(k) = y(k) + y(k — 2) — x(k — 4). Decompose z(k) into even and odd
functions both analytically and graphically. Demonstrate Eq. (6.42) with z(k).

6.18. Demonstrate the frequency convolution theorem using x(k) and y(k).
6.19. Demonstrate the discrete correlation theorem using x(k) and y(k).
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7/

DISCRETE CONVOLUTION
AND CORRELATION

Possibly the most important discrete Fourier transform properties are those
of convolution and correlation. This follows because the importance of the
fast Fourier transform is primarily a result of its efficiency in computing
discrete convolution or correlation. In this chapter, we examine, analytically
and graphically, the discrete convolution and correlation equations. The
relationship between discrete and continuous convolution is also explored
in detail.

7.1 DISCRETE CONVOLUTION

Discrete convolution is defined by the summation:

N-1

YKT) = 3 x(iDhl(k - HT] (7.1

i=0
where both x(kT) and h(kT) are periodic functions with period N,

x(kT) = x[(k + rN)T] r=0, 1, *2, ... (7.2)
h(kT) = hl(k + rN)T] r=0, 1, =2, ...

For convenience of notation, discrete convolution is normally written as
y(kT) = x(kT) * h(kT) (7.3)

To examine the discrete convolution equation, consider the illustra-
tions of Fig. 7.1. Both functions x(kT) and h(kT) are periodic with period

118
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x(kT) A h(kT)

A A oo

o T 2T 3TaT KT o T 2T 3T 4T T

(a) (b)

Figure 7.1 Example sampled waveforms to be convolved discretely.

N = 4. From Eq. (7.1), functions x(iT) and A[(k — i{)T] are required. Function
h(—iT) is the image of A(iT) about the ordinate axis, as illustrated in Fig.
7.2(a); function A[(k — i)T] is simply the function A(—iT) shifted by the
amount kT. Figure 7.2(b) illustrates A[(k — i)T] for the shift 27. Equation
(7.1) is evaluated for each kT shift by performing the required multiplications
and additions.

h(-iT) h[(2-)T]

I S Vi R 1 IS
’W b T P [ b
}\/ \‘\ / | A A
T 2T 3T 4T iT
(a)

Figure 7.2 Graphical description of discrete convolution shifting operation.

7.2 GRAPHICAL INTERPRETATION OF DISCRETE
CONVOLUTION

The discrete convolution process is illustrated graphically in Fig. 7.3. Sample
values of x(kT) and A(kT) are denoted by dots and crosses, respectively.
Figure 7.3(a) illustrates the desired computation for & = 0. The value of
each dor is multiplied by the value of the cross that occurs at the same
abscissa value; these products are summed over the N = 4 discrete values
indicated. Computation of Eq. (7.1) is graphically evaluated for k = 1 in
Fig. 7.3(b); multiplication and summation is over the N points indicated.
Figures 7.3(c) and (d) illustrate the convolution computation for £ = 2 and
k = 3, respectively. Note that for k = 4 [Fig. 7.3(e)], the terms multiplied
and summed are identical to those of Fig. 7.3(a). This is expected because
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ﬂ h(-iT)
A\ AN N
/N > >
fe—N—=] T
(a)
()
kT f—N—> i
I.\
VAN | /A
o—o 4 | S - —a—
3T 2T T | T 2T 3T 4T ST 6T kT

(h)

Figure 7.3 Graphical illustration of discrete convolution.
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both x(kT) and h(kT) are periodic with a period of four terms. Therefore,
y(kT) = y[(k + rN)T] r=20, =1, =2, ... (7.4)

Steps for graphically computing the discrete convolution differ from
those of continuous convolution only in that integration is replaced by sum-
mation. For discrete convolution, these steps are (1) folding, (2) displace-
ment or shifting, (3) multiplication, and (4) summation. As in the convolution
of continuous functions, either the sequence x(kT) or h(kT) can be selected
for displacement. Equation (7.1) can be written equivalently as

N—1

YkT) = X [k = DHTIAGT) (7.5)

i=0

7.3 RELATIONSHIP BETWEEN DISCRETE
AND CONTINUOUS CONVOLUTION

If we only consider periodic functions represented by equally spaced impulse
functions, discrete convolution relates identically to its continuous equiv-
alent. This follows because, as we show in Appendix A (Eq. A.14), contin-
uous convolution is well-defined for impulse functions.

The most important application of discrete convolution is not to sam-
pled periodic functions but rather to approximate the continuous convolu-
tions of general waveforms. For this reason, we will now explore in detail
the relationship between discrete and continuous convolution.

Discrete Convolution of Finite-Duration Waveforms

Consider the functions x(¢) and h(t), as illustrated in Fig. 7.4(a). We
wish to convolve these two functions both continuously and discretely and
to compare these results. Continuous convolution y(¢) of the two functions
is also shown in Fig. 7.4(a). To evaluate the discrete convolution, we sample
both x(¢) and A(t) with sample interval T and we assume that both sample
functions are periodic with period N. As illustrated in Fig. 7.4(b), the period
has been chosen as N = 9 and both x(kT) and h(kT) are represented by P
= @ = 6 samples; the remaining samples defining a period are set to zero.
Figure 7.4(b) also illustrates the discrete convolution y(kT) for the period N
= 9; for this choice of N, the discrete convolution is a very poor approxi-
mation of the continuous case because the periodicity constraint results in
an overlap of the desired periodic output. That is, we did not choose the
period sufficiently large so that the convolution result of one period would
not interfere or overlap the convolution result of the succeeding period. It
is obvious that if we wish the discrete convolution to approximate continuous
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Figure 7.4 Relationship between discrete and continuous convolution: finite-du-
ration waveforms.

convolution, then it is necessary that the period be chosen so that there is

no ove

rlap.

Choose the period according to the relationship

N=P+Q-1

(7.6)

This situation is illustrated in Fig. 7.4(c), where N = P + 0 — 1 = 11.
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Note that for this choice of N there is no overlap in the resulting convolution.
Equation (7.6) is based on the fact that the convolution of a function rep-
resented by P samples and a function represented by Q samples is a function
described by P + Q — 1 samples.

There is no advantage in choosing N > P + Q — 1; as shown in Fig.
7.4(d), for N = 15, the nonzero values of the discrete convolution are iden-
tical to those of Fig. 7.4(c). As long as N is chosen according to Eq. (7.6),
discrete convolution results in a periodic function, where each period ap-
proximates the continuous convolution results.

Figure 7.4(c) illustrates the fact that discrete convolution results are
scaled differently than that of continuous convolution. This scaling constant
is T; modifying the discrete convolution Eq. (7.1), we obtain

N-1

YKT) = T > x(iDhl(k — HT] (7.7)

i=0

The relationship of Eq. (7.7) is simply the continuous convolution integral
for time-limited functions evaluated by rectangular integration. Thus, for
finite-length time functions, discrete convolution approximates continuous
convolution within the error introduced by rectangular integration. As il-
lustrated in Fig. 7.4(e), if the sample interval T is made sufficiently small,
then the error introduced by the discrete convolution Eq. (7.7) is negligible.

Example 7.1 Circular Convolution

Discrete convolution yields periodic results because of the periodicity of the func-
tions being convolved. This periodicity gives rise to what is commonly called circular
convolution. Figure 7.5 illustrates this concept.

In Figure 7.5(a), we show two example discrete periodic waveforms to be
convolved. For the shift k = 2, Fig. 7.5(b) illustrates the appropriate folding and
shifting operations. Multiplication and addition over the N = 8 points of the period
yield the convolution results for k = 2. An alternate way of displaying the discrete
convolution of Fig. 7.5(b) for shift £ = 2 is shown in Fig. 7.5(c). The rings represent
one period of the two periodic functions; the inner ring is A(iT) and is the function
being shifted. As illustrated, the function is set for a shift of & = 2. The outer ring
corresponds to the function x(iT). Appropriate values to be multiplied are adjacent
to each other. These multiplied results are then summed around the circle (i.e., over
one period).

The inner ring is turned for each shift of k. As the ring is turned, it returns to
its original position every eight shifts. Hence, the same values will be computed.
This corresponds to the periodic convolution results discussed previously. Figure
7.5(c) can also be used to illustrate the problem of overlap. As the inner ring turns,
there must be a sufficient number of zero values in the outer ring so that a convolution
value is not computed, which is a function of both ends of the data used to form the
outer ring. If sufficient zeros are appended to the nonzero sample values of each
function to be convolved, then the finite-duration convolution result does not overlap
with the following period.
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XiT)
4 .
3 .
2 .
1e

01 2 3 4 5 6 7

(a)

x(iT) k=2
hi(k-ifT]

(b)

Figure 7.5 Graphical illustration of circular convolution.

Discrete Convolution of an Infinite- and a Finite-
Duration Waveform

The previous example considered the case for which both x(kT) and
h(kT) were of finite duration. Another case of interest is that where only
one of the time functions to be convolved is finite. To explore the relationship
of the discrete and continuous convolution for this case, consider the illus-
trations of Fig. 7.6. As illustrated in Fig. 7.6(a), function A(¢) is assumed to
be of finite duration and x(¢) of infinite duration; convolution of these two
functions is shown in Fig. 7.6(b). Because the discrete convolution requires
that both the sampled functions x(kT) and A(kT) be periodic, we obtain the
illustrations of Fig. 7.6(c); period N has been chosen [Figs. 7.6(a) and (c)].
For x(kT) infinite in duration, the imposed per10d1c1ty introduces what is
known as an end effect.

Compare the discrete convolution of Fig. 7.6(d) and the continuous
convolution [Fig. 7.6(b)]. As illustrated, the two results agree reasonably
well, with the exception of the first 0 — 1 samples of the discrete convo-
lution. To establish this fact more clearly, consider the illustrations of Fig.
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Figure7.6 Relationship between discrete and continuous convolution: finite- and
infinite-duration waveforms.

7.7. We show only one period of x(iT) and A[(S — )T]. To compute the
discrete convolution, Eq. (7.1), for this shift, we multiply those samples of
x(iT) and h[(5 — i)T] that occur at the same time [Fig. 7.7(a)] and add. The
convolution result is a function of x(iT) at both ends of the period. Such a
condition obviously has no meaningful interpretation in terms of the desired
continuous convolution. Similar results are obtained for each shift value until
the Q points of A(iT) are shifted by Q — 1, that is, the end effect exists until
shift k = Q0 — 1.

Note that the end effect does not occur at the right end of the N sample
values; functions A(iT) for the shift k = N — 1 (therefore maximum shift)
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(b) Figure 7.7 Illustration of the end effect.

and x(iT) are illustrated in Fig. 7.7(b). Multiplication of those values of x(iT)
and A[(N — 1 — i)T] that occur at the same time and subsequent addition
yield the desired convolution; the result is only a function of the correct
values of x(iT).

If the sample interval T is chosen sufficiently small, then the discrete
convolution for this example class of functions closely approximate the con-
tinuous convolution except for the end effect.

Summary

We have emphasized the point that discrete convolution is defined only
for periodic functions. However, as illustrated graphically, the implications
of this requirement are negligible if at least one of the functions to be con-
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volved is of finite duration. For this case, discrete convolution is approxi-
mately equivalent to continuous convolution where the differences in the
two methods are due to rectangular integration and to the end effect.

In general, it is impossible to discretely convolve two functions of
infinite duration.

The convolution waveform illustrated could have been computed
equivalently by means of the convolution theorem. Recall that the discrete
convolution of Eq. (7.1) was defined in such a manner that those functions
being convolved were assumed to be periodic. The underlying reason for
this assumption is to enable the discrete convolution theorem, Eq. (6.50),
to hold. If we compute the discrete Fourier transform of each of the periodic
sequences x(kT) and A(kT), multiply the resulting transforms, and then com-
pute the inverse discrete Fourier transform of this product, we obtain iden-
tical results to those illustrated. As is discussed in Chapter 10, it is normally
faster computationally to use the discrete Fourier transform to compute the
discrete convolution if the FFT is employed.

7.4 GRAPHICAL INTERPRETATION OF DISCRETE
CORRELATION

Discrete correlation is defined as

N-1

Z(kT) = 2 x(Dh[(k + DT] (7.8)
i=0

where x(kT), h(kT), and z(kT) are periodic functions.
2(kT) = z[(k + rN)T] r=0, =1, =2,...
x(kT) = x[(k + rN)T] r=20,=*1, x2,... (7.9
hKT) = hl(k + rN)T]  r=0, =1, =2, ...

As in the continuous case, discrete correlation differs from convolution
in that there is no folding operation. Hence, the remaining rules for dis-
placement, multiplication, and summation are performed exactly as for the
case of discrete convolution.

To illustrate the process of discrete correlation or lagged products, as
it sometimes is referred, consider Fig. 7.8. The discrete functions to be
correlated are shown in Fig. 7.8(a). According to the rules for correlation,
we shift, multiply, and sum, as illustrated in Figs. 7.8(b), (c), and (d), re-
spectively. Compare with the results of Ex. 4.8. In Chapter 10, we discuss
the application of the FFT for efficient computation of Eq. (7.8).
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Figure 7.8 Graphical illustration of discrete correlation.
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7.1.

7.2

7.3.
7.4.

7.5.

PROBLEMS
Let
x(kT) = e *T k=0,1,2,3
=0 k=4,5...,N
= x[(k + rN)T] r=0, =1, £2,...
and
h(kT) = 1 k=20,1,2
=90 k=3,4,...,N
= hl(k + rN)T] r=0, =1, 2, ...

With T = 1, graphically and analytically determine x(kT) * h(kT). Choose N
less than, equal to, and greater than Eq. (7.6).

Consider the continuous functions x(¢) and A(t), as illustrated in Fig. 4.14(a).
Sample both functions with sample interval T = T,/4 and assume both sample
functions are periodic with period N. Choose N according to relationship of
Eq. (7.6). Determine x(kT) * h(kT) both analytically and graphically. Inves-
tigate the results of an incorrect choice of N. Compare results with continuous
convolution results.

Repeat Problem 7.2 for Figs. 4.14(b) and (c).

Refer to Fig. 7.6. Let x(¢) be defined as illustrated in Fig. 7.6(a). Function h(¢)
is given as

(@) h(r) = 3(1)
(b) h(r) = (1) + s(z - %)

() h(t) = 0 <0
1
= < —
1 0 t<2
=0 l<t<|
- 2
3
= < —
1 1 t<2
3
= > =
0 t >

Following Fig. 7.6, graphically determine the discrete convolution in each case.
Compare the discrete and continuous convolution in each case. Investigate
the end effect in each case.

It is desired to discretely convolve a finite-duration and an infinite-duration
waveform. Assume that a hardware device is to be used that is limited in
capacity to N sample values of each function. Describe a procedure that allows
one to perform successive N-point discrete convolutions and combine the two
to eliminate the end effect. Demonstrate your concept by repeating the illus-
trations of Fig. 7.6 for the case NT = 1.5. Successively apply the developed
technique to determine the discrete convolution y(kT) for 0 < kT =< 3.
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7.6.

7.7.

7.8.
7.9.
7.10.

Discrete Convolution and Correlation Chap. 7

Derive the discrete convolution theorem for the following:
N-1

@ X hG(Dx[(k — HT]
i=0
N-1

(b) X hGDh[(k — HT]
i=0

Let x(kT) and h(kT) be defined by Problem 7.1. Determine the discrete cor-
relation of Eq. (7.11) both analytically and graphically. What are the contraints
on N?

Repeat Problem 7.2 for discrete correlation.

Repeat Problem 7.3 for discrete correlation.

Repeat Problem 7.4 for discrete correlation.
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8

THE FAST FOURIER
TRANSFORM (FFT)

Interpretation of fast Fourier transform results does not require a well-
grounded education in the algorithm itself, but rather a thorough under-
standing of the discrete Fourier transform. This follows from the fact that
the FFT is simply an algorithm (i.e., a particular method of performing a
series of computations) that can compute the discrete Fourier transform
much more rapidly than other available algorithms. For this reason, our
discussion of the FFT addresses only the computational aspect of the
algorithm.

A simple matrix-factoring example is used to intuitively justify the FFT
algorithm. The factored matrices are alternatively represented by signal flow
graphs. From these graphs, we construct the logic of an FFT computer
program. Theoretical developments of various forms of the FFT algorithm
are then presented.

8.1 MATRIX FORMULATION

Consider the discrete Fourier transform, Eq. (6.16):

N-1
X(n) = 3 xo(k)e ~/2mmkIN n=0,1...,N—-1 8.1)

k=0

where we have replaced kT by k and n/NT by n for convenience of notation.
We note that Eq. (8.1) describes the computation of N equations. For ex-
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ample, if N = 4 and if we let
W = ¢ /2mN 8.2)
then Eq. (8.1) can be written as
X(0) = xo(O)W° + xo(DW° + xo(2)W° + xo(3)W°
X(1) = x0(O)W° + xo(DW! + xoQW? + xo(3)W? 8.3)
X(2) = x0(O)W° + xo(1)W? + xo(Q)W* + xo(3)W*
X(3) = x0(O)W° + xo(DDW? + xo(2Q)WS + xo(3)W°

Equations (8.3) can be more easily represented in matrix form:

X(0) We W° W WO | x0(0)
X | | we W w2 WA || xe(D) 8.4)
X2 | | W w2 Wt W8 | x0(2) )
X(3) we w2 wé W || x0(3)
or more compactly as
X(n) = W™xo(k) (8.5)

We will denote a matrix by boldface italic type.

Examination of Eq. (8.4) reveals that since W and possibly xo(k) are
complex, then N? complex multiplications and (N)(N — 1) complex addi-
tions are necessary to perform the required matrix computation. The FFT
owes its success to the fact that the algorithm reduces the number of mul-
tiplications and additions required in the computation of Eq. (8.4). We will
now discuss, on an intuitive level, how this reduction is accomplished. A
proof of the FFT algorithm is delayed until Sec. 8.9.

8.2 INTUITIVE DEVELOPMENT

To illustrate the FFT algorithm, it is convenient to choose the number of
sample points of xo(k) according to the relation N = 27, where +y is an integer.
Later developments remove this restriction. Recall that Eq. (8.4) results from
the choice of N = 4 = 2Y = 22; therefore, we can apply the FFT to the
computation of Eq. (8.4).

The first step in developing the FFT algorithm for this example is to
rewrite Eq. (8.4) as

X(0) 1 1 1 1 x0(0)

X |1t whowr WA | xe(1) 8.6)
X2 [t w2 wW° W[ | x0(2) '
X(@3) 1 W3 w2 W'|]|xQ3)
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Matrix Eq. (8.6) was derived from Eq. (8.4) by using the relationship W"*
= Wrk modM) Recall that [nk mod(N)] is the remainder upon division of nk
by N; hence if N = 4, n = 2, and k = 3, then

wé = w2 8.7)

because

Wnk

WS = exp [(12—“>(6)] = exp[ —j37]

4 (8.8)

—j2m
4

exp[—jn] = exp [( )(2)] = W2 = Wk mod()

The second step in the development is to factor the square matrix in
Eq. (8.6) as follows:

X(0) 1 W 0 o 1 0 W o xo(0)

X2 _|1 w0 o0 01 0 W°|[xel) 8.9)
X() 0 0 1 W 1 0 W2 0 xo(2) )
X(@3) 0 0 1 W3[|0 1 0 W?*|]|x(3)

The method of factorization is based on the theory of the FFT algorithm
developed in Sec. 8.9. For the present, it suffices to show that multiplication
of the two square matrices of Eq. (8.9) yields the square matrix of Eq. (8.6)
with the exception that rows 1 and 2 have been interchanged (the rows are
numbered 0, 1, 2, and 3). Note that this interchange has been taken into
account in Eq. (8.9) by rewriting the column vector X(n); let the row-inter-
changed vector be denoted by

X(0)
X(Q2)
X(1)
X@3)

Repeating, the reader should verify that Eq. (8.9) yields Eq. (8.6) with the
interchanged rows as noted. This factorization is the key to the efficiency
of the FFT algorithm.

Having accepted the fact that Eq. (8.9) is correct, although the results
are scrambled, one should then examine the number of multiplications re-
quired to compute the equation. First, let

X(n) = (8.10)

1,(0) 10 wo 07 [xo0)
(1) 01 0 Wol|xo(l)
a0 11 0 w2 oo || ®.11)
0 01 0 W2||x(3

That is, column vector x,(k) is equal to the product of the two matrices on
the right in Eq. (8.9).
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Element x,(0) is computed by one complex multiplication and one com-
plex addition (W° is not reduced to unity in order to develop a generalized
result).

x1(0) = x0(0) + Wx0(2) (8.12)

Element x,(1) is also determined by one complex multiplication and
addition. Only one complex addition is required to compute x,(2). This fol-
lows because W° = — W?2; hence,

x1(2) = x0(0) + W2x0(2) (8.13)
= x0(0) — W°x0(2)

where the complex multiplication W°x,(2) has already been computed in the
determination of x(0) [Eq. (8.12)]. By the same reasoning, x;(3) is computed
by only one complex addition and no multiplications. The intermediate vec-
tor x;(k) is then determined by four complex additions and two complex
multiplications.

Let us continue by completing the computation of Eq. (8.9)

X(0) x2(0) 1 W 0 0| |x:00)
XQ) | _ |x2aD] _ |1 W2 0 0| |xi(D)
X | |x2 [0 0 1 W' |xi(2)
X(@3) x2(3) 0 0 1 W3 |xi(3)

(8.14)

Term x,(0) is determined by one complex multiplication and addition:
x2(0) = x1(0) + Wox,(1) (8.15)

Element x,(1) is computed by one addition because W° = — W2, By similar
reasoning, x»(2) is determined by one complex multiplication and addition,
and x,(3) by only one addition.

Computation of X(n) by means of Eq. (8.9) requires a total of four
complex multiplications and eight complex additions. Computation of X(n)
by (8.4) requires 16 complex multiplications and 12 complex additions. Note
that the matrix-factorization process introduces zeros into the factored ma-
trices and, as a result, reduces the required number of multiplications. For
this example, the matrix-factorization process reduces the number of mul-
tiplications by a factor of two. Because computation time is largely governed
by the required number of multiplications, we see the reason for the effi-
ciency of the FFT algorithm.

For N = 27, the FFT algorithm is then simply a procedure for factoring
an N X N matrix into y matrices (each N X N), such that each of the
factored matrices has the special property of minimizing the number of com-
plex multiplications and additions. If we extend the results of the previous
example, we note that the FFT requires Ny/2 = 4 complex multiplications
and Ny = 8 complex additions, whereas the direct method [Eq. (8.4)] re-
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quires N2 complex multiplications and N(N — 1) complex additions. If we
assume that computing time is proportional to the number of multiplications,
then the approximate ratio of direct to FFT computing time is given by

N? _2N
Ny2  y

(8.16)

which for N = 1024 = 2!° is a computational reduction of more than 200
to 1. Figure 8.1 illustrates the relationship between the number of multipli-
cations required using the FFT algorithm compared with the number of
multiplications using the direct method.

The matrix-factoring procedure does introduce one discrepancy. Recall
that the computation of Eq. (8.9) yields X(n) instead of X(n); that is,

X(0) X(0)
X(n) = ig; instead of X(n) = ﬁg 8.17)
X@3) X(3)

This rearrangement is inherent in the matrix-factoring process and is a minor
problem because it is straightforward to generalize a technique for unscram-
bling X(n) to obtain X(n).

1024

Direct Calculation

512

NUMBER OF MULTIPLICATIONS (x1000)

256 /
/ FFT Algorithm
128 \
o \
A\ -
84 128 266 512 1024 =

N (number of sample points)

Figure 8.1 Comparison of multiplications required by direct calculation and FFT algorithm.
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Rewrite X(n) by replacing argument n with its binary equivalent:

X(0) X(00)
ig; becomes ))2(1)(1); (8.18)
X(3) X(11)

Observe that if the binary arguments of Eq. (8.18) are flipped or bit-reversed
(i.e., 01 becomes 10, 10 becomes 01, etc.), then

X(00) X(00)

-— _ | X(10) . xon | _

X(n) = X(01) flips to X(10) = X(n) (8.19)
X({n Xan

It is straightforward to develop a generalized result for unscrambling the
FFT.

For N greater than 4, it is cumbersome to describe the matrix-facto-
rization process analogous to Eq. (8.9). For this reason, we interpret (8.9)
in a graphical manner. Using this graphical formulation, we can describe
sufficient generalities to develop a flow graph for a computer program.

8.3 SIGNAL FLOW GRAPH

We convert Eq. (8.9) into the signal flow granh illustrated in Fig. 8.2. As
shown, we represent the data vector or array xe(k) by a vertical column of
nodes on the left of the graph. The second vertical array of nodes is the
vector x;(k) computed in Eq. (8.11), and the next vertical array corresponds
to the vector x,(k) = X(n), Eq. (8.14). In general, there will be y compu-
tational arrays where N = 27.

The signal flow graph is interpreted as follows. Each node is entered

COMPUTATION ARRAYS
—r—

Data Array Array 1 Array 2
xg (k) x4 (k) x5k}
xg(0) - »x5(0}

\ x,(o %0
1) : ® Xo(1}
ol ,m w2 2
(2) — . Xr(2)
’ ﬂ\1(2>< 2
(3) & v - Xxq(3)
xp wz x1 a) w3 2

N — )
Eq. (1-23) Egs. (1-30 to 1-33) Egs. (1-351t01-38)  Figure 8.2 FFT signal flow graph, N = 4.
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by two solid lines representing transmission paths from previous nodes. A
path transmits or brings a quantity from a node in one array, multiplies the
quantity by W”, and inputs the result into the node in the next array. Factor
WP appears near the arrowhead of the transmission path; absence of this
factor implies that W? = 1. Results entering a node from the two transmis-
sion paths are combined additively.

To illustrate the interpretation of the signal flow graph, consider node

DATA COMPUTATI?N ARRAYS
ARRAY =1 I=2 =3 =)
%ol xqlk) XZ(H x3(k) x4(K)
*0(0) & — x4(0)
° 1(0) x2(o) x3(0) ”

Vvl

x4(l)

ANN/7A0) m
YNNNV//75,v:-% il

AN Sz~
NN/ AN & i
xoxoxoxoxmm‘wz

VVVVVVVY@’ B Xg() w2 gl o1
xg(8) AVAVAVAVAN A /\/\ x5(8) x4(8)

AP
/TN

x3(4)
3 x4(4)

(, . A’A’A A‘

NN S =
BAITANNNS S 005 i
WATARNN VSO
/AR JANG & Gl

W8 x1(14) W12 X2114) 7
w

7 x300) W0 %409

%4(10)

10 )(3“0) 5

1)

xo(15) x4(15)

w8 x7(15) w12 x2(15) wld x3(15) 15

Figure 8.3 Example of dual nodes.
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x1(2) in Fig. 8.2. According to the rules for interpreting the signal flow graph,
x1(2) = x0(0) + W2x0(2) (8.20)

which is simply Eq. (8.13). Each node of the signal flow graph is expressed
similarly.

The signal flow graph is then a concise method for representing the
computations required in the factored matrix FFT algorithm of Eq. (8.9).
Each computational column of the graph corresponds to a factored matrix;
~ vertical arrays of N points each (N = 27) are required. Utilization of this
graphical presentation allows us to easily describe the matrix-factoring pro-
cess for large N.

We show in Fig. 8.3 the signal flow graph for N = 16. With a flow
graph of this size, it is possible to develop general properties concerning the
matrix-factorization process and thus provide a framework for developing
a FFT computer program flowchart.

8.4 DUAL NODES

Inspection of Fig. 8.3 reveals that in every array we can always find two
nodes whose input transmission paths stem from the same pair of nodes in
the previous array. For example, nodes x;(0) and x,(8) are computed in
terms of nodes xo(0) and x¢(8). Note that nodes x¢(0) and x,(8) do not enter
into the computation of any other node. We define two such nodes as a dual-
node pair.

Because the computation of a dual-node pair is independent of other
nodes, it is possible to perform in-place computation. To illustrate, note
from Fig. 8.3 that we can simultaneously compute x,(0) and x,(8) in terms
of x0(0) and xo(8) and return the results to the storage locations previously
occupied by x0(0) and x,(8). Storage requirements are then limited to the
data array xo(k) only. As each array is computed, the results are returned
to this array.

Dual-Node Spacing

Let us now investigate the spacing (measured vertically in terms of the
index k) between a dual-node pair. The following discussion will refer to
Fig. 8.3. First, inarray [ = 1, a dual-node pair, say {x(0),x,(8)}, is separated
by k = 8 = N/2! = N/2!. In array | = 2, a dual-node pair, say {x>(8),x2(12)},
is separated by k = 4 = N/2! = N/22. Similarly, a dual-node pair,
{x3(4),x3(6)}, in array | = 3 is separated by k = 2 = N/2! = N/23; and in
array | = 4, a dual-node pair, {x4(8),x4(9)}, is separated by k = 1 = N/2!
= N/2*.

Generalizing these results, we observe that the spacing between dual
nodes in array [/ is given by N/2!. Thus, if we consider a particular node
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x:(k), then its dual node is x;(k + N/2'). This property allows us to easily
identify a dual-node pair.

Dual-Node Computation

The computation of a dual-node pair requires only one complex mul-
tiplication. To clarify this point, consider node x,(8) and its dual x,(12), as

DATA COMPUTATI?N ARRAYS
ARRAY T = = —
xq(k) xq(k) xo(k) x3(k) x4(k)
*0l0) & - — %4(0)
0(0) \ 10 "2‘0) "3‘0’ > 4
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SKIP

0 I WW v 3
(2
xp(2) — ) x4(2)
4
=
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"ot v v A o2 WB X3@ 12

w
x2(4) x4(4)
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\‘ TN
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5‘1‘7’ w8 %207 wi2 x3m 14
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Figure 8.4 Example of nodes to be skipped when computing a signal flow graph.
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illustrated in Fig. 8.3. The transmission paths stemming from node x,(12)
are multiplied by W* and W'? prior to input at nodes x,(8) and x,(12), re-
spectively. It is important to note that W4 = — W'2 and that only one mul-
tiplication is required because the same data x,(12) is to be multiplied by
these terms. In general, if the weighting factor at one node is W?, then the
weighting factor at the dual node is W7+ ™2, Because W? = — WP*"2 only
one multiplication is required in the computation of a dual-node pair. The
computation of any dual-node pair is given by the equation pair:

X[(k) = .X'[_](k) + Wp.X'[_](k + N/2’) (821)
xitk + NI2Y = x;_1(k) — WPx;_(k + N/2%)

In computing an array, we normally begin with node ¥ = 0 and se-
quentially work down the array, computing the equation pair of Eq. (8.21).
As stated previously, the dual of any node in the Ith array is always down
N/2'in the array. Because the spacing is N/2/, then it follows that we must
skip after every N/2! node. To illustrate this point, consider array [ = 2 in
Fig. 8.4. If we begin with node & = 0, then according to our previous dis-
cussions, the dual node is located at k = N/2?> = 4, which can be verified
by inspection of Fig. 8.4. Proceeding down this array, we note that the dual
node is always located down by 4 in the array until we reach node 4. At this
point, we have entered a set of nodes previously encountered, that is, these
nodes are the duals for nodes £ = 0, 1, 2, and 3. It is necessary to skip over
nodes k = 4,5,6,and 7. Nodes 8, 9, 10, and 11 follow the original convention
of the dual node being located 4 down in the array. In general, if we work
from the top down in array [, then we will compute Eq. (8.21) for the first
N/2! nodes, skip the next N/2!, etc. We know to stop skipping when we
reach a node index greater than N — 1.

8.5 WP DETERMINATION

Based on the preceding discussions, we have defined the properties of each
array with the exception of the value p in Eq. (8.21). The value of p is
determined by (a) writing the index & in binary form with + bits, (b) scaling
or sliding this binary number y — [ bits to the right and filling in the newly
opened bit position on the left with zeros, and (c) reversing the order of the
bits. This bit-reversed number is the term p.

To illustrate this procedure, refer to Fig. 8.4 and consider node x3(8).
Because y = 4, k = 8, and | = 3, then k in binary is 1000. We scale this
number y — [ = 4 — 3 = 1 places to the right and fill in zeros; the result
is 0100. We then reverse the order of the bits to yield 0010 or integer 2. The
value of p is then 2.

Let us now consider a procedure for implementing this bit-reversing
operation. We know that a binary number, say asasa»a,-, can be written
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in base 10 as a4 X 2® + a3 X 22 + a, X 2' + a, x 2° The bit-reversed
number that we are trying to describe is given by a; X 2°> + a, X 22 + a3
x 2! + a4 x 2° If we describe a technique for determining the binary bits
as, as, a,, and a,, then we have defined a bit-reversing operation.

Now assume that M is a binary number equal to asazaza,-. Divide M
by 2, truncate, and multiply the truncated results by 2. Then compute
asasaxa,: — 2(asasas-). If the bit a, is 0, then this difference is zero because
division by 2, truncation, and subsequent multiplication by 2 does not alter
M. However, if the bit a; is 1, truncation changes the value of M and the
above difference expression is nonzero. We observe that by this technique,
we can determine if the bit a, is 0 or 1.

We can identify the bit a; in a similar manner. The appropriate dif-
ference expression is asasza2- — 2(asas-). If this difference is zero, then a,
is zero. Bits a3 and a4 are determined similarly. This procedure forms the
basis for developing a bit-reversing computer routine in Sec. 8.7.

8.6 UNSCRAMBLING THE FFT

The final step in computing the FFT is to unscramble the results analogous
to Eq. (8.19). Recall that the procedure for unscrambling the vector X(n) is
to write » in binary and reverse or flip the binary number. We show in Fig.
8.5 the results of this bit-reversing operation: terms x4(k) and x4(i) have
simply been interchanged, where i is the integer obtained by bit-reversing
the integer k.

Note that a situation similar to the dual-node concept exists when we
unscramble the output array. If we proceed down the array, interchanging
x(k) with the appropriate x(i), we eventually encounter a node that has pre-
viously been interchanged. For example, in Fig. 8.5, node & = 0 remains
in its location, nodes k = 1, 2, and 3 are interchanged with nodes 8, 4, and
12, respectively. The next node to be considered is node 4, but this node
was previously interchanged with node 2. To eliminate the possibility of
considering a node that has previously been interchanged, we simply check
to see if i (the integer obtained by bit-reversing k) is less than k. If so, this
implies that the node has been interchanged by a previous operation. With
this check, we can ensure a straightforward unscrambling procedure.

8.7 FFT COMPUTATION FLOWCHART

Using the discussed properties of the FFT signal flow graph, we can easily
develop a flowchart for programming the algorithm on a digital computer.
We know from the previous discussions that we first compute array [ = 1
by starting at node £ = 0 and working down the array. At each node &, we
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x4k) = Xia) Xin)

0 %4(0000) & ———————————————————m=e X(0000)

1 X4(0001) X(0001)

2 x4(0010) X(0010)

3 x4(0011) X(0011)

4 x4(0100) X(0100)

5 x4(0101) x(0101)

6 x4(0110) X(0110)

7 x4(0111) x(0111)

8 x4(1000) X(1000)

9 x4(1001) X(1001)

10 x4(1010) X(1010)
1" x4(1011) X(1011)
12 x4(1100) X(1100)
13 x4(1101) X(1101)
14 x4(1110) X(1110)
15 xa(1111) e X(1111)

Figure 8.5 Example of the bit-reversing operation for N = 16.

compute the equation pair of Eq. (8.21), where p is determined by the de-
scribed procedure. We continue down the array computing the equation pair
of Eq. (8.21) until we reach a region of nodes that must be skipped over.
We skip over the appropriate nodes and continue until we have computed
the entire array. We then proceed to compute the remaining arrays using
the same procedures. Finally, we unscramble the final array to obtain the
desired results. Figure 8.6 illustrates a flowchart for computer programming
the FFT algorithm.
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START

|

[ _ _neuToata ()
Data: x(k), k =0, 1,...,N-11

N= 27, ‘y an integer,
NU=vy

INITIALIZATION @

® ®

i = IBR(k)

T3 = x(k)
x(k) = x(i)
x(i) = T3

| ®

M = Integer value of (k/2NU1) @ lf“’ !
P~ 18R NUT = NOT -1
' k=0
T1-w xtk +N2) |(®) A
x(k + N2) = x(k) - T1
x(k) = x(k) + T1

Y
I+1 @ k=k+1 @
‘ o @ YES

1

NO YES _ s NO
INPUT k=k+N2 K<N-1
M, NU
J2 = M/2
IBR = 2+1BR + (M—2+J2) 1 11 =11 +1
M=J2

RETURN

Figure 8.6 FFT computer program flowchart.

Box 1 describes the necessary input data. Data vector xo(k) is assumed
to be complex and is indexedas k = 0, 1, ..., N — 1. If xo(k) is real, then
the imaginary part should be set to zero. The numper of sample points N
must satisfy the relationship N = 2¥, where v is integer valued.
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Initialization of the various program parameters is accomplished in Box
2. Parameter [ is the array number being considered. We start with array [
= 1. The spacing between dual nodes is given by the parameter N2; for
array [ = 1, N2 = N/2 and is initialized as such. Parameter NU]1 is the right
shift required when determining the value of p in Eq. (8.21); NU1 is initialized
toy — 1. The index & of the array is initialized to k = 0; thus, we will work
from the top and progress down the array.

Box 3 checks to see if the array [ to be computed is greater than v. If
yes, then the program branches to Box 13 to unscramble the computed
results by bit inversion. If all arrays have not been computed, then we pro-
ceed to Box 4.

Box 4 sets a counter I = 1. This counter monitors the number of dual-
node pairs that have been considered. Recall from Sec. 8.4 that it is necessary
to skip certain nodes in order to ensure that previously considered nodes
are not encountered a second time. Counter I is the control for determining
when the program must skip.

Boxes 5 and 6 perform the computation of Eq. (8.21). Because k and
[ have been initialized to 0 and 1, respectively, the initial node considered
is the first node of the first array. To determine the factor p for this node,
recall that we must first scale the binary number k to the right y — [ bits.
To accomplish this, we compute the integer value of k/2¥~! = k/2NY! and
set the result to M as shown in Box 5. According to the procedure for
determining p, we must bit reverse M, where M is represented by y = NU
bits. The function IBR(M) denoted in Box 5 is a special function routine for
bit inversion; this routine is described later.

Box 6 is the computation of Eq. (8.21). We compute the product W?
x(k + N2) and assign the result to a temporary storage location. Next, we
add and subtract this term according to Eq. (8.21). The result is the dual-
node output.

We then proceed down the array to the next node. As shown in Box
7, k is incremented by 1.

To avoid recomputing a dual node that has been considered previously,
we check Box 8 to determine if the counter I is equal to N2. For array 1,
the number of nodes that can be considered consecutively without skipping
is equal to N/2 = N2. Box 8 determines this condition. If I is not equal to
N2, then we proceed down the array and increment the counter I, as shown
in Box 9. Recall that we have already incremented & in Box 7. Boxes S and
6 are then repeated for the new value of k.

If I = N2 in Box 8, then we know that we have reached a node pre-
viously considered. We then skip N2 nodes by setting k = k + N2. Because
k has already been incremented by 1 in Box 7, it is sufficient to skip the
previously considered nodes by incrementing k by N2.

Before we perform the required computations indicated by Boxes 5
and 6 for the new node £k = k + N2, we must first check to see that we
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have not exceeded the array size. As shown in Box 11, if &k is less than N
— 1 (recall & is indexed from 0 to N — 1), then we reset the counter I to 1
in Box 4 and repeat Boxes S and 6.

If k > N — 1in Box 11, we know that we must proceed to the next
array. Hence, as shown in Box 12, [ is indexed by 1. The new spacing N2
is simply N2/2 (recall the spacing is N/2'). NU1 is decremented by 1 (NU1
is equal to y — [), and k is reset to zero. We then check Box 3 to see if all
arrays have been computed. If so, then we proceed to unscramble the final
results. This operation is performed by Boxes 13 through 17.

Box 13 bit-reverses the integer k to obtain the integer i. Again we use
the bit-reversing function IBR(k), which is explained later. Recall that to
unscramble the FFT, we simply interchange x(k) and x(i). This manipulation
is performed by the operations indicated in Box 15. However, before Box
15 is entered, it is necessary to determine, as shown in Box 14, if i is less
than or equal to k. This step is necessary to prohibit the altering of previously
unscrambled nodes.

Box 16 determines when all nodes have been unscrambled and Box 17
is simply an index for k.

In Box 18, we describe the logic of the bit-reversing function IBR(k).
We have implemented the bit-reversing procedure discussed in Sec. 8.5.

When one proceeds to implement the flow graph of Fig. 8.6 into a
computer program, it is necessary to consider the variables x(k) and W” as
complex numbers and they must be handled accordingly.

8.8 FFT BASIC AND PASCAL COMPUTER PROGRAMS

A listing of a BASIC program based on the FFT algorithm flowchart in Fig.
8.6 is shown in Fig. 8.7. The program does not attempt to accomplish the
utlimate in efficiency but rather is designed to acquaint the reader with the
computer programming procedure of the FFT algorithm. Efficient program-
ming results in a slight increase in computing speed.

The inputs to the FFT program are XREAL(N%), the real part of the
function to be discrete Fourier transformed; XIMAG(N%), the imaginary
part; N%, the number of sample points; and NU%, where N% = 2NU%,

10000 REM: FFT SUBROUTINE- THE CALLING PROGRAM SHOULD
10002 REM: DIMENSION XREAL(1%) AND XIMAG(1%).

10004 REM: NZ AND NU%Z MUST BE INITIALIZED.

10010 N2% = N%/2

10020 NU1% = NUZ - 1

10030 K& = 0

10040 FOR L% = 1 TO NUZ STEP 1

Figure 8.7 FFT BASIC computer subroutine.
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10050 FOR 1% = 1 TO N2% STEP 1

10060 JZ = KZ\2"NU1%

10070 GOSUB 10410

10080 ARG = 6.283185# * |IBITRZ/N%

10090 C = COS(ARG)

10100 S = SIN(ARG)

10110 K1Z = K% + 1

10120 K1N2% = K1% + N2%

10130 TREAL = XREAL(K1N2%) * C + XIMAG(K1N2%)*S
10140 TIMAG = XIMAG(K1N2%) * C - XREAL(K1N2%) * S
10150 XREAL (K1N2%) = XREAL(K1%) - TREAL

10160 XIMAG(K1N2%) = XIMAG(K1%) - TIMAG

10170 XREAL (K1%Z) = XREAL(K1%) + TREAL

10180 XIMAG(K1%Z) = XIMAG(K1%Z) + TIMAG

10190 K% = K% + 1

10200 NEXT 1%

10210 KZ = KZ + N2%

10220 IF KZ<NZ GOTO 10050

10230 K% = 0

10240 NU1Z = NU1Z -1

10250 N2%Z = N2% / 2

10260 NEXT L%

10270 FOR K% = 1 TO N%Z STEP 1

10280 JE = K% - 1

10290 GOSUB 10410

10300 1= IBITRZ + 1

10310 IF(1Z<=K%) GOTO 10380
10320 TREAL = XREAL (K%)

10330 TIMAG = XIMAG(KZ)

10340 XREAL (KZ) = XREAL(I1%)
10350 XIMAG(KZ) = XIMAG(1%)
10360 XREAL(1%) = TREAL
10370 XIMAG( %) = TIMAG

10380 NEXT K%

10390 RETURN

10400 END

10410 REM: BIT REVERSAL SUB-ROUTINE
10420 J1% = J%

10430 IBITR% = 0

10440 FOR 11% = 1 TO NUZ STEP 1
10450 J2% = J1%3\2

10460 IBITRE = IBITRE*2 + (J1% - 2*J2%)
10470 J1%Z = J2%

10480 NEXT 1%

10490 RETURN

10500 END

Figure 8.7 (continued)
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Upon completion, XREAL(N%) is the real part of the transform and
XIMAG(N%) is the imaginary part of the transform. Input data is destroyed.
Note that the backslash (\) implies integer division in BASIC. Integer division
is required for the subroutine to operate correctly. Integer variables are
specified by the percent symbol (%) and the pound symbol (#) denotes
double precision. The program uses the convention that array indexing be-
gins with 1. (Computing recipes throughout this book are more readily im-
plemented if the complier permits the use of an array index of zero.) Because
FFT computations are recursive, double-precision arithmetic may be
required.

In Fig. 8.8, we show a PASCAL program based on the flowchart of
Fig. 8.6. Input and output variables are identical to those described for the
BASIC program.

TYPE REALARRAY=ARRAY[O..31] OF REAL;

FUNCTION IBITR (J,NU:INTEGER): INTEGER;

VAR 1,J1,J2,K: INTEGER;
BEGIN
J1 := J;
K :=0;
FOR | := 1 TO NU DO
BEGIN
J2 := J1 DIV 2;
K = K*2+(J1-2%J2);
J1 = J2
END;
IBITR := K
END; (IBITR)

PROCEDURE FFT (VAR XREAL,XIMAG: REALARRAY; N,NU: INTEGER);
VAR N2 ,NU1,1,L,K,M: INTEGER;
TREAL,TIMAG,P,ARG,C,S: REAL;

LABEL LBL;
BEGIN
N2 := N DIV 2;
NU1 := NU-1;
K := 0;
FOR L := 1 TO NU DO
BEGIN
LBL:
FOR | := 1 TO N2 DO
BEGIN
M := K DIV ROUND(EXP (NU1 * LN (2)));
P := IBITR (M,NU);

Figure 8.8 FFT PASCAL computer subroutine.
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ARG := 6.283185*P/N;
C := COS (ARG);
S := SIN (ARG);

TREAL := XREAL[K+N2]*C+XIMAGLK+N2]1*S;
TIMAG := XIMAGIK+N2]*C-XREAL[K+N21*S;
XREAL[K+N2] := XREAL[KI-TREAL;
XIMAGIK+N2] := XIMAGLK]I-TIMAG;
XREAL[K] := XREAL[K]+TREAL;
XIMAGLK] := XIMAGLKI+TIMAG;
K := K+1
END;
K := K+N2;
IF K<N THEN GOTO LBL;
K :=0;
NU1 := NU1-1;
N2 := N2 DIV 2
END;
FOR K := 0 TO N-1 DO
BEGIN
I := IBITR (K,NU);
IF 1>K THEN
BEGIN
TREAL := XREALI[KI];
TIMAG := XIMAGLKI;
XREAL[K] := XREALL[I11];
XIMAGILK] := XIMAGL11];
XREAL[I]1 := TREAL;
XIMAGLI1 := TIMAG
END
END
END; {FFT}

Figure 8.8 (continued)

8.9 THEORETICAL DEVELOPMENT OF THE BASE-2 FFT
ALGORITHM

In Sec. 8.2, we used a matrix argument to develop an understanding of why
the FFT is an efficient algorithm. We then constructed a signal flow graph
that described the algorithm for any N = 2. In this section, we relate each
of these developments to a theoretical basis. First, we will develop a theo-
retical proof of the algorithm for the case N = 4. We then extend these
arguments to the case N = 8. The reason for these developments for specific
cases is to establish the notation that we use in the final derivation of the
algorithm for the case N = 2Y, where v is integer valued.
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Definition of Notation

Consider the discrete Fourier transform relationship of Eq. (8.1)

N-—1

X(n) = 3 xo(k)w* n=01...,N-1 (8.22)

k=0

where we have set W = ¢ /2™ _ It is desirable to represent the integers n
and k as binary numbers; that is, if we assume N = 4, then y = 2 and we
can represent k and n as two-bit binary numbers,

k=0,1,2,3 or k= (ky,ko) = 00, 01, 10, 11
n=20123 or n = (n1,n0) = 00, 01, 10, 11
A compact method of writing k& and n is
k =2k, + ko n=2n; + no (8.23)

where ko, k1, no, and n; can take the values of 0 and 1 only. Equation (8.23)
is simply the method of writing a binary number as its base-10 equivalent.

Using the representation of Eq. (8.23), we can rewrite Eq. (8.22) for
the case N = 4 as

1 1

X(ni,no) = X X xolky,ko)Wen +roGki+ko (8.24)

ko=0 k1=0

Note that the single summation in Eq. (8.22) must now be replaced by v
summations in order to enumerate all the bits of the binary representation
of k.

Factorization of WP

Now consider the W? term. Because We+% = W2W?*, then

W(Zm +no)(2k1+ ko) — W(Zru + no)2ki1 W(2m + no)ko

= [ W4mk1] W2nok1 W(2nl + no)ko (825)
— W2nokl W(2'll + no)ko

Note that the term in brackets is equal to unity because
W4mk1 — [W4]mk| — [e —j2‘n-4/4]n1k1 — [l]nlkl =1 (826)
Thus, Eq. (8.24) can be written in the form:

1 1
X(nl,no) = 2 |:2 xo(kl,ko)wzm’kl]W(zn‘+"°)k° (827)

ko=0 k1=0
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This equation represents the foundation of the FFT algorithm. To dem-
onstrate this point, let us consider each of the summations of Eq. (8.27)
individually. First, rewrite the summation in brackets as

1
x1(no,ko) = D xolki,ko)W2nok (8.28)
ki1=0
Enumerating the equations represented by Eq. (8.28), we obtain
x1(0,0) = x0(0,0) + xo(1,0)W°

x1(0,1) = X()(O,l) + XQ(I,I)WO (8.29)
x1(1,0) = x0(0,0) + xo(1,00W?

x(1,1) = x0(0,1) + xo(1,)W?

If we rewrite Eq. (8.29) in matrix notation, we have

x1(0,0) 1 0 WO 0] [x00,0)
0D o 1 0 we||x0©1)
1071 0 w2 o0 || x(1,0 (8.30)
x1(1,1) 01 0 WwW2||x,

Note that Eq. (8.30) is exactly the factored matrix equation of Eq. (8.11),
developed in Sec. 8.2, with the index k written in binary notation. Thus, the
inner summation of Eq. (8.27) specifies the first of the factored matrices for
the example developed in Sec. 8.2 or, equivalently, the array [ = 1 of the
signal flow graph illustrated in Fig. 8.2.

Similarly, if we write the outer summation of Eq. (8.27) as

1

x2(no,ny) = E Xl(no,ko)W(2"'+"°)k° (8.31)

ko=0
and enumerate the results in matrix form, we obtain

x2(0,0) 1 W 0 o x1(0,0)
x2(0,1) 1 w2 0 0 x1(0,1)
(ol [0 0 1 W'|]|xi(1,0
x2(1,1) 0 0 1 W*||xi(L0)

(8.32)

which is Eq. (8.14). Thus, the outer summation of Eq. (8.27) determines the
second of the factored matrices of the example in Sec. 8.2.
From Eqgs. (8.27) and (8.31) we have

X(ny,n0) = x2(no,ny) (8.33)
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That is, the final results x»(n¢,n,) as obtained from the outer sum are in bit-
reversed order with respect to the desired values X(n,,no). This is simply
the scrambling that results from the FFT algorithm.

If we combine Egs. (8.28), (8.31), and (8.33),

x1(noko) = 2 xolky,ko)W2nok

ki=0

1

x2(no,n1) = ) x1(ng ko) WEnt+nodko (8.34)

ko=0

X(ny,no) = x2(ng,ny)

then the set of Eq. (8.34) represents the original Cooley-Tukey [3] formu-
lation of the FFT algorithm for N = 4. We term these equations recursive
in that the second is computed in terms of the first.

Example 8.1 Cooley-Tukey Algorithm: N = 8

To illustrate further the notation associated with the Cooley-Tukey formulation of
the FFT, consider Eq. (8.22) for the case N = 2% = 8. For this case,

n=4n,+2n +n n;=0orl (8.35)

4k2+2k1+k0 k,~=00r1

and Eq. (8.22) becomes

1 1 1
X(rlz,n1,n0) - 2 E 2 X()(kz,kl,k())W(4"2+2"1+”0)(4k2+2kl+k0) (8.36)
ko=0 k1=0 k2=0

Rewriting W?, we obtain

W(4nz+2n1 +no)(4k2 +2k1 + ko) _ W(4nz+ 2n1 +no)(4k2)W(4nz+2m + no)(2kt)

(8.37)
X W(4nz+2n1+no)(ko)
We note that because W2 = [¢/2™8]® = 1, then
W4n2+2n1+no)@dkz) — [W8(2nzk2)][ws(n|k2)]w4nokz = Wanok (838)

W(4nz+2m+no)(2k|) — [WS(nzkl)]W(2n|+no)(2k1) = W(2n1+no)(2k1)

Hence, Eq. (8.36) can be rewritten as

1 1 1
4,
X(na,ny,ng) = 2 2 2 xo(ka,k1,ko)W ok
ko=0 k1=0 k2=0 (839)
x Wen + no)(2k1) Wwénz+ 2n1+ no)(ko)
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If we let
x1(ng,k1,ko) = kEl:O xo(ka,ky ko) WAinek (8.40)
e
x2(no,n1,ko) = kéox,(no,k1,ko)W‘z""’"“)(z"" (8.41)
x3(no,ny,nz) = i x2(no,ny ko) Wiz +2nt+no)tko) (8.42)
ko=0
X(nz,ny,ng) = x3(no,ny,nz) (8.43)

then we have determined the required matrix factorization or, equivalently, the signal
flow graph for N = 8. The signal flow graph is shown in Fig. 8.9.

Derivation of the Cooley-Tukey Algorithm for N = 2¥

When N = 27, n and k can be represented in binary form as
n=2"1n,_ 1+ 2 2n,_ 5+ - + ne (8.44)
k=2"Tky_y + 22,5 + - + ko

Using this representation, we can rewrite Eq. (8.22) as

1

1
X(ny_l,ny_z, .. ,no) = E 2 ot 2 x(ky—l;k‘y—Za- .. 7k0)Wp

ko=0k =0 ky—1=0

(8.45)
COMPUTATION ARRAYS
DATA p A ~ UNSCRAMBLED
ARRAY 1=1 =2 =3 ARRAY
xqglk) x4(k) xolk) x3(k)

(0) e - F— T - — — e X(0)
X9 \ x|(0) /}2}{)(3(0)
1) X
AN /Z/<>< e/
/
x0(2; —\— -

/e X(2)

- L \-N X(5)
X3(5)

wl x1(7) 7‘3 x2(7) w7 x3(—7)

Figure 8.9 FFT signal flow graph for N = 8.
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where
p=Q "nyy + 2 2ny_5 4+ > + no)
X Q¥ Vky_y + 292y, 5 4 - + ko) (8.46)
Because We*% = WeW?, we rewrite W” as
WP = W@ rym 1427 2ny 2+ no)2Y Hhy—1)
X W@y 1427 2ny 2+ -+ n0)(2Y ~ 2hy—2) 8.47)

X e W(27_'"v~l+27*2n-y—2+-~~+no)ko

Now consider the first term of Eq. (8.47):
WY tay— 1427 2ny 24+ n0)(2V T Thy—1) [WZ’/(ZV‘Zny—lkv—l)]
% [WZ‘Y(ZV"nv—zkv—:)]
X e [WE k-] (8.48)
X WZ‘Y“(no ky-1)

— WZV*‘(no ky—1)
because
W2 = WN = [¢ /2NN = | (8.49)

Similarly, the second term of Eq. (8.47) yields
W@~ lAy—14+2Y 2y 2+ -+ n0) 2V 2ky-2) [W2' @2 ny—1ky-2)]
X [W2Y@ " 4ny-2ky-2)]
X e WRTIO ke (8.50)
X W2 "¥no  ky-2)
= Wn+no2v-2ky-2
Note that as we progress through the terms of Eq. (8.47), we add an-
other factor that does not cancel by the condition W2¥ = 1. This process

continues until we reach the last term in which there is no cancellation.
Using these relationships, Eq. (8.45) can be rewritten as

1

1
X(ny-1,ny_2,0m0) = > D 0 D> xolky—1,ky—2,...,ko)

ko=0 k1=0  ky_1=0
x W2 l(no ky—1) W@ +no)2Y " 2ky—2 .., (8.51)

X W(27— Iny—14+2Y"2ny_2+--- + nodko
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Performing each of the summations separately and labeling the intermediate
results, we obtain
1

x1(n0,k7_2,...,k0) = 2 xo(k‘y—l,k‘y—Z’“-’kO)W(zy_l)(no ky-1)

ky-1=0

1

-2
x2(no,niky_3,.ko) = D x1(nosky—2,..., ko) WM T 0@ 2k -2)
ky-2=0
(8.52)
1
Xy(Ro,M1seisty—1) = 2 Xy—1(Ro,R1,... ko)

ko=0

X W(Z“I"ny—1+2\"2n~,—z+ -+ +no)ko

X(ny—1,ny_2,...,00) = Xy(n0,N1,...,0y—1)

This set of recursive equations represents the original Cooley-Tukey
formulation of the FFT, N = 2. Recall that the direct evaluation of an N-
point transform requires approximately N? complex multiplications. Now
consider the number of multiplications required to compute the relationships
of Eq. (8.52). There are y summation equations that each represent N equa-
tions. Each of the latter equations contains two complex multiplications;
however, the first multiplication of each equation is actually a multiplication
by unity. This follows because the first multiplication is always of the form

Wekv—i where k,_; = 0. Thus, only Ny complex multiplications are required.
It can be shown that in the computation of an array, there occurs the re-
lationship WP = — WP*™N2; the number of multiplications can be reduced

by another factor of 2. The number of complex multiplications for N = 2Y
is then Nv/2. Similarly, one can reason that there are Ny complex additions.

Canonic Forms of the FFT

There exist many variations of the FFT algorithm that are canonic.
Each particular algorithm variation is formulated to exploit either a particular
property of the data being transformed or the computer architecture. The
Cooley-Tukey algorithm is illustrated by the signal flow graph of Fig. 8.9.
We observe from the signal flow graph that this form of the algorithm can
be computed in place, that is, a dual-node pair can be computed and the
results stored in the original data storage locations. Further, we observe that
with this form of the algorithm, the input data is in natural order and the
output data is in scrambled order. In addition, the powers of W are in bit-
reversed order.

If one desires, it is possible to rearrange the signal flow graph shown
in Fig. (8.9) in order that the input data is in scrambled order and the output
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data is in natural order. The resulting signal flow can be computed in place
and the powers of W necessary to perform the computation occur in natural
order.

These two algorithms are often referred to in the literature by the term
decimation in time. This terminology arises because alternate derivations
of the algorithm [8] are structured to appeal to the concept of sample-rate
reduction or throwing away samples.

Another distinct form of the FFT is due to Sande [9]. To develop this
form, let N = 4 and write

1 1
X(ni,no) = 3 2 xolky ko) Wem +noGhio (8.53)

ko=0 k1=0

In contrast to the Cooley-Tukey approach, we separate the components
of n instead of the components of k.

WRni+no) yki+ko) = Y(2m)2ki+ ko) yyyno(2ki + ko)

= [ Wty 2mbo ks o) (8.5

= W2n1ko Wno(Zkl + ko)

where W* = 1.
Thus, Eq. (8.53) can be written as

1 1
X(ni,n0) = 2, [ > xolky,ko)W2nok W"°"°] W2niko (8.55)

ko=0 k1=0

If we define the intermediate computational steps, then
1

x1(no,ko) = 2 xO(k],k())WZ"Ole"Oko

k1=0

1

x2(no,m1) = 2, x1(ng,ko) Wk (8.56)

ko=0
X(ni,no) = x2(no,ny)

The signal flow graph describing the Sande-Tukey algorithm is shown
in Fig. 8.10 for the case N = 8. We note that the input data is in natural
order, the output data is in scrambled order, and the powers of W occur in
natural order. A signal flow graph that yields results in natural order can be
developed by proceeding as in the Cooley-Tukey case and interchanging
nodes. The input data is now in bit-reversed order and the powers of W
occur in bit-reversed order.

These two forms of the FFT algorithm are known by the term deci-
mation in frequency, where the reasoning for the terminology is analogous
to that for decimation in time.
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xq(k) x4(k) x9(k) x3(k)
X(0)

x(7y Figure 8.10 Sande-Tukey FFT algo-
rithm signal flow graph.

8.10 FFT ALGORITHMS FOR ARBITRARY FACTORS

In the discussions to this point, we have assumed that the number of points
N to be Fourier transformed satisfies the relationship N = 2Y, where v is
integer valued. As we saw, this base-2 algorithm resulted in a tremendous
savings in computation time; however, the constraint N = 2Y can be rather
restrictive. In this section, we develop FFT algorithms that remove this
assumption. We will show that significant time savings can be obtained as
long as N is highly composite, that is, N = ryr, ... r,, Where r; is an
integer.

To develop the FFT algorithm for arbitrary factors, we first consider
the case of N = r,r,. This approach allows us to develop the notation
required in the proof for the general case. Examples for the base-4 and base-
‘4 + 2 algorithms are used to further develop the case N = ryr,. The
Cooley-Tukey algorithm for the case N = ryra. . . r, is then developed as
well as twiddle factor algorithms.

FFT Algorithm for N = ryr;

Assume that the number of points N satisfies the relationship N =
rir., where r, and r, are integer valued. To derive the FFT algorithm for
this case, we first express the n and £ indices in Eq. (8.22) as

n = nir1 + no n==90,1,...,r—1 n=0,1,...,r,—1

k=k1k2+ko ko=0,1,...,r2—1 k.=0,1,...,r1—1
8.57)
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We observe that this method of writing the indices allows us to give a unique
representation of each decimal integer. Using Eq. (8.57), we can rewrite Eq.
(8.22) as

X(ni,no) = ’22—‘ [rlE_l xO(kl’kO)W"ker]Wnko (8.58)
ko=0 k1=0
Rewriting W12 we obtain
Wnrkirz — W(mri+nokirz
errznlkl Wnoklfz
= [Wrr]uk ok
= Wrokir2

(8.59)

where we have used the fact that W2 = WV = 1.
From Eq. (8.59), we rewrite the inner sum of Eq. (8.58) as a new array:

ri—1

x1(no.ko) = X, xolky,ko)Wnoki2 (8.60)

ki1=0

If we expand the terms W”%°, the outer loop can be written as

r2—1
X2(n(),n]) = 2 xl(no,ko)W(""‘“"’)"" (861)

ko=0
The final result can be written as
X(ny,n0) = x2(ng,ny) (8.62)

Thus, as in the base-2 algorithm, the results are in reverse order.

Equations (8.60), (8.61), and (8.62) are the defining FFT algorithm re-
lationships for the case N = ryr,. To further illustrate this particular al-
gorithm, consider the following examples.

Example 8.1 Base-4 Algorithm for N = 16

Let us consider the case N = ryr, = 4 X 4 = 16, that is, we will develop the base-
4 algorithm for the case N = 16. Using Eq. (8.57), we represent the variables n and
k in Eq. (8.22) in a base-4 or quaternary number system:

n = 4n| + Ro ni,Ng = O, 1, 2, 3 (8.63)
k = 4k| + ko kl,ko = 0, 1, 2, 3

Equation (8.58) then becomes

3 3
X(ny,ng) = 3, [ > xo(kl,ko)W“""':IW"k" (8.64)

ko=0 k1=0
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Rewriting W***!, we obtain

Wankt — y4én + ok

- Wl6n1k1 W4nok1 (8 65)
- [Wl6]n1k1 W4n0k1 '

— W4nok1

The term in brackets is equal to unity because W'¢ = 1.
Substitution of Eq. (8.65) into Eq. (8.60) yields the inner sum of the base-4
algorithm:

3

x1(noko) = 3 xolkiko) Wk (8.66)

k1=0

From Eq. (8.61) the outer sum is

3
x2(no,m1) = D x1(ng,ko) W0k (8.67)

ko=0
and from Eq. (8.62), the base-4 algorithm results are given by
X(ny,no) = x2(ne,n1) (8.68)

Equations (8.66), (8.67), and (8.68) define the base-4 algorithm for the case N
= 16. Based on these equations, we can develop a base-4 signal flow graph.

Example 8.2 Base-4 Signal Flow Graph for N = 16

From the defining relationships of Eqs. (8.66) and (8.67), we observe that there are
y = 2 computational arrays and there are four inputs to each node. The inputs to
node x,(ng,ko) are xo(0,ko), xo(1,ko), x0(2,k0), and xo(3,ko). That is, the four inputs
to a node i in array [ are those nodes in array [ — 1 whose subscripts differ from i
only in the (y — [)th quaternary digit.

We show in Fig. 8.11 an abbreviated signal flow graph for the base-4 N = 16
algorithm. To alleviate confusion, only representative transmission paths are shown
and all W” factors have been omitted. W” factors can be determined from Egs. (8.66)
and (8.67). Each pattern of transmission paths shown is applied sequentially to suc-
cessive nodes until all nodes have been considered. Figure 8.11 also illustrates the
unscrambling procedure for the base-4 algorithm. Enumeration of Egs. (8.66) and
(8.67) reveals that the base-4 algorithm requires approximately 30 percent fewer
multiplications than the base-2 algorithm.

Example 8.3 Base-‘‘4 + 2’ Algorithm for N = 8

Let us now consider the case N = ryr; = 4 X 2 = 8. This case represents the
simplest form of the base-‘‘4 + 2°’ algorithm. Base ‘4 + 2’ implies that we compute
as many arrays as possible with a base-4 algorithm and then compute a base-2 array.

To develop the ‘4 + 2’ algorithm, we first substitute r; = 4 and r, = 2 into
Eq. (8.57):

n=4n, + ng ng=2=0,1,2,3 n =201 (8.69)
2k1+k0 k0=0,1 k|=0,1,2,3
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Figure 8.11 Abbreviated signal flow graph: base 4, N = 16.

Equation (8.58) then becomes
1 3
X(ny,no) = 2 [ E xo(kl,ko)wznk‘]w"ko
ko=0 k1=0

Expanding W?"%', we obtain
W2nk| - W2(4n1+no)kl

[ W8]n1k| W2nok1
— W2nok1

(8.70)

8.71)
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With Eq. (8.71), the inner sum of Eq. (8.70) becomes

3

x1(no,ko) = 3, xolky, ko) W2k 8.72)
k1=0
The outer loop can be written as

1

x2(no,ny) = 3, x1(ngke) W+ ok (8.73)

ko=0
and the unscrambling is accomplished according to the relationship
X(ny,no) = x2(no,ny) (8.74)

Equations (8.72), (8.73), and (8.74) represent the base-‘‘4 + 2’ FFT algorithm
for N = 8. We observe that Eq. (8.72) is a base-4 iteration on the data array and
Eq. (8.73) is a base-2 iteration on array | = 1. The “‘4 + 2°’ algorithm is more efficient
than the base-2 algorithm and is equally restrictive in the choice of N.

Cooley-Tukey Algorithm for N = ryro... rp,

Assume that the number of points to be discretely transformed satisfies
N =ryry...r,, wherery, ra, . .., r,areinteger valued. We first express
the indices n and £ in a variable radix representation:

n=Npa(rira. .. rme1) + Bpm_a(rira ... ry,—2)
+ o+ mry + no 8.75)
k=kp(rars...rm) + kpm_ao(rars . .. ry)
+ o+ kirm + ko
where
ni_1=0,1,2,...,rn—1 l=i=m
ki=0,1,2,...,rm_;i—1 O=i=m-1
We can now rewrite Eq. (8.22) as
X(Npm—1,Rm—2, . . . ,A1,N0)
=33 > xolkm-1km-2, . . . ko) W™ (8.7
ko ki km—1
where D, represents a summation over allk; = 0, 1,2, ..., r,—; — 150

=i =<m — 1. Note that

Wnk — Wn[km—1(r2r3...r,,.)+-~-+ko] (877)
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and the first term of the summation expands to
Wrkm—i(rzrs...rm) — plam—1@rirz...rm—1) + -+ nollkm —1(r2r3...rm)]

— [errz...rm][nm~1(r2r3...rm— 1D+ - +m]km—lwnokm~1(r2...rm)

(8.78)
Because W'z = WV = 1, then Eq. (8.78) can be written as
Whkm—1(r2r3...rm) — Ynokm—1(r2...rm) (8.79)
and hence Eq. (8.77) becomes
Wnk — Wnokmf|(r2...rm)Wn[km—z(r}...rm)+-~-+ko] (880)

Equation (8.76) can now be rewritten as

X(nm—l’nm—25 S ,n],n()) = E 2 o [ E xo(km—lakM72, LI ’ko)
ko ki km —1
e Wnokm—l(rz...rm)]Wn[km—z(rs...rm)+-~-+ko

1
(8.81)

Note that the inner sum is over &, and is only a function of the variables

noand k,,_», . . ., ko. Thus, we define a new array as
x1(nokm—2, . . . ,ko) = 2 xo(km—1y - « . ko) Wnokm=1(2-.rm) (8.82)
km—1

Equation (8.81) can now be rewritten as

X(Mm—1lm=2, - . . sn1,n0) = 2 D X1(Mokm-2, - .« ko)
Rt 8.83)
X Wn[k”“z("3---"m)+"'+ko]

By arguments analogous to those leading to Eq. (8.79), we obtain

Wnkm— 2(rara...rm) — W(mn + no)km —2(rara...rm) (884)

The identity of Eq. (8.84) allows the inner sum of Eq. (8.83) to be
written as
x2(nosn1km—3, . .. ko)

= E xl(no,km_z, ce ,ko)W(”lrl+"°)km_2(r3m'"rm) (885)

Kkm—2
We can now rewrite Eq. (8.83) in the form

X(Ny—1,lm—2, . . . ,B1,N0) = 2 2 E x2(no,n1,km—3, . . . ko)
K, 3

ko ki m—

X Wn[k,,.—s(r4r5“.m.)+~~~+kol (886)
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If we continue reducing Eq. (8.86) in this manner, we obtain a set of
recursive equations of the form

xi(no’nly CEEEE) ’ni—l,km—i—l’ D 5k0)
= E xi—l(no’nl’ R 5ni—25km—i5 IR 5k0)
Km—i (8.87)
X W[ni—l(rlrz...ri—l)+---+no]km—i(ri+|...rm) i=1.2 m
9 Ly o e vy

The expression of Eq. (8.87) is valid provided we define (r; ;... r,,) =1
fori>m — landk_, = 0.
The final results are given by

X(m—1, ... 00) = Xm(Bo, o« o, Np—1) (8.88)

The expression of Eq. (8.87) is an extension due to Bergland [10] of
the original Cooley-Tukey algorithm. We note that there are N elements in
array x, each requiring r, operations (one complex multiplication and one
complex addition), giving a total of Nr; operations to obtain x;. Similarly,
it takes Nr, operations to calculate x, from x;. Thus, the computation of x,,
requires N(ry + r» + -+ r,,) operations. This bound does not take into
account the symmetries of the complex exponential that can be exploited
as developed in the following discussions.

Example 8.4 Base-4, N = 16, Twiddle Factor Algorithm

Recall from Egs. (8.66) and (8.67) that the recursive equations for the base-4 FFT
algorithm for N = 16 are given by

3

x1(no,ko) = 2 Jfo(kl,ko)"v“"okl

ki1=0

3
Xa(ng,n1) = 3 x1(ngko) W+ ok (8.89)

ko=0

X(ny,no) = x2(no,ny)

To illustrate the twiddle factor concept, let us rewrite Eq. (8.89) as

3 3
X(ny,n0) = [ > Xo(kl,ko)w4"°k']W4"'k°W"°k° (8.90)

ko=0 L k1=0

Note that the term W™ has been arbitrarily grouped with the outer sum and could
have just as easily been grouped with the inner sum. By regrouping, Eq. (8.90)
becomes

3 3
X(ni,no) = 3, [{ > xo(k,,ko)W“"""‘} W"“’“’] Wéniko (8.91)

ko=0 k1=0
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or in recursive form

3
x1(ng,ko) = [ > Xo(kl,ko)W“"“"':I Wroko (8.92)
k1=0
3
x2(ng,ny) = [ > xl(no,ko)W""'“] (8.93)
ko=0
X(ny,n0) = xa(no,ny) (8.94)

The form of the algorithm given by Eq. (8.92) exploits the symmetries of the
sine and cosine functions. To illustrate this point, consider the term W*"*! jn brackets
in Eq. (8.92). Because N = 16, then

W4nok1 _ (W4)nok1 — (e—j21r(4)/16)nok1 _ (e —j1r/2)nokl (895)

Thus, W*! only takes on the values +i and =1, depending on the integer nok,;.
As a result, the four-point transform in brackets in Eq. (8.92) can be evaluated
without multiplications. These results are then referenced or twiddled [9] by the
factor W™, which is outside the brackets in Eq. (8.92). Note that by similar ar-
guments, Eq. (8.93) can be evaluated without multiplications. The total computations
required to evaluate the base-4 algorithm have been reduced by this regrouping.

Cooley-Tukey Twiddle Factor Algorithm
We now develop a general formulation of the twiddle factor concept.

The original Cooley-Tukey formulation is given by the set of recursive Eqs.
(8.87). If we regroup these equations, the first array takes the form

jl(n05km—25 . .. ’ko)
— [ E xo(km—l, . ’ko)W'lokm—l(N/rl)]W(nok,,.—-z)(n...r,,.)
km—1
(8.96)
and the succeeding equations are given by
Xi(no,ny, o o My km—io1, . . ko)
=[ > &ic1(no, - - - iz km—iy. . . ko) W= 1km=iNIrO] (8 97)
km—1
X W[ni—t(rlrz---r.-—l)+“'+n|r|+no]km—i—|(r.'+2---rm)

We have used the notation x to indicate that these results have been obtained
by twiddling. Equation (8.92) is valid fori = 1, 2, ..., m if we interpret
the case i = 1 in the sense of Eq. (8.96) and if we define (r;y > ... r,) =
lfori>m — 2andk_, = 0.

Each iteration of Eq. (8.97) requires the evaluation of an r;-point Four-
ier transform followed by a referencing or twiddling operation. The impor-
tance of this formation is that the bracketed ri-point Fourier transforms can
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be computed with a minimum number of multiplications. For example, if r;
= 8 (that is, a base-8 transform), then the W factor in brackets only takes
on the values +1, *j, +e/™* and *e /™4 Because the first two factors
require no multiplications and the product of a complex number and either
of the last two factors requires only two real multiplications, a total of only
four real multiplications are required in evaluating each eight-point trans-
form. As we see, the twiddle factor algorithms allow us to take advantage
of the properties of the sine and cosine functions.

Computations Required by Base-2, Base-4, Base-8,
and Base-16 Algorithms

Let us consider the case N = 2!2 = 4096. The real number of multi-
plications and additions required to evaluate the recursive Eq. (8.97) is given
in Table 8.1. This summary of operations was first reported by Bergland
[10]. In counting the number of multiplications and additions, it is assumed
that each of the twiddling operations requires one complex multiplication
except when the multiplier is W°.

TABLE 8.1 Operations Required in Computing
Base-2, Base-4, Base-8, and Base-16 FFT
Algorithms for N = 4096

Number of real Number of real
Algorithm multiplications additions
Base 2 81,924 139,266
Base 4 57,348 126,978
Base 8 49,156 126,978
Base 16 48,132 125,442
PROBLEMS

8.1. Let xo(k) = k, where k = 0, 1, 2, and 3. Compute Eq. (8.1) and note the total
number of multiplications and additions. Repeat the calculation following the
procedure outlined by Egs. (8.6) through (8.14) and again note the total number
of multiplications and additions. Compare your results.

8.2. It has been shown that the matrix-factoring procedure introduces scrambled
results. For N = 8, 16, and 32, show the order of X(n) that results from the
scrambling.

8.3. It is desired to convert Eq. (8.9) into a signal flow graph for the case N = 8.
(a) How many computation arrays are there?

(b) Define dual nodes for this case. What is the dual-node spacing for each
array? Give a general expression and then identify each node with its duals
for each array.
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8.4.

8.5.

8.6.

8.7.

8.8.

8.9.

8.10.
8.11.
8.12.
8.13.
8.14.

8.15.

8.16.

8.17.

8.18.

(¢) Write the equation pair (8-21) for each node for array 1. Repeat for the
other arrays.

(d) Determine W? for each node and substitute these values into the equation
determined in part c.

(e) Draw the signal flow graph for this case.

(f) Show how to unscramble the results of the last computational array.

(g) Illustrate the concept of node skipping on the signal flow graph.

Verify the computer program flowchart illustrated in Fig. 8.6 by mentally ob-

serving that each of the arrays determined in Problem 8.3 is correctly

computed.

Relate each statement of the BASIC program illustrated in Fig. 8.7 with the

computer program flowchart shown in Fig. 8.6.

Write an FFT computer program based on the flowchart illustrated in Fig. 8.6.

The program should be capable of accepting complex time functions and per-

forming the inverse transform using the alternate inversion formula. Call this

program FFT.

Let h(t) = e ', where ¢t > 0. Sample A(t) with T = 0.01 and N = 1024. Compute

the discrete Fourier transform of A(k) with both FFT and DFT. Compare com-

puting times.

Derive the FFT algorithm for N = r,r; for the case where the components of

n are separated, i.e., the Sande-Tukey algorithm.

Develop the signal flow graph for the base-4 Sande-Tukey algorithm for N =

16.

Develop the Sande-Tukey base-‘‘4 + 2’ algorithm for the case N = 8.

Develop fully the Sande-Tukey algorithm for the case N = ry, ra, . . ., Fm.

Develop the Cooley-Tukey base-8 algorithm for the case N = 64.

Let N = 16. Develop the Sande-Tukey twiddle factor algorithm.

Let N = 8. Is there an advantage in using twiddle factors in computing the

FFT by the Cooley-Tukey base-2 algorithm? Verify your conclusions by dem-

onstrating the required number of multiplications in each case.

Repeat Problem 8.14 for the base-‘‘4 + 2’ algorithm.

Develop a FFT computer program for a base-‘‘4 + 2’’ Cooley-Tukey algorithm

and bit-reversed data.

Develop a FFT computer program for a base-‘‘4 + 2’” Sande-Tukey algorithm

and the data in natural order.

Develop a FFT computer program for a base-‘8 + 4 + 2’ Sande-Tukey

algorithm with data in natural order. The program should maximize the number

of base-8 computations, then maximize the number of base-4 computations.

REFERENCES

1. BergLAND, G. D. “‘A Guided Tour of the Fast Fourier Transform.’’ IEEE Spec-
trum (July 1969), Vol. 6, No. 7, pp. 41-52.



166

10.

11.

12.

13.

14.

The Fast Fourier Transform (FFT) Chap. 8

. BricuaM, E. O., anp R. E. Morrow. ‘“The Fast Fourier Transform.”’ IEEE

Spectrum (December 1967), Vol. 4, pp. 63-70.

. CooLEYy, J. W., anDp J. W. Tukey. ‘“‘An Algorithm for Machine Calculation of

Complex Fourier Series.”” Math. Computation (April 1965), Vol. 19, pp. 297—-
301.

. GENTLEMAN, W. M. ““Matrix Multiplication and Fast Fourier Transforms.’’ Bell

Syst. Tech. J. (July—August 1968), Vol. 47, pp. 1099-1103.

. OppENHEIM, A. V., AND R. W. ScHaFrER. Digital Signal Processing. Englewood

Cliffs, NJ: Prentice Hall, 1975.

. PELED, A., anND B. Liu. Digital Signal Processing. New York: Wiley, 1976.
. Burris, C. S., aND T. W. Parks. DFT-FFT & Convolution Algorithms & Im-

plementation. New York: Wiley, 1985.

. G-AE Subcommittee on Measurement Concepts. ‘“What is the Fast Fourier

Transform?’’ IEEE Trans. Audio and Electroacoustics. (June 1967), Vol. AU-
15, pp. 45-55. Also Proc. IEEE (Oct. 1967), Vol. 55, pp. 1664—1674.

. GENTLEMAN, W. M., aAND G. SanDE. ‘‘Fast Fourier Transform for Fun and

Profit.”” AFIPS Proc., 1966 Fall Joint Computer Conf., Vol. 29, pp. 563-678,
Washington, DC: Spartan, 1966.

BercLaND, G. D. ““The Fast Fourier Transform Recursive Equations for Ar-
bitrary Length Records.”” Math. Computation (April 1967), Vol. 21, pp. 236-
238.

DunamEL, P. ‘“‘Implementation of ‘Split-Radix’ FFT Algorithm for Complex,
Real, and Real-Symmetric Data.”’ IEEE Trans. on Audio, Speech and Signal
Processing (April 1986), Vol. ASSP-34, No. 2, pp. 285-295.

KumaresaN, R., anDp P. K. Gupra. “‘Prime Factor FFT Algorithm with Real
Valued Arithmetic.”” Proc. IEEE, (July 1985), Vol. 73, No. 7, pp. 1241-1243.
Preuss, R. D. ““Very Fast Computation of the Radix 2 Discrete Fourier Trans-
form.”’ IEEE Trans. on Audio, Speech and Signal Processing (Aug. 1982), Vol.
ASSP-30, No. 4, pp. 595-607.

SkINNER, D. P. “‘Prunning the Decimation-in-Time FFT Algorithm.” IEEE
Trans. on Audio, Speech and Signal Processing (April 1976), Vol. ASSP-24, No.
2, pp. 193-194.



9

FFT TRANSFORM
APPLICATIONS

A fundamental application of the FFT is to the multifaceted areas of trans-
form analysis. In Chapter 6, we developed the relationship between discrete
and continuous Fourier transforms. Because the discrete Fourier transform
yields a close approximation to the continuous Fourier transform, we expect
significant usage of the FFT in computing Fourier and inverse Fourier trans-
forms. In this chapter, we explore .the mechanics of applying the FFT to the
computation of Fourier transforms, Fourier series, inverse Fourier trans-
forms and Laplace transforms. As we show, differences between continuous
transforms and FFT results arise because of the discrete transform require-
ments for sampling and truncation.

9.1 FOURIER TRANSFORM APPLICATIONS

To illustrate the application of the FFT to the computation of Fourier trans-
forms, consider Fig. 9.1. We show in Fig. 9.1(a) the function ¢ ~*. We wish
to compute by means of the FFT an approximation to the Fourier transform
of this function.

The first step in applying the discrete transform is to choose the number
of samples N and the sample interval T. For N = 32 and T = 0.25, we show
the samples of e ~’ in Fig. 9.1(a). Note that we have defined the sample value
at ¢ = 0 to be consistent with Eq. (2.47), which states that the value of the
function at a discontinuity must be defined to be the midvalue if the inverse
Fourier transform is to hold.
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Figure 9.1 Example of Fourier transform computation via the FFT.
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Figure 9.1 (cont.)

We next compute the discrete Fourier transform using the FFT:

N-—1
H(i) =TS [e e~ N  pn=01,...,N-1 .1
NT K=o

Note that the scale factor T is introduced to produce equivalence between
the continuous and discrete transforms. These results are shown in Figs.
9.1(b) and (c). In Fig. 9.1(b), we show the real part of Fourier transform as
determined in Ex. 2.1 and as computed by Eq. (9.1). Note that the discrete
transform is symmetrical about n = N/2. This follows because the real part
of the transform is even [Eq. (6.35)] and the results for n > N/2 are simply
negative frequency results. This latter point is emphasized by plotting a true
frequency scale beneath the scale for parameter n.

We could have graphed the data of Fig. 9.1(b) in the manner conven-
tionally used to display the continuous Fourier transform, that is, from — f,
to + fo. However, conventional FFT computer programs provide results as
a function of the parameter n. As long as we remember that those results
for n > N/2 actually relate to negative frequency results, then we should
encounter no interpretation problems.

In Fig. 9.1(c), we illustrate the imaginary part of the Fourier transform
(Ex. 2.1) and the discrete transform. As shown, the FFT approximates rather
poorly the continuous transform for the higher frequencies. To reduce this
error, it is necessary to decrease the sample interval T and increase N.
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We note that the imaginary function is odd with respect to n = N/2.
This follows from Eq. (6.38). Repeating, those results for n > N/2 are to be
interpreted as negative frequency results.

FFT Resolution

The FFT results of Figs. 9.1(b) and (c¢) are spaced in frequency by the
interval fo = 1/NT. As a result, frequency samples approximating the Four-
ier transform are computed for nonnegative frequencies O/NT, 1/NT, 2/NT,

., (N/2)/INT. The FFT frequency spacing fo = 1/NT is termed the res-
olution of the FFT and each frequency result is called a resolution element
or resolution cell. Intuitively, we can think of the term resolution in the
sense that we can resolve or distinguish only frequency samples approxi-
mating the Fourier transform for the frequencies O/NT, 1/NT, 2/NT, . . .,
(N/2)/NT. Because resolution is given by 1/NT, then a decrease in the fre-
quency spacing (increased resolution) can be achieved by increasing N, that
is, by increasing the truncation interval of the function to be transformed.
(An increase in T could result in aliasing.) If N is increased by a factor of
two, then the frequency spacing is decreased by a factor of two. Beware
that the term increase in resolution is ambiguous in that one is not sure if
a larger or smaller resolving power is implied.

Recall from Fig. 6.1 that the frequency spacing (resolution) in the dis-
crete Fourier transform is determined by the width of the rectangle that
multiplies and truncates the function to be transformed. This truncation in
the time domain corresponds to convolution of the [sin(f)]/f function with
the Fourier transform of the original time waveform. Convolution with the
[sin(f)]/f function produces a smearing or blurring of the Fourier transform.
The wider the time-domain truncation function, the narrower the [sin()]/f
function and the less the frequency smear. The less the frequency smear,
the better the frequency-resolving power that is possible. Hence, increased
frequency-resolving power of the FFT is established by the degree of fre-
quency smearing that is achieved by increasing the width of the rectangular
truncation function.

A common mistake made by FFT users is to increase N by appending
zeros to the sampled and truncated function and to interpret the results as
having enhanced resolution. This is not the case, as can be seen from an
examination of Figs. 6.2 and 9.2. We show in Fig. 9.2(a) the discrete Fourier
transform resullts, Fig. 6.2(g), from the development of Fig. 6.2. We wish
to observe the effect of appending zeros to the time function of Fig. 9.2(a).
Assume that the number of zeros to be appended is N. This can be achieved
by multiplication by the periodic time function illustrated in Fig. 9.2(b); the
corresponding frequency function is also shown. Multiplication yields a pe-
riodic function of length 2N, where the nonzero values are defined by the
N samples of Fig. 9.2(a). Multiplication in time implies convolution of the
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frequency function of Figs. 9.2(a) and (b). Note that the frequency resolution
has already been set in Fig. 9.2(a) and the convolution operation merely
provided additional frequency samples by interpolating with a [sin(f)]/f func-
tion the original frequency transform results. Hence, although the frequency
spacing of the FFT results are more closely spaced as a result of adding
zeros, the resolution has not been changed. FFT resolution cannot be en-
hanced by appending zeros unless the function is in fact zero-valued over
the interval where the zeros are appended.

Recall that this discussion simply reinforces the well-known fact that
resolution is determined by the time duration of a signal. In FFT applications,
the time duration of the signal is set by the truncation interval duration.

Example 9.1 FFT Aliasing

One problem encountered when computing the Fourier transform with the FFT is
that of aliasing. As stated in Sec. 5.3, aliasing occurs if samples of the time function
are not taken sufficiently close together. The result is that the frequency function
folds, or overlaps, on itself. Figure 9.3 graphically illustrates this point.

In Figs. 9.3(a) to (c), we have sampled the function h(t) = e’ t > 0, with
sample intervals T = 1.0, 0.5, and 0.25 s, respectively. N is set to 32 for each case.
The magnitude of the Fourier transforms as computed by the FFT are also shown
in Figs. 9.3(a) to (c). Note that the FFT results are severely aliased for sample interval
T = 1.0 s. (The magnitude of the continuous Fourier transform is shown in Fig.
9.3(d).) As shown, aliasing is reduced for T = 0.5 s. A further reduction in sample
interval to T = 0.25 s yields results that compare favorably with the theoretical
frequency function. Figure 9.3 illustrates the principle that aliasing is reduced as the
sample interval is reduced. There is no truncation effect as T is reduced because NT
is always significantly greater than the nonzero width of A(z).

Experimentally, one can choose an appropriate sample interval by performing
a series of computations similar to those of Fig. 9.3. By successively reducing the
sample interval, one notices negligible change in the FFT results when an approx-
imately small sample interval T has been chosen. However, care must be exercised
to ensure that the effect of decreasing the truncation interval NT does not enter intc
the results. If required, N can be increased as T is decreased.

Example 9.2 FFT Time-Domain Truncation

Another error commonly encountered in applying the FFT to computation of the
Fourier transform arises from time-domain truncation. This error occurs when the
total number of samples chosen to characterize the time function truncates the orig-
inal time waveform. To illustrate this point, consider Figs. 9.4(a) to (c), where we
have truncated A(t) at NT = 1, 2, and 5 s, respectively. The magnitude of the Fourier
transforms as computed by the FFT are also illustrated.

Truncation at 1.0 s produces considerable rippling in the FFT results. For a
truncation interval of 2.0 s, the FFT results display a decrease in rippling. A further
increase in the truncation interval to 5.0 s yields FFT results that have no apparent
time-domain truncation rippling effect, as evidenced by Fig. 9.4(d).

Figure 9.4 illustrates an experimental approach for determining a suitable trun-
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Figure 9.5 [llustration of the FFT of noncausal time functions.

cation interval. By successively increasing the truncation interval, we can see the
gradual reduction in the rippling effect.

Example 9.3 FFT of Noncausal Time Functions

Because the discrete Fourier transform requires periodicity in the time domain, care
must be exercised when computing the FFT of a time function defined for both
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positive and negative time (a noncausal function). To develop this point, consider
the time function illustrated in Fig. 9.5(a). The appropriate technique for sampling
such a function to maintain the time origin and to observe the periodicity constraint
is shown in the sampled time function of Fig. 9.5(b). Although the one period shown
does not closely resemble the original function, the periodic function does accurately
reproduce the original time function. Because the time function is real and odd, from
Eq. (6.38), we expect the frequency function to be purely imaginary and odd, as
illustrated in Figs. 9.5(c) and (d).

Figures 9.5(e) to (g) illustrate a common mistake when applying the FFT to
time functions of this type. Note that the FFT results for this example are both real
and imaginary. The real frequency component results from the time sample at ¢ =
0 being defined as 1 rather than 0, the midpoint of the discontinuity. As a result, the
sampled time function of Fig. 9.5(¢) is equal to the time function of Fig. 9.5(b) plus
an impulse function of unity amplitude at the origin. The Fourier transform of an
impulse is a constant real function of frequency, as illustrated in Fig. 9.5(f).

Example 9.4 FFT of Periodic Functions

To compute the FFT of a periodic function, we again must concern ourselves with
choosing the sample interval T and the truncation interval. As before, T must be
chosen to reduce aliasing to an acceptable level. The truncation interval for a periodic
function presents a new problem in that the function does not decay as in the previous
examples. However, recall that the N samples of the discrete Fourier transform
results represent one period of a periodic time function. Hence, we choose the trun-
cation interval to be one period (or multiple periods) of the time waveform. In this
way, our sampled function accurately represents the original periodic waveform.

To illustrate this point, we have computed the FFT of the cosine function
illustrated in Fig. 9.6(a). For sample interval T = 1.0 s and the number of samples
N = 32, we also show samples of the cosine waveform in Fig. 9.6(a). Note that the
32 samples define exactly an integer multiple of the period of the waveform. In Fig.
9.6(b), we illustrate the magnitude of the FFT of these samples. As shown, the results
are zero except at the desired frequency. Section 9.2 discusses FFT results for the
case where the truncation interval is not chosen equal to an integer multiple of the
period.

Summary

In applying the FFT to the computation of Fourier transforms, keep
in mind the most important concept that the discrete Fourier transform im-
plies is periodicity in both the time and frequency domains. If one always
remembers that the N sample values of the time function represent one
period of a periodic function, the application of the FFT should result in
few surprises.

The previous discussion and examples have shown that application of
the FFT to the computation of the Fourier transform requires that we ex-
ercise care in the choice of parameters T and N. Parameter T controls the
level of aliasing, and parameters N and T control the width of the truncation
function. If the bandwidth is roughly known, then T can be chosen readily.
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Otherwise, an experimental procedure as outlined in Exs. 9.1 and 9.2 should
be pursued. For an appropriate T and for N chosen sufficiently large so that
truncation of the function being transformed does not occur, the FFT will
yield an accurate approximation to the Fourier transform. For periodic func-
tions with known periods, we choose NT equal to a period (or integer mul-
tiple of a period). For those cases where it is impossible to choose N suf-
ficiently large or where the period of a periodic function is not known, the
concept of a data-weighting function or data window must be employed.

9.2 FFT DATA-WEIGHTING FUNCTIONS

As discussed previously, time-domain truncation can lead to an unacceptable
approximation to the Fourier transform. For those cases where data-pro-
cessing constraints limit the value of N or for those cases where periodic
functions of unknown period are considered, it is necessary to utilize data
windows or data-weighting functions. In this section, we will investigate
data-weighting functions, a technique for minimizing the undesired effects
of time-domain truncation.

Rectangular Weighting Function

For review, reconsider the graphical development technique shown in
Fig. 6.5. Recall that we first sample the sinusoid by multiplication with the
infinite sequence of impulse functions, as illustrated in Fig. 6.5(b). This
result, Fig. 6.5(c), must then be multiplied by the rectangular truncation
function shown in Fig. 6.5(d) in order to limit the number of sample values
to N. We refer to time-domain truncation as weighting the data by a rec-
tangular weighting function. The result of time-domain truncation is evi-
denced clearly in Fig. 6.5(e). Note that the original frequency-domain im-
pulse functions have been replaced by [sin(f)]/f functions because of the
convolution that results from time-domain truncation. This convolution in-
troduces additional frequency-domain components because of the side-lobe
characteristics of the [sin(f)]/f function. These additional components are
termed leakage. This terminology arises because the original frequency im-
pulse function has leaked through the side lobes of the [sin(f))/f function.

Note that even though our original time waveform is sinusoidal, the
sampled time waveform is not. This is because the truncation interval is not
equal to a period (or integer multiple of a period) and hence the convolution
of the time functions in Figs. 6.5(e) and (f) does not yield the original periodic
function. Rather, this convolution yields a periodic function with an envelope
that is discontinuous. With this discontinuity, one expects the rippling effect
in the frequency domain, which is illustrated in Fig. 6.5(g).

To further demonstrate the effect of a rectangular weighting function,
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we have computed the FFT of the cosine function illustrated in Fig. 9.7(a)
for T = 1.0 s and N = 32. In Fig. 9.7(b), we show the magnitude of the
discrete Fourier transform of the samples of Fig. 9.7(a). Note that the FFT
produces nonzero frequency components at all discrete frequencies of the
discrete transform. As stated previously, the additional frequency compo-
nents are termed leakage and are a result of the side-lobe characteristics of
the [sin(f)]/f function.
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Figure 9.7 FFT of a periodic waveform: the truncation interval is not equal to
a multiple of the period.
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To reduce leakage, it is necessary to employ a time-domain truncation
or weighting function that has frequency-domain side-lobe characteristics
that are of smaller magnitude than those of the [sin(f)]/f function. The
smaller the side lobes, the less leakage affects the results of the FFT. To
clarify this point, consider Fig. 6.5(d) again. The Fourier transform of the
rectangular weighting function is the [sin(f)]/f function shown. We know
that we could choose, without change to the graphical development of Fig.
6.5, an alternate truncation function in Fig. 6.5(d) that would have lower
side-lobe characteristics. This is the approach one takes to improve the FFT
approximation to the Fourier transform. Data-weighting functions that trun-
cate and weight the data are applied to the N-point sampled function before
the FFT is computed.

Weighting Function Characteristics

Several popular truncation or weighting functions that have been em-
ployed with the FFT are shown in Fig. 9.8(a). The corresponding frequency-
response functions are illustrated in Fig. 9.8(b). Table 9.1 lists the defining
relationships for each of these weighting functions in both the time domain
(centered at the origin for convenience of notation) and the frequency
domain.

As shown in Fig. 9.8(b), all weighting functions have side lobes in the
frequency domain of lower amplitude than those of the rectangular function
and hence produce less leakage. However, all of the weighting functions
also have a broader main lobe. Recall from Figs. 6.5(d) and (e) that the effect
of time-domain truncation (weighting) is a frequency-domain convolution,
with the respective frequency function shown in Fig. 9.8(b). Hence, the
broader the main lobe, the more smeared the results of the FFT, that is, the
broader the main lobe of the weighting function, the less the capability of
the FFT to distinguish or resolve frequencies. In general, the more one
reduces side lobes or leakage, the broader or more smeared the results of
the FFT appear.

The trade-off between leakage (side-lobe level) and resolution (main-
lobe bandwidth) is well-known in many scientific fields. Table 9.1 defines
the highest side-lobe level and the 3-dB bandwidth for each weighting func-
tion. For general experimental work, we prefer to use the Hanning function
because of its implementation simplicity. One should choose that weighting
function whose characteristics are best suited to the problem being
addressed.

It should be noted that irrespective of the weighting function chosen,
the FFT yields results at frequency intervals fo = 1/NT. But the actual
frequency resolution of FFT results is a function of the data-weighting func-
tion’s bandwidth (see Fig. 9.8(b)). Hence, the commonly used FFT reso-
lution definition 1/NT should be used with care as it describes only the
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frequency spacing of the FFT results and is independent of the window used.
In Chapter 13, where the FFT in the context of filters is discussed, we return
to this point.

Because of the low side-lobe characteristics of the illustrated data-
weighting functions, we expect that their utilization significantly reduces the
leakage that results from time-domain truncation. In Fig. 9.9(a), we show
the cosine waveform illustrated in Fig. 9.7(a) multiplied by the Hanning
weighting function illustrated in Fig. 9.8(a).

Figure 9.9(b) illustrates the FFT of the samples of Fig. 9.9(a). As ex-
pected, leakage is significantly reduced. Note that the majority of the fre-
quency components are considerably broadened or smeared with respect to
the desired impulse function. Recall that this is expected because the effect
of time-domain truncation or weighting is to convolve the frequency-impulse
function with the Fourier transform of the weighting function.

Example 9.5 FFT Signal Detection

A practical application of the utilization of the Hanning weighting function (or any
other good truncation function) is in signal detection. To illustrate, consider the
frequency function in Fig. 9.10(a), which has been computed by the FFT using the
standard rectangular weighting function. A cursory comparison of this illustration
with that of Fig. 9.7(b) leads to the conclusion that the time function consists of a
single sinusoid.

Now consider Fig. 9.10(b), where we have recomputed the FFT of the original
time function but have used the Hanning weighting function. Note that a second
sinusoidal component is clearly visible. We now conclude that the time function is
composed of two sinusoids. Leakage resulting from the rectangular truncation func-
tion almost completely obscures the second, smaller frequency component in Fig.
9.10(a). The detection of signals buried in noise is addressed in Sec. 14.3.

Example 9.6 Dolph-Chebyshev Weighting Functions

As discussed previously, low side lobes are achieved at the expense of main-lobe
bandwidth or broadening. Even though the Hanning function is a weighting function
that has low side lobes and is convenient to use, a weighting function that has better
side-lobe characteristics is the Dolph-Chebyshev function. This window, Refs. [7]
and [8], minimizes the bandwidth or smearing while forcing all side lobes to be below
a specified level. For some FFT applications, the additional complexity of this
weighting function may be warranted.

The Dolph-Chebyshev weighting function can be calculated [8] from the
relationship

O ON-1& (i-2\(N=\pkar
WN(I)—N_ik=0( k )(k+1>B i#lorN 9.2)

where

M=i-2 i=(N+ 12

=N-i-1 i=(N+ 1)2
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and

wn(l) = wa(N) =1

and B is the desired side-lobe level in dB. Figure 9.11 shows a BASIC program for
computing wx(i). The required inputs are the number of weights N, (i.e., the number
of data samples) and the desired side-lobe level (SSL) in decibels. SSL is input as
a positive number. The logarithm function used in the program is the natural loga-

10 AN T T T 1 1
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Figure 9.9 Example of applying the Hanning function to reduce leakage in com-

putation of the FFT.
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Figure 9.10 (a) Example signal obscured by side-lobe leakage, and (b) signal
detection by application of the Hanning weighting function.

rithm. Exercise caution when computing Dolph-Chebyshev weights because of the
precision required if N is large [13, 14].

When the number of data samples is 10 or larger, the 3-dB bandwidth of the
main lobe is essentially independent of N and depends only on the side-lobe level.
Figure 9.12(a) shows a plot of the increase in bandwidth as the side-lobe level pa-
rameter varies. Hence, side lobes can be reduced to any desired value but with a
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REM: DOLPH-CHEBYSHEV WEIGHTING FUNCTION SUBROUT INE
REM: THE CALLING PROGRAM SHOULD DIMENSION

REM: THE WEIGHTING FUNCTION ARRAY W(I1%), THE NUMBER
REM: OF WEIGHTING FUNCTION VALUES N%, AND THE DESIRED
REM: SIDE-LOBE LEVEL IN DB SHOULD BE INITIALIZED.
AN=NZ

N1Z=(NZ+1)\2

S=10!7(8SSL/20!)

A=21*LOG(S+SQR(S*S-11))/AN-11!)
B=(EXP(A)-11)*(EXP(A)-11!)
C=(EXP(A)+1!)*(EXP(A)+1!)

D=B/C

FOR 1%=2 TO N1%
Al=1%

11=1%-1

E=0!

FOR K%Z=1 TO I1

K1Z=K%Z -1

AK=KZ
G=1!

H=11

IF (KZ-1)=0 THEN 8770 ELSE 8730
FOR J%Z=1 TO K1%

AJ=JZ

G=G*(Al-1!-AJ)/AJ
NEXT J%

FOR L%=1 TO K%

AL=L%

H=H* (AN-Al+1!-AL) /AL
NEXT L%

E=E+G*H* (D*AK)

NEXT K%
W(I1Z)=(AN-1!)*E/ (AN-AI)
W(NZ-1Z+1)=W(IZ)

NEXT 1%

W(NZ)=1!
wW(1)=1!
RETURN

END

Figure 9.11 Computer subroutine in BASIC for computing the Dolph-Chebyshev
weighting function.

corresponding increase in bandwidth. The normalized data plotted in Fig. 9.12(a) is
adequate to evalute the degree of increased bandwidth as a function of side-lobe
level. Figure 9.12(b) illustrates Dolph-Chebyshev weighting functions for several
choices of side-lobe levels. The rectangular and Hanning functions are also shown
for comparison.
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Figure 9.12 (a) Bandwidth vs. side-lobe level for the Dolph-Chebyshev weighting
function, and (b) Dolph-Chebyshev frequency-domain functions for 40- and 60-
dB side-lobe levels.

Summary
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The reader should not infer from the previous discussion that the FFT
is of little utility for computing the Fourier transform of periodic functions.
If you know the period, then you should take advantage of this knowledge
by selecting the truncation interval equal to an integer multiple of the period.
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If the period is unknown, then the FFT results computed with a Hanning
weighting function are as good an estimate of the frequency function as any
other estimate. The only reason one questions the results is if zruth is known.
If the experimenter believes that the time function is periodic, then a succes-
sion of FFTs with sequentially longer truncation intervals should identify
the period. A catalog and comparison of FFT weighting functions is given
in Refs. [9], [10], and [11].

9.3 FFT ALGORITHMS FOR REAL DATA

In applying the FFT, we often consider only real functions of time, whereas
the frequency functions are, in general, complex. Thus, a single computer
program written to determine both the discrete transform and its inverse is
written such that a complex time waveform is assumed:

N—-1

H) =+ 5 Uhy(k) + jhikyle =2 ©.3)
k=0

This follows because the alternate inversion formula of Eq. (6.33) is given
by

N-1 *
h(k) = %[ > [H.(n) + jH{n)l*e "2’"’"’”] 9.4)
n=0

and because both Egs. (9.3) and (9.4) contain the common factor e /27N,
then a single computer program can be used to compute both the discrete
transform and its inverse.

If the time function being considered is real, we must set to zero the
imaginary part of the complex time function in Eq. (9.3). This approach is
inefficient in that the computer program still performs the multiplications
involving jkh;(k) in Eq. (9.4) even though jh;(k) is zero.

In this section, we develop two techniques for using this imaginary
part of the complex time function to more efficiently compute the FFT of
real functions.

FFT of Two Real Functions Simultaneously

It is desired to compute the discrete Fourier transform of the real time
functions A(k) and g(k) from the complex function

y(k) = h(k) + jg(k) ©.5)
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That is, y(k) is constructed to be the sum of two real functions, where one
of these real functions is taken to be imaginary. From the linearity property
of Eq. (6.25), the discrete Fourier transform of y(k) is given by

Y(n) = H(n) + jG(n)

[H,(n + jHin)] + jlG(n) + jGi(n)]
= [H/(n) — Gi(m)] + j[Hdn) + GA(n)]

9.6)

= R(n) + jl(n)

By means of the frequency-domain equivalent of Eq. (6.39), we decompose
both R(n), the real part of Y(n), and I(n), the imaginary part of Y(n), into
even and odd components:

R R(N — -
Vi) = < ;n) . (N2 n)) . (R;n) _ R(N2 n))

(I KN =\ (I KN - n)
() (5 - )

From Egs. (6.45) and (6.46),
H(n) = R.(n) + jlo(n)
_ (R(n) , ROV - n)) ny (M _IN - n)) ©-8)
2 2 2 2
Similarly, from Eqgs. (6.47) and (6.48),
JG(n) = Ro(n) + jl.(n)

9.7

or
G(n) = I.(n) — jRo(n)
_ (@ LN - n)) _ (R(n) _ RN - n)) 9.9)

2 2 2 2

Thus, if the real and imaginary parts of the discrete transform of a complex
time function are decomposed according to Egs. (9.8) and (9.9), then the
simultaneous discrete transform of two real time functions can be accom-
plished. This procedure results in a two-series capability with only the re-
quirement for sorting the results. For ease of reference, the necessary steps
to simultaneously compute the FFT of two real functions are listed in Fig.
9.13. Note that Step 4 is written in terms of R(N) and I(N). By periodicity,
we know that R(N) = R(0) and I(N) = I(0).

A BASIC computer program according to the procedure defined in
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Fig. 9.13 is listed in Fig. 9.14. The two-input real data arrays are
X1REAL((I1%) and X2REAL(I%), where each is N points. Parameters N%
and NU% should be initialized in the main program; N% = N. Transform
results for the real data array X1REAL(I1%) are returned from the subroutine
with the real part of the transform stored in X1REAL(1%) and the imaginary
part of the transform stored in X1IMAG(I%). Similarly, the real part of the
transform of the X2REAL(1%) data array is returned in array X2REAL(1%)
and the imaginary part in X2IMAG(1%). The subroutine completely sorts
the results so that the output is in exactly the same form as two independent
FFTs. The program uses the FFT subroutine listed in Fig. 8.7 and hence
XREAL(I%) and XIMAG(1%) must be dimensioned. For clarity of presen-
tation, we have utilized additional arrays that are not required if memory is

1. Functions h(k) and g(k) are real k=01...,N-1
2. Form the complex function:
y(k) = h(k) + jg(k) k=01...,N-1
3. Compute
N-1
Y(n) = 3 pkje ormN
k=0
= R(n) + ji(n) n=01,...,N-1

where R(n) and /(n) are the real and imaginary parts of Y(n),
respectively.

4. Compute
R(n) R(N - n) | Kn) KN - n)
[ 2 ] ’ ’[ 2 2 ]
G(n) = [(Tn N — n)] ][R(zn) _ H(N2— n)]
n=0,1, ,N-1

where R(N) = R(0), N) = K0), and H(n) and G(n) are the
discrete transforms of h(k) and g(k), respectively.
5. Scale the results by the sample interval T.

Figure 9.13 Computation procedure for simultaneous FFT of two real functions.
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11000 REM: SUBROUTINE FOR SIMULTANEOUS FFT OF TWO REAL FUNCTIONS
11002 REM: STORED IN ARRAYS X1REAL(1%) AND X2REAL(1%). RESULTS ARE

11004 REM: RETURNED IN ARRAYS X1REAL(1%Z), X1IMAG(1%), X2REAL(1%), AND
11006 REM: X2IMAG(1%Z). THESE ARRAYS AND XREAL(1%), XIMAG(I%) MUST BE

11008 REM: DIMENSIONED IN THE MAIN PROGRAM. NZ AND NUZ MUST BE
11010 REM: INITIALIZED. THIS PROGRAM CALLS THE FFT SUBROUTINE
11012 REM: BEGINNING AT LINE 10000 (FIG. 8-7).
11014 REM:

11020 FOR 1%Z=1 TO NZ

11030 XREAL (1Z)=X1REAL(1%)

11040 XIMAG( 1% )=X2REAL (1%)

11050 NEXT 1%

11060 GOSUB 10000

11070 N2%Z=N%Z/2

11080 X1REAL (1)=XREAL (1)

11090 X11IMAG(1)=0

11100 X2REAL (1)=XIMAG(1)

11110 X21IMAG(1)=0

11120 FOR 1%2=2 TO NZ

11130 X1REAL (1%)=(XREAL( 1%)+XREAL (NZ+2-1%))/2
11140 X1IMAG(1Z)=(XIMAG(IZ)-XIMAG(NZ+2-1%))/2
11150 X2REAL (1Z)=(XIMAG(13)+XIMAG(NZ+2-1%))/2
11160 X2IMAG(1%Z)=-(XREAL ( 1Z)-XREAL (NZ+2-1%))/2
11170 NEXT 1%

11180 RETURN

11190 END

Figure 9.14 Computer subroutine in BASIC for simultaneous FFT of two real functions.

a constraint. Output results must be scaled by the sample interval T to obtain
equivalence to the continuous Fourier transform.

Transform of 2 N Samples with an N-Sample
Transform

The imaginary part of the complex time function can also be used to
compute more efficiently the discrete transform of a single real time function.
Consider a function x(k) that is described by 2N samples. It is desired to
compute the discrete transform of this function using Eq. (9.3). That is, we
wish to break the 2N-point function x(k) into two N-sample functions. Func-
tion x(k) cannot simply be divided in half; instead, we divide x(k) as follows:

h(k) = x(2k)

k=0,1,... , N -1 (9.10)

gk) = xRk + 1)

That is, function A(k) is equal to the even-numbered samples of x(k), and
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g(k) is equal to the odd-numbered samples. Eq. (9.3) can then be written as

2N -1
X(n) = E x(k)e—J2-rrnk/2N
k=0
N1 N-1
= S x(2k)e 2m@ORN L B x(2k 4+ 1)e ~IZmn@k+ DN
k=0 k=0
N-1 N-1
= 3 xQk)e 2N 4 e ImIN T x(2k + DeTEN - (9.11)
k=0 k=0
N-1 N-1
= 2 h(k)e ~/2mnkIN 4 g =jmniN 2 g(k)e ~72mmkIN
k=0 —

= H(n) + e 7™~ G(n)

To efficiently compute H(n) and G(n), use the previously discussed tech-
nique. Let

y(k) = h(k) + jg(k) (9.12)
then
Y(n) = R(n) + jl(n)
From Egs. (9.8) and (9.9),
H(n) = R.(n) + jlo(n) 9.13)
G(n) = I.(n) — jRo(n)
Substitution of Eq. (9.13) into Eq. (9.11) yields
X(n) = R.(n) + jlo(n) + e 7™N[1.(n) — jRo(n)]

™™ . (mn
[Re(n) + cos (W)Ie(n) — sin (W)RO(M] ©.14)

+ j[lo(n) — sin (%)Ie(n) — cos (%)Ro(n)]

X, (n) + jXi(n)

Hence, the real part of the 2N-sample function x(k) is

X, (n) = [R(n) + RNV ~ n)] + cos (1’2) [_I_(_n_) + I—(N — n)]

2 2 N 2 2

o (ﬂ_n) [R(n) _R(N - n)]
Sin N 2 2

9.15)
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. Function x(k) is real k=0,1...,2N-1

. Divide x(k) into two functions:

h(k) = x(2k) _ _

g(k)=x(2k+1)} k=01,...,N-1
. Form the complex function:

(k) = h(k) + jg(k) k=0,1,...,N-1
. Compute

Y(n)

N-1 )
E y(k)e—/z-rrnk/N
k=0

R(n) + ji(n) n=01,...,N-1

where R(n) and /(n) are the real and imaginary parts of Y(n),
respectively.

. Compute

X(m) = [@ R(N2— n)] <N> [I(n) KN - n)]

_sin ( N) [R(n) R(N — n)]

n=0,1,... ,N—1

X(n) = [@_ I(N2— n)] i ( ) [I(n) (N — n)]
~ cos ( N) [R(n) R(N - n)]

n=

-

,N—-1

where R(N) = R(0), (N) = /0), X{n) and X,(n) are the real
and imaginary parts of the 2N = point discrete transform
of x(k), respectively.

6. Scale the results by the sample interval T.

Figure 9.15 Computation procedure for the FFT of a 2N-point function by means
of a N-point FFT.
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REM: SUBROUTINE FOR EFFICIENT COMPUTATION OF THE FFT OF REAL
REM: FUNCTIONS. THE CALLING PROGRAM SHOULD DIMENSION XREAL(I1%)
REM: AND XIMAG(1%Z) AND THE COMPUTATION ARRAYS X1REAL(1%Z) AND
REM: X1IMAG(1%Z). NZ=2N AND NUZ MUST BE INITIALIZED.
REM: THIS PROGRAM CALLS THE FFT SUBROUTINE BEGINNING AT
REM: LINE 10000 (FIG. 8-7).
REM:
NZ=N%/2
NUZ=NUZ-1
REM: PLACE ODD NUMBERED SAMPLES IN XREAL( ), EVEN IN XIMAG( ).
FOR 1%Z=1 TO N%
X1REAL ( 1%)=XREAL(2*1%-1)
X1IMAG(1Z)=XREAL(2*13%)
NEXT 1%
FOR 1%Z=1 TO NZ
XREAL ( 1Z)=X1REAL( 1%)
XIMAG(1Z)=X1IMAG(13)
NEXT 1%
REM: COMPUTE THE FFT.
GOSUB 10000
ARG=3.145926#/N%
INIT=ARG
FOR 1%=2 TO N%
S=SIN(ARG)
C=COS (ARG)
A1=(XREAL (1Z)+XREAL (NZ+2-1%))/2
A2=(XREAL (1%Z)-XREAL(NZ+2-1%))/2
B1=(XIMAG(1%Z)+XIMAG(NZ+2-1%))/2
B2=(XIMAG(1%Z)-XIMAG(NZ+2-1%))/2
X1REAL(1%Z)=A1+C*B1-S*A2
X1IMAG(1%)=B2-S*B1-C*A2
ARG=ARG+INIT
NEXT 1%
XREAL (NZ+1)=XREAL(1)-XIMAG(1)
XIMAG(NZ+1)=01
XREAL (1)=XREAL (1) +XIMAG(1)
XIMAG(1)=0
XIMAG(NZ+1)=0
FOR 1%Z=2 TO N%
XREAL (1Z)=X1REAL (%)
XIMAG(1%Z)=X1IMAG(13)
K%Z=2*N%
XREAL (KZ+2-1%)=XREAL (13)
XIMAG (KZ+2-1%)=-XIMAG( %)
NEXT 1%
NZ=2%+%
NUZ=NUZ +1
RETURN
END

Figure 9.16 Computer subroutine in BASIC for the FFT of 2N data samples with a N-point

FFT.



Sec. 9.4 Inverse Fourier Transform Applications 195

and, similarly, the imaginary part is

_!_(_n_)_I(N—n)_. juid M IIN — n)
Xi(n)_[Z 2 ] Sm<N)[2+ 2 ] 9.16)

B TN R(n) _ R(N — n)
cos (N) > >

Thus, the imaginary part of the complex time function can be used
advantageously to compute the transform of a function defined by 2N sam-
ples by using a discrete transform that sums only over N values. We normally
speak of this computation as performing a 2N-point transform by means of
a N-point transform. For reference, an outline of the computation approach
is given in Fig. 9.15. Note that Step 5 is written in terms of R(N) and I(N).
By periodicity, R(N) = R(0) and I(N) = I(0).

A BASIC computer program that implements the outline of Fig. 9.15
is listed in Fig. 9.16. The 2N-point real input function is stored in
XREAL(1%). The main program should initialize N% and NU%, where N%
= 2N. For clarity of presentation, dummy array DREAL(I%) and
DIMAG(1%) are used. All arrays should be of dimension 2N. Because this
program cuts FFT computation time approximately in half, readers with a
personal computer should find it very useful. Output results must be scaled
by the sample interval T to obtain equivalence to the continuous Fourier
transform.

9.4 INVERSE FOURIER TRANSFORM APPLICATIONS

Assume that we are given the continuous real and imaginary frequency func-
tions considered in Figs. 9.1(b) and (c) and that we wish to determine the
corresponding time function by means of the inverse FFT:

N-1

h(kT) = Af D [R(nAf)] + jI(nA f)el?™ N

n=0

k=01,...,N—-1 9.17)

where Af is the frequency sample interval frequency. Assume N = 32 and
Af = 1/8.

Because we know that R(f), the real part of the complex frequency
function, must be an even function, then we fold R(f) about the frequency
f = 2.0, which corresponds to the sample point n = N/2. As shown in Fig.
9.17(a), we simply sample the frequency function up to the point n = N/2
and then fold these values about n = N/2 to obtain the remaining samples.

In Figure 9.17(b), we illustrate the method for determining the N sam-
ples of the imaginary part of the frequency function. Because the imaginary
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Figure 9.17 Example of the inverse Fourier transform computation via the FFT.

frequency function is odd, we must not only fold about the sample value N/
2, but also flip the results. To preserve symmetry, we set the sample at n

= NJ/2 to zero.
Computation of Eq. (9.17) with the sampled function illustrated in Figs.
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Figure 9.17 (continued)

9.17(a) and (b) yields the inverse discrete Fourier transform. The result is
a complex function whose imaginary part is approximately zero and whose
real part is as shown in Fig. 9.17(c). We note that at k = 0, the result is
approximately equal to the correct midvalue and reasonable agreement is
obtained for all except the results for &k large. Improvement can be obtained
by reducing A f and increasing N.

Note that there can exist a requirement for a frequency-domain weight-
ing function analogous to the previously discussed time-domain weighting
function. The slightly oscillating results of Fig. 9.17(c) occur because the
imaginary frequency function has been truncated. This truncation effect can
be reduced by increasing N, the number of data points, or by using a weight-
ing function. To use the Hanning weighting function in this example, apply
it so that it is unity at f = 0 Hz, zero at f = 2 Hz, and returns to unity for
the negative frequencies.

The key to using the inverse FFT for obtaining an approximation to
continuous results is to specify the sampled frequency functions correctly.
Figures 9.17(a) and (b) illustrate this correct method. One should observe
the scale factor Af, which is required to give a correct approximation to
continuous inverse Fourier transform results.

It is not necessary to write a special FFT program to compute the
inverse transform relation of Eq. (9.17). Rather, we use a direct transform
FFT algorithm and employ the alternate inversion formula of Eq. (6.33). To
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Figure 9.18 Example illustrating time-domain interpolation using the FFT.
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use this relationship, we first conjugate the complex frequency function, that
is, the imaginary sampled function illustrated in Fig. 9.17(b) is multiplied by
— 1. Because the resulting time function is real,

N-—1

hkT) = Af 3 [R(nAf) + j(— DI(nA f)le ~/2mnkN (9.18)

n=0
which yields the time function illustrated in Fig. 9.17(c).

Example 9.7 FFT Interpolation

The FFT is a convenient tool for interpolating a time function. Consider the sampled
time function illustrated in Fig. 9.18(a). Because the small number of samples does
not give a good indication of the shape of the curve, interpolation is desired.

First, we compute the FFT of the sampled time function shown in Fig. 9.18(a).
The frequency function illustrated in Fig. 9.18(b) is purely real because the time
function is even. We then add zeros to the frequency function. We do this by sep-
arating the frequency function at n = N/2 and adding zeros, as illustrated in Fig.
9.18(c). We next compute the inverse Fourier transform of this stretched frequency
function. The resulting time function is illustrated in Fig. 9.18(d). As shown, the
result of adding zeros in the frequency domain is to interpolate the sampled time
function.

9.5 LAPLACE TRANSFORM APPLICATIONS

The analytic methods for performing the inverse Laplace transform of an
irrational transfer function are complicated and incomplete. Many numerical
methods are available, but the simplest to implement is that using the FFT.
In this section, we address the fundamentals of FFT Laplace transform
inversion.

The Laplace transform of a real function of time is given by

G6s) = [ atve= ar 9.19)
The Fourier and Laplace transforms are very closely related. In general,
the Fourier transform is a function of the real variable f and the Laplace

transform is a function of the complex variable s. If we let s = ¢ + j2nf,
then Eq. (9.19) becomes

Glc + j2xf) = L " [g(e~]e 2" gt 9.20)

If g(r) = 0 for t < 0, then the lower limit of Eq. (9.19) can be replaced by
—o and Eq. (9.20) becomes the Fourier transform relationship. Hence, the
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Laplace transform can be cast in terms of the Fourier transform:
ge— & G(c + j2nf) 9.21)

From Eq. (9.21), we can formulate a procedure for inversion of the
Laplace transform. First, rewrite the transform function G(s) by replacing
the variable s by ¢ + j2nf. This inversion yields the time function g(t)e ~ <.
Multiplication of this function by e’ yields the desired function g(z). Recall
from Laplace transform theory that the parameter ¢ must be chosen larger
than the real part of the poles for the transform function G(s).

Although ¢ can be chosen to be any value larger than the real part of
the poles of G(x), it should be noted that the effect of a large value of ¢ is
to attenuate g(¢) and thereby reduce the effects of time-domain aliasing.
However, if ¢ is chosen too large, then the product [g(¢)e ~<*]e“’ for large ¢
results in errors due to the rounding errors that occur in the computation of
g(t)e ~ <. Cooley [3] has determined a procedure for optimally choosing ¢
to balance aliasing and rounding errors. Unless one is overly concerned with
accuracy (1 part in 10*), then an optimum choice for ¢ is not warranted.

Example 9.8 Inverse Laplace Transform: C = 0

To illustrate the computation of the inverse Laplace transform, consider the transfer
function G(s) = 1/(s + 1). Replace parameter s by ¢ + j2nf to obtain G(c + j2wf)
= 1/(2wf + 1 + ¢). Because the pole is located at s = —1, then ¢ can be chosen
as any value greater than — 1, say 0. Thus,

G(c + j2nf) = G(j2wf) = U(j2wf + 1)

9.22)
= U[Qwf)? + 11 — 2=flRwf)? + 1]
which is exactly the example considered in Sec. 9.4. The procedure for computing
the inverse Fourier transform of Eq. (9.20) using the FFT is then identical to those
described in the previous section and Figs. 9.17(a) to (c) apply. The time function
of Fig. 9.17(c) is g(t)e ~<, but because ¢ = 0, then ¢~ = 1 and it is not necessary
to multiply by e’. The desired time function is then given by Fig. 9.17(c).

Example 9.9 Inverse Laplace Transform: C = 1

Consider G(s) = 1/s. The pole is located at s = 0 and, hence, ¢ must be chosen
greater than zero. Let ¢ = 1. Replacing s by 1 + j2=f yields G(1 + 2nf) = 1/(2nf
+ 1), which is the frequency function considered in Eq. (9.22). Therefore, the inverse
Fourier transform yields the time function illustrated in Fig. 9.17(c). To obtain the
desired function g(f), we multiply Fig. 9.17(c) by e = ¢*; the result is shown in
Fig. 9.19. The result approximates the theoretically correct step function. Recall
from Sec. 9.4 that the error in this computation is due to frequency-domain trun-
cation. Note that Fig. 9.19 is periodic, as required by the FFT. One must take this
into account in interpreting inverse Laplace transform results.
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Figure 9.19 Example inverse Laplace transform computation using the FFT.

PROBLEMS

By means of the FFT, compute the amplitude spectrum | H(f) | and phase 6(f)
for the functions illustrated in Fig. 2.12.

Let h(t) = e~'. Sample h(t) with T = 0.25. Compute the FFT of h(kT) for N
= 8, 16, 32, and 64. Compare these results and explain the differences. Repeat
for T = 0.1 and T = 1.0 and discuss the results.

Let h(t) = cos(2wt). Sample h(z) with T = =/8. Compute the FFT for N =
16. Repeat for N = «/9. Compare these results with those of Figs. 9.6 and 9.7.
Consider A(¢) illustrated in Fig. 6.7(a). Let T, = 1.0. Sample h(¢) with T = 0.1
and N = 16. Compute the FFT. Repeat for T = 0.2 and N = 4, and for T =
0.01 and N = 128. Compare and explain these results.

Let k() = te™*, t > 0. Compute the FFT. Give reasons for your choice of T
and N.

Let h(k) be defined according to Problem 9.5. Let

g(k) = cos(2mk/1024) k=20,...,1023

Simultaneously, compute the discrete Fourier transform of A(k) and g(k) using
the procedure described in Fig. 9.13.
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9.7 Demonstrate the procedure illustrated in Fig. 9.15 on the function defined in

Problem 9.5. Let 2N = 1024.

9.8 Find the inverse FFT of the following functions:

[sin2m)f)}?
2nf
1

(1 + j2=wf)?

(a)

(b)

9.9 By means of the FFT, compute the inverse Laplace transform of the following

10.

functions. The theoretical inverse is given as a means for checking your answer.

_e—s gty =0;0<t<1
(a) G(s) = 52 =f1t>1

i e ™ g([)=0;0<l<17
(b) G(s) = 251 = —sin(t); t > @

(©) GGis) = [(s + 9>+ 11  g(t) = e 'sin(r);t >0
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10

FFT CONVOLUTION
AND CORRELATION

FFT applications such as matched filtering, digital signal processing, simu-
lation, systems analysis, and time-interval measurements are based on an
implementation of the discrete convolution or correlation integral. In gen-
eral, a straightforward computation of the discrete integral relationships is
not practical because of the excessive number of required multiplications.
However, as discussed in Chapter 6, both integrals can be computed by
means of the discrete Fourier transform. With the tremendous increase in
computational speed that can be achieved using the FFT, it is more efficient
to compute the convolution and correlation integrals by means of the discrete
Fourier transform.

In this chapter, we develop the techniques for applying the FFT to
high-speed convolution and correlation.

10.1 FFT CONVOLUTION OF FINITE-DURATION
WAVEFORMS

The discrete convolution relationship is given by Eq. (7.1) as

N-1

yk) = > x(Dhtk — i) (10.1)

i=0

where both x(k) and h(k) are periodic functions with period N. As discussed
in Chapter 7, discrete convolution, if correctly performed, produces a replica
of the continuous convolution, provided that both the functions x(¢) and A(¢)

204
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are of finite duration. We now extend that discussion to include efficient
computation by means of the FFT.

Consider the finite-duration, or aperiodic, waveforms x(z) and h(t) il-
lustrated in Fig. 10.1(a). Continuous convolution of these functions is also
shown. By means of discrete convolution, it is desired to produce a replica
of the continuous convolution. Recall from Chapter 7 that discrete convo-
lution requires that we sample both x(¢) and k(¢) and form periodic functions
with period N, as illustrated in Fig. 10.1(b). The resulting discrete convo-
lution [Fig. 10.1(c)] is periodic; however, each period is a replica of the
desired finite duration, or aperiodic waveform. Scaling constant T (sample

x(t) h{t) y(t) = x(t)sh(t}

-
|=

[ 2 N

I a t "y t ! a+b t
(a)
x(k) h(k)
14 J—— "
L Y
2 .
a k b k
N N
(b)
yik}
11
2 L
a ;- b k

(c)

Figure 10.1 Example illustrating inefficient discrete convolution.
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period) has been introduced to obtain results comparable with continuous
convolution. Note that because both x(¢) and A(¢) are shifted from the origin,
a large N is required to produce a period sufficiently large to eliminate the
overlap or end effect described in Chapter 7. Computationally, the discrete
convolution illustrated in Fig. 10.1(c) is very inefficient because of the large
number of zeros produced in the interval [0, a + b]. To perform the discrete
convolution more efficiently, we simply restructure the data.

Restructuring the Data

As illustrated in Fig. 10.2, we shift each sampled function [Fig. 10.1(b)]
to the origin; from Eq. (7.6), we choose the period N > P + Q — 1 to
eliminate overlap effects. Because we ultimately desire to use the FFT to
perform the convolution, we also require that N = 2, where v is integer
valued; we assume that a radix-2 algorithm is used. Our results are easily
extended for the case of other algorithms.

Functions x(k) and h(k) are required to have a period N satisfying

N>P+ Q-1 (10.2)
N=2 v integer valued

Discrete convolution for this choice of N is illustrated in Fig. 10.2(b); the
results differ from that of Fig. 10.1(c) only in a shift of origin. But this shift
is known a priori. From Fig. 10.1(a), the shift of the convolution y(¢) is simply
the sum of the shifts of the functions being convolved. Consequently, no
information is lost if we shift each function to the origin prior to convolution.

To compute the identical waveform of Fig. 10.2(b) by means of the

x(k) hik)

(a)
y(k)

—{P+Q-1=55]— k
-—N =64

(b)

Figure 10.2 Discrete convolution of restructured data.
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FFT, we first shift both x(¢) and A(¢) to the origin. Let the shifts of x(¢) and
h(t) be a and b, respectively. Both functions are then sampled. Next, N is
chosen to satisfy Eq. (10.2). The resulting sampled periodic functions are
defined by the relationships

x(k) = x(kT + a) k=0,1,...,P -1

x(k) =0 k=P, P+1,...,N—1 (10.3)
h(k) = h(kT + b) k=01, ,0 -1

hk)y =0 k=0, 0+1,...,N-1

The same notation is used to emphasize that our discussions should assume
only sampled periodic functions shifted to the origin. We now compute the
discrete convolution by means of the discrete convolution theorem of Eq.
(6.50). The discrete Fourier transforms of x(k) and A(k) are computed:

N-—-1
X(n) = D x(k)e /2mnk/N (10.4)

k=0

N—-1
H(n) = > h(k)e /2= /N (10.5)

k=0

Next, the product

Y(n) = X(r)H(n) (10.6)

is formed, and finally we compute the inverse discrete transform of Y(n) and
obtain the discrete convolution y(k):
N-1

k) = 5 S Hmerm (10.7)
n=0

Note that the single discrete convolution of Eq. (10.1) has now been replaced
by Eqgs. (10.4) to (10.7). This gives rise to the term the long way around.
However, because of the computing efficiency of the FFT algorithm, these
four equations define a shortcut by the long way around.

A step-by-step computation procedure for applying the FFT to con-
volution of discrete functions is given in Fig. 10.3. Note that we have used
the alternate inversion formula of Eq. (6.33) in Step 7 and scaled by 1/N.
In Step 8, we scale by the sample interval T for comparison with continuous
results.

A BASIC computer program following the procedure of Fig. 10.3 is
shown in Fig. 10.4. The two real functions to be convolved are stored in
arrays X1REAL(I%) and X2REAL(1%). These arrays, X1IMAG(1%),
X2IMAG(1%), XREAL(1%), and XIMAG(1%), should be dimensioned by
the number of samples N%. N% and NU% must be initialized. We use the
FFT subroutine starting at line 10000, which is listed in Fig. 8.7. The reader
is responsible for implementing Steps 2 to 4 to eliminate overlap effects.
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1. Let x(t) and h(t) be finite-length functions shifted from the
origin by a and b, respectively.
2. Shift x(t) and h(t) to the origin and sample

x(k) = x(kT + a) k=01,...,P-1
h(k) = h(kT + b) k=01,...,Q@-1
3. Choose N to satisfy the relationships
N=P+ Q-1

N =27 v integer valued

where P is the number of samples defining x(f), and Q is
the number of samples defining h(t).

4. Augment with zeros the sampled functions of Step 2:

x(k) =0 k=P P+1,...,N-1
h(k) =0 k=QQ+1,...,N-1
5. Compute the FFT of x(k) and h(k):
N-1

X(n) = 3 x(k)eizmnkN
k=0

N-1

Hn) = 3 h(kje/2mmN
k=0
6. Compute the product
Y(n) = X(n)H(n)
7. Compute the inverse FFT using the forward FFT (note scal-

ing by 1/N):

nk) = "’i‘ (;_V Y'(n)> g~ i2mniN

n=0

8. Scale the results by the sample interval T.

Figure 10.3 Computation procedure for FFT convolution of finite-length functions.

Convolution results are returned stored in XREAL(I1%) and must be scaled
by the sample interval T to obtain results equivalent to continuous convo-
lution. XIMAG(I%) results should be approximately zero. Note that the
factor 1/N, shown in Step 7, is incorporated in the program.
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13000 REM: SUBROUTINE FOR CONVOLVING TWO REAL FUNCTIONS STORED

13002 REM: IN ARRAYS X1REAL(1%) AND X2REAL(1%). NZ AND NUZ MUST BE
13004 REM: INITIALIZED. DIMENSION X1REAL(I%),X1IMAG(I%), 6 X2REAL(I%),
13006 REM: X2IMAG(I%),XREAL(1Z) AND XIMAG(1%). USER |S RESPONSIBLE FOR
13008 REM: PREVENTING END EFFECTS. CONVOLUTION RESULTS ARE

13010 REM: RETURNED IN ARRAY XREAL(1%). THIS PROGRAM CALL THE FFT
13012 REM: SUBROUTINE STARTING AT LINE 10000 (FIG. 8-7).

13020 FOR 1%=1 TO N%

13030 XREAL ( 1Z)=X1REAL(1%)

13040 XIMAG(1%)=0

13050 NEXT 1%

13060 GOSUB 10000

13070 FOR 1%=1 TO N%

13080 X1REAL ( 1Z)=XREAL(1%)

13090 X1 IMAG( 1 %) =XIMAG(1%)

13100 XREAL ( 1%)=X2REAL ( 1%)

13110 XIMAG(1Z)=0

13120 NEXT 1%

13130 GOSUB 10000

13140 FOR 1%=1 TO N%

13150 X2REAL ( 1Z)=XREAL (1%)

13160 X2IMAG( 1) =XIMAG(1%)

13170 XREAL ( 1Z)=(X1REAL ( | Z)*X2REAL ( 1Z)-X1IMAG( 1Z)*X2IMAG(1%))/N%
13180 XIMAG( 1) ==(X1REAL ( 1 %) *X2IMAG(1%)+X1IMAG(I%)*X2REAL (1%))/N%
13190 NEXT 1%

13200 GOSUB 10000

13210 RETURN

13220 END

Figure 10.4 BASIC subroutine for FFT convolution.

Example 10.1 FFT Convolution

The application of the FFT to convolution computation is illustrated in Fig. 10.5.
The sampled function x(kT), with N = 32, is shown in Fig. 10.5(a). Results of ap-
plying Eq. (10.4) using the FFT is also shown in Fig. 10.5(a). Note that FFT results
are complex and we show a magnitude function. The sampled function A(kT) and
its FFT as computed from Eq. (10.5) are shown in Fig. 10.5(b). Because P = 16 and
Q = 16,then N = 32 > P + Q — 1 and there is no overlap.

We next form the product frequency function of Eq. (10.6). This result is shown
in Fig. 10.5(c) in magnitude form. This complex frequency function is input to the
inverse FFT, Eq. (10.7), or is conjugated and input to the forward FFT (Step 7, Fig.
(10.3)). All results have been scaled to approximate continuous results.

Computational Efficiency of FFT Convolution

Evaluation of the N samples of the convolution result y(k) by means
of Eq. (10.1) requires a computation time proportional to N2, the number
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Figure 10.5 Example convolution using the FFT.

of multiplications. From Sec. 8.2, the computation time of the FFT is pro-
portional to N log, N; computation time of Egs. (10.4) to (10.6) is then
proportional to 3N log, N and the computation time of Eq. (10.7) is pro-
portional to N. It is generally faster to use the FFT and Egs. (10.4) through
(10.7) to compute the discrete convolution rather than computing Eq. (10.1)
directly.

Exactly how much faster the FFT approach is than the conventional
approach depends not only on the number of points but also on the details
of the FFT and convolution programs being employed. To indicate the point
at which FFT convolution is faster and the time savings that can be obtained
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by means of FFT convolution, we have observed as a function of N the time
required to compute Eq. (10.1) by both the direct and FFT approaches.
Results of this simulation are given in Table 10.1. As shown, with our com-
puter programs, it is faster to employ the FFT for convolution if N exceeds
64. In Sec. 10.3, we describe a technique for reducing the FFT computing
time by an additional factor of two; as a result, the breakeven point is for
N = 32.

TABLE 10.1 Computing Times (Seconds)

N Direct Method FFT Method Speed Factor

16 0.0008 0.003 0.27

32 0.003 0.007 0.43
64 0.012 0.015 0.8
128 0.047 0.033 1.4
256 0.19 0.073 2.6
512 0.76 0.16 4.7
1024 2.7 0.36 7.5
2048 11.0 0.78 14.1
4096 43.7 1.68 26.0

10.2 FFT CONVOLUTION OF INFINITE- AND FINITE-
DURATION WAVEFORMS

We have discussed to this point only the class of functions for which both
x(t) and h(t) are of finite duration. Further, we have assumed that N = 2
was sufficiently small so that the number of samples did not exceed our
computer memory. When either of these two assumptions is false, it is nec-
essary to use the concept of sectioning.

Consider the waveforms x(¢), h(t), and their convolution y(¢), as il-
lustrated in Fig. 10.6. We assume that x(¢) is of infinite duration or that the
number of samples representing x(¢) exceeds the memory of the computer.
As a result, it is necessary to decompose x(¢) into sections and compute the
discrete convolution as many smaller convolutions. Let NT be the time
duration of each section of x(¢) to be considered; these sections are illustrated
in Fig. 10.6(a). As shown in Fig. 10.7(a), we form the periodic sampled
function x(k), where a period is defined by the first section of x(z); A(z) is
sampled and zeros are added to obtain the same period. Convolution y(k)
of these functions is also illustrated in Fig. 10.7(a). Note that we do not show
the first Q — 1 points of the discrete convolution; these samples are incorrect
because of the end effect. Recall from Sec. 7.3 for h(k) defined by Q samples
that the first 0 — 1 samples of y(k) have no relationship to the desired
continuous convolution and should be discarded.

In Fig. 10.7(b), we illustrate the discrete convolution of the second
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Figure 10.6 Example convolution of infinite- and a finite-duration waveforms.

section of duration NT illustrated in Fig. 10.6(a). As described in Sec. 10.1,
we have shifted this section to the origin for purposes of efficient convo-
lution. The section is then sampled and forced to be periodic; functions A(k)
and the resulting convolution y(k) are also shown. Again, the first Q — 1
samples of the convolution function are deleted because of the end effect.

The final section of x(¢) is shifted to the origin and sampled, as illus-
trated in Fig. 10.7(c); discrete convolution results with the first 0 — 1 sam-
ples deleted are also shown.

Each of the discrete convolution sections of Figs. 10.7(a) to (¢) is re-
constructed in Figs. 10.8(a) to (c), respectively. We have replaced the shift
from the origin, which was removed for efficient convolution. Note that with
the exception of the holes created by the addition of these sectioned results,
Fig. 10.8(d) approximates closely the desired continuous convolution of Fig.
10.8(¢). By simply overlapping the sections of x(¢) by a duration (Q — 1)T,
we can eliminate these holes entirely.

Overlap-Save Sectioning

In Fig. 10.9(a), we show the identical waveform x(¢) of Fig. 10.6(a).
However, note that the sections of x(¢) are now overlapped by (Q — 1T,
the duration of the function A(¢) minus T.

We shift each section of x(¢) to the origin, sample the section, and form
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x1(k) hik) yqlk)
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Figure 10.7 Discrete convolution of each section of Fig. 10.6(a).

a periodic function. Figures 10.9(b) to (e) illustrate the discrete convolution
resulting from each section. Note that as a result of the overlap, additional
sections are necessary. The first 9 — 1 samples of each section are again
eliminated because of the end effect.

As illustrated in Fig. 10.10, we add each section of the discrete con-
volution. The appropriate shift is added to each section. We do not have
holes as before because the end effect occurs for a duration of the convo-
lution that was computed by the previous section. Combination of each of
the sections yields over the entire range the desired continuous convolution
[Fig. 10.6(c)]. The only end effect that cannot be compensated is the first
one, as illustrated. All illustrations have been scaled by the factor T for
convenience of comparison with continuous results. It remains to specify
mathematically the relationships that have been developed graphically.

Refer to Fig. 10.9(a). Note that we choose the first section to be of
duration NT. To use the FFT, we require that

N=2 v integer valued (10.8)

and obviously, we require N > Q (the optimum choice of N is discussed
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Figure 10.8 Reconstructed results of the discrete convolution of Fig. 10.7.

later). We form the sampled periodic function
x1(k) = x(kT) k=0,1,...,N -1

and by means of the FFT compute

N—1

Xi(n) = > xi(k)e J2mkN (10.9)

k=0

Next, we take the Q sample values defining h(¢) and assign zero to the
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x(t)
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|-—NT——I
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NT Q-NT
A
(a)
xq (k) hik) vq(k)
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N N
(b}
xp(k) hik) yatk)
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N
(c)
x3(k) hik)
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xq(k) hik) Yatk)
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Figure 10.9 Discrete convolution of overlapped sections of data.
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vqlk)
yalk)
-
% N ! |
(b)
v3(k)
’//%///% --------- e
—n k
valk) ()
?/ """" m“ﬂ
(d) ' N | -
ylk)
(e) :

Figure 10.10 Reconstructed results of the discrete convolution of Fig. 10.9.

remaining samples to form a periodic function with period N:

[ hkD  k=0,1,...,0-1
h(")‘{o k=00+1,... . N-1 1010

If A(¢) is not shifted to the origin, as illustrated in Fig. 10.6(b), then h(?) is
first shifted to the origin and Eq. (10.10) is applied. Using the FFT, we
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compute
N-1
H(n) = > h(k)e /2N (10.11)
k=0
and then the product
Yi(n) = X (n)H(n) (10.12)
Finally, we compute the inverse discrete transform of Y,(n):
N—-1
yi(k) = L > Yi(n)es2mN (10.13)
N n=0

and because of the end effect, delete the first Q — 1 samples of y(k): y(0),
y(1),...,y(Q — 2). The remaining samples are identical to those illustrated
in Fig. 10.10(a) and should be saved for future combination.

The second section of x(¢), illustrated in Fig. 10.9(a), is shifted to the
origin and sampled:

x2(k) = x[(k + [N — Q + 1])T] k=0,1,...,N -1 (10.14)

Equations (10.11) through (10.13) are then repeated. From Eq. (10.11), the
frequency function H(n) has previously been determined and need not be
recomputed. Multiplication, as indicated in Eq. (10.12), and subsequent in-
verse transformation, as indicated in Eq. (10.13), yield the waveform y,(k),
illustrated in Fig. 10.10(b). Again, the first @ — 1 samples of y,(k) are deleted
because of the end effect. All remaining sectioned convolution results are
determined similarly.

The method of combining the sectioned results is as illustrated in Fig.
10.10(e):

y(k) undefined k=20,1,...,0 -2
y(k) = yi(k) k=Q -1,
Q,....,.N-1 (10.15)
yk+N)=y(k+Q0-1 k=0,1,...,N-Q
yk +2N) =y3(k+ Q- 1) k=0,1,...,N-Q
yk + 3N) = ya(k + Q — 1) k=01,..., N-Q

The terms select-saving and overlap-save are given in the literature [2, 3]
for this technique of sectioning.

Overlap-Add Sectioning

An alternate technique for sectioning has been termed the overlap-add
[2, 3] method. Consider the illustrations of Fig. 10.11. We assume that the
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finite-length function x(¢) is of a duration such that the samples representing
x(t) exceed the memory of our computer. As a result, we show the sections
of length (N — Q)T, as illustrated in Fig. 10.11(a). The desired convolution
is illustrated in Fig. 10.11(c). To implement this technique, we first sample
the first section of Fig. 10.11(a); these samples are illustrated in Fig. 10.12(a).
The samples are augmented with zeros to form one period of a periodic
function. In particular, we choose N = 2¥, N — Q samples of the function

x(1):

x1(k) = x(kT) k=0,1...,N=-¢Q (10.16)
and Q@ — 1 zero values:
xi1(k) =0 k=N-Q+1,...,N-1 (10.17)

Note that the addition of Q — 1 zeros ensures that there will be no end
effect. Function A(t) is sampled to form a function A(k) with period N, as
illustrated; the resulting convolution is also shown.

The second section of x(¢), illustrated in Fig. 10.11(a), is shifted to zero
and then sampled:

x2k) =x{k + N—Q+ DIl k=0,...,N-0Q
0 k=N-Q+1,...,N—1
(10.18)

x(t)

10O} L1

——(N-Q)T——f+—(N-Q) T——|=—(N-Q)T—~—(N-QI T—] t

(a)

hit)

(b)
y(t)

(c)

Figure 10.11 Example illustrating proper sectioning for overlap-add discrete
convolution.
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x (k) hik) yqlk)
N—-| k -o——i k |-o1- K
(a)
xalk) hik) yolk)
N—-| k ——o~| k |—o1- K
N N
(b}
| x3k) h(k) yalk)

(d)

Figure 10.12 Discrete convolution of each section of Fig. 10.11.

As before, we add Q — 1 zeros to the sampled function x(¢). Convolution
with h(k) yields the function y,(k), as illustrated in Fig. 10.12(b). Convolution
of each of the additional sequences is obtained similarly; the results are
illustrated in Figs. 10.12(c) and (d).

We now combine these sectioned convolution results, as illustrated in
Fig. 10.13. Each section has been shifted to the appropriate value. Note that
the resulting addition yields a replica of the desired convolution. The trick
of this technique is to add sufficient zeros to eliminate any end effects. These
convolution results are then overlapped and added at identically those sam-
ples where zeros were added. This gives rise to the term overlap-add.
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Chap. 10

Figure 10.13 Reconstructed results of the discrete convolution of Fig. 10.12.

Computational Efficiency of FFT Sectioned

Convolution

In both of the sectioning techniques described, the choice of N seems
to be rather arbitrary as long as N = 2". This choice determines the number
of sections that must be computed, and thus the computing time. If an M-



1. Refer to Figs. 10.9 and 10.10 for a graphical interpretation
of the algorithm.

2. Let Q be the number of samples representing h(t).

3. Choose N according to Table 10.2.
4. Form the sampled periodic function h(k):
h(k) = h(kT) k=01,...,Q-1
=0 k=QQ+1,...,N-1

5. Compute the FFT of h(k):

N-1

H(n) = 3 h(kje 2"~
k=0

6. Form the sampled periodic function:

xi(K) = x(kT) k=01,..., N-1
7. Compute the FFT of x;(k):
N-1
Xi{n) = X x{k)e 2m"kN
k=0

8. Compute the product
Yi(n) = Xi(n)H(n)
9. Compute the inverse FFT of Y;(n) (note scaling by 1/N):
N-1
v = S (vt o
n=0 N

10. Delete samples y;(0), yi(1), ..., y{(Q — 2), and save the
remaining samples.

11. Repeat Steps 6 to 10 until all sections are computed.

12. Combine the sectioned results by the relationships

y(k) undefined k=01,...,Q-2

k) = yi(k) k=Q-1,Q...,N-1
nk+N)=wk+Q-1 k=01,...,N-Q
Nk+2N)=y(k+ Q-1 k=0,1,...,N-Q

13. Scale the results by the sample interval T.

Figure 10.14 Computation procedure for FFT convolution: select-savings method.
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1. Refer to Figs. 10.12 and 10.13 for a graphical interpretation
of the algorithm.

2. Let Q be the number of samples representing h(t).
Choose N according to Table 10.2.
4. Form the sampled periodic function h(k):

w

h(k) = h(KT) k=01,...,Q-1
=0 k=QQ@+1,... N-1
5. Compute the FFT of h(k):
N-1

H(n) = 2 h(k)e-—/'Z-rrnk/N
k=0

6. Form the sampled periodic function:

xi(k) = x(kT) k=01...,.N-Q
=0 k=N-Q+1,...,N-1
7. Compute the FFT of x;(k):
N-1
X(n) = 3 xi(kje 2N
k=0

8. Compute the product
Yi(n) = Xi(n)H(n)
9. Compute the inverse FFT of Y;(n) (note scaling by 1/N):
N-1
yk = 3 (3 Vit )emrmmen

n=0
10. Repeat Steps 6 to 9 until all sections are computed.
11. Combine the sectioned results by the relationships

k) = yi(k)
k=01,...,N-Q
Nk+ N=-Q+1)=wnk+ N-Q+ 1)+ yAk)
k=01,..., N-Q
Nk +2(N—Q+1)] =yl + N=—Q+ 1) + y3(k)
k=01...,N-Q

12. Scale the results by sample interval T.

Figure 10.15 Computation procedure for FFT convolution: overlap-add method.
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point convolution is desired, then approximately M/(N — Q + 1) sections
must be computed. If it is assumed that M is sufficiently greater than N —
Q + 1, then the time required to compute H(n) via the FFT can be ignored.
Each section requires a forward and an inverse transform; hence, the FFT
must be repeated approximately 2M/(N — Q + 1) times. We have exper-
imentally determined the optimum value of N; the results of this investigation
are given in Table 10.2. One can depart from the values of N shown without
greatly increasing the computing time.

TABLE 10.2 Optimum
Value of N for FFT

Convolution

Q N =27
=10 32
11- 19 64
20- 29 128
30— 49 256
50- 99 512
100-199 1024
200-299 2048
300-599 4096
600-999 8192

We describe the step-by-step computational procedure for the select
saving and the overlap-add methods of sectioning in Figs. 10.14 and 10.15,
respectively. Both algorithms are approximately equivalent with respect to
computational efficiency.

If the functions x(z) and h(t) are real, then we can use additional tech-
niques to more efficiently compute the FFT. In the next section, we describe
exactly how this is accomplished.

10.3 EFFICIENT FFT CONVOLUTION

We have to this point in the discussion considered that the functions being
convolved are real functions of time. As a result, we have not utilized the
full capabilities of the FFT. In particular, the FFT algorithm is designed for
complex input functions; thus, if we only consider real functions, then the
imaginary part of the algorithm is wasted. In this section, we describe how
to divide a single real waveform into two parts, calling one part real, one
part imaginary, and how to compute the convolution in one-half the normal
FFT computing time. Alternately, our technique can be used to convolve
two signals with an identical function simultaneously.
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Consider the real periodic sampled functions g(k) and s(k). It is desired
to convolve simultaneously these two functions with the real function h(k)
by means of the FFT. We accomplish this task by applying the technique
of efficient discrete transforms, which was discussed in Sec. 9.3. First, we
compute the discrete Fourier transform of h(k), setting the imaginary part
of h(k) to zero:
N-1
2 h(k)e —j2mwnkIN
k=0 (10.19)
H,(n) + jH(n)

Next, we form the complex function

H(n)

p(k) = g(k) + js(k) k=0,1,...,N -1 (10.20)
and compute
N-1
P("l) — 2 p(k)e—jZ-rmk/N
k=0 (10.21)

R(n) + jI(n)

Using the discrete convolution theorem, Eq. (6.50), we compute
N-—1

1
y(k) = y. (k) + jyik) = p(k) * h(k) = N >, P(n)H(n)e?™*N
k=0
(10.22)
From Eqgs. (9.6) and (9.7), the frequency function P(n) can be expressed as
P(n) = R(n) + jl(n)
[Re(n) + Ro(n)] + jll.(n) + Io(n)] (10.23)

G(n) + jS(n)

where
G(n) = R.(n) + jlo(n) (10.24)
S(n) = I.(n) — jRo(n)
Product P(n)H(n) is then given by
P(n)H(n) = G(n)H(n) + jS(n)H(n) (10.25)

and thus the inversion formula yields

1 N= .
y(k) = y, (k) + jyi(k) = N 2 P(n)H(n)e’>™ N (10.26)
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where

y.(k) = % 2_ G(n)H(n)e/?™n /N
k= (10.27)

N~

Jyitk) = — 2 JS(n)H(n)e2™nk/N

which is the desired result. That is, y,.(k) is the convolution of g(k) and h(k),
and y;(k) is the convolution of s(k) and h(k). If g(k) and s(k) represent
successive sections, as described in the previous section, then we have re-
duced the computing time by a factor of two by using this technique. One
still must combine the results as appropriate for the method of sectioning
being employed.

Now consider the case where it is desired to perform the discrete con-
volution of x(k) and h(k) in one-half the time by using the imaginary part of
the complex time function, as discussed in Sec. 9.3. Assume x(k) is described
by 2N points; define

g(k) = x(2k) k=0,1,...,N—1
(10.28)
s(k) = xRk + 1) k=0,1,...,N—1
and let
p(k) = g(k) + js(k) k=0,1,...,N—1 (10.29)
But Eq. (10.29) is identical to Eq. (10.20); therefore,
1 N-—-1
2(k) = z.(k) + jzik) = — 2 P(n)H(n)e/2™k/N
n=0
where the desired convolution y(k) is given by
y(2k) = Zr(k) k = 0, 1, e ey N -1 (10.30)

vk + 1) = zi(k) k=0,1,...,N -1

As in the previous method, we must still combine the results as appropriate
for the method of sectioning being considered.

10.4 FFT CORRELATION OF FINITE-DURATION
WAVEFORMS

Application of the FFT to discrete correlation is very similar to FFT con-
volution. As a result, our discussion on correlation will only point out the
differences in the two techniques.
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Consider the discrete correlation relationship

N—1

2k) = > h()x(k + i) (10.31)
i=0

where both x(k) and h(k) are periodic functions with period N. Figure
10.16(a) illustrates the same periodic functions x(k) and h(k) considered in
Fig. 10.1(b). Correlation of these two functions according to Eq. (10.31) is
shown in Fig. 10.16(b). Scaling factor T has been introduced for ease of
comparison with continuous results. Note from Fig. 10.16(b) that the shift
from the origin of the resultant correlation function is given by the difference
between the leading edge of x(k) and the trailing edge of A(k). Recall that a
positive shift for h(k) is to the left.

In convolution, either function can be folded and shifted. The results
are unchanged. This is not the case for correlation. Figure 10.16(c) illustrates
the correlation function resulting from the shift x(k) rather than h(k). Note
that the results give the same waveform but the waveform is shifted to the
right by a — d in Fig. 10.16(b) and shifted to the left by a — d in Fig.
10.16(c). Care should be exercised in interpreting the correlation results of
Fig. 10.16(c) to ensure that the correct shift from the origin has been de-
termined. As in our convolution example, the correlation computation il-
lustrated in Fig. 10.16(b) is inefficient because of the number of zeros in-
cluded in the N points defining one period of the periodic correlation
function. Restructuring of the data is again the solution we choose for ef-
ficient computation.

If we shift both functions to the origin, as shown in Fig. 10.17(a), then

x(k) h(k)

—_nd4 -
>

(a)

2K = T, x(i) hik+i) 2k) = T2 hi) xtk)
ad ' k b — ad [—
N N .
(b) (c)

Figure 10.16 Example illustrating inefficient discrete correlation.
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(a)

z(k)

h(k)

N=

——o=28|—

e N = 64—«

x(k)

(c)

(d)

Figure 10.17 Discrete correlation of restructured data.
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the resulting correlation is as illustrated in Fig. 10.17(b). Although the cor-
relation waveform is correct, it must be unraveled before it is meaningful.
We can remedy this situation by restructuring the waveform x(k), as shown
in Fig. 10.17(c). For this condition, the resulting correlation waveform is as
illustrated in Fig. 10.17(d). This is the desired waveform with the exception
of a known time shift.

To apply the FFT to the computation of Eq. (10.31), we choose the

period N to satisfy the relationships
N=P+Q0 -1

N=2

vy integer valued

(10.32)
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1. Let x(t) and h(?) be finite-length functions shifted from the
origin by a and b, respectively.

2. Let P be the number of samples defining x(f) and Q be the
number of samples defining h(f).

3. Choose N to satisfy the relationships
N=P+ Q-1
N=2" v integer valued
4. Define x(k) and h(k) as follows:

x(k) =0 k=01...,N-P
x(k) = x(kT + a) k=N-P+1,
N-P+2...,N—-1
h(k) = h(KT + b) k=01,...,Q-1
h(k) =0 k=Q Q+1,
o N=1
5. Compute the FFT x(k) and h(k):
Xm =S, xtke RN
k=0

N
H(n) = 2 h(k)e—jz-nnk/N
k=0

6. Change the sign of the imaginary part of H(n) to obtain H*(n).
7. Compute the product
Z(n) = X(mH*(n)

8. Compute the inverse FFT using the forward FFT: (note scal-
ing by 1/N):

zZk) = Ni‘ (%,Z(n)> g~ 2mnioN

n=0

9. Scale the results by sample interval T.

Figure 10.18 Computation procedure for FFT correlation of finite-length functions.
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We shift and sample x(¢) as follows:
x(k) =0 =0,1,...,N-P
x(k) = x[kT + a] k=N-P+1,N-P+2,...,N—-1
(10.33)

That is, we shift the P samples of x(k) to the extreme right of the N samples
defining a period. Function A(¢) is shifted and sampled according to the
relations
h(k) = h(kT + b) k=0,1,...,0 -1 (10.34)
hky =0 k=0, 0+1,...,N-1
Based on the discrete correlation theorem, Eq. (7.13), we compute the
following:

X(n) = 1:2_(: x(k)e ~/2mnkIN (10.35)
H(n) = :’2_0] h(k)e ~/2mnkIN (10.36)
Z(n) = X(n)H*(n) (10.37)
k) = N [:2:,; Z(n)e/>mnkiN (10.38)

The resulting z(k) is identical to the illustration of Fig. 10.17(d).

Computing times of Eqgs. (10.35) through (10.38) are essentially the
same as the convolution Eqgs. (10.4) through (10.7) and the results of the
previous section are applicable. The computations leading to Eq. (10.38) are
outlined in Fig. 10.18 for easy reference.

The key to carrying one’s knowledge of FFT convolution techniques
to FFT correlation is to remember that in correlation there is no folding
operation and that a shift to the left is positive. This latter factor is probably
responsible for the majority of errors in interpreting FFT correlation results.

PROBLEMS

10.1 Given the functions A(t) and x(¢) illustrated in Fig. 10.19, determine the opti-
mum choice of N to eliminate overlap effects during convolution and corre-
lation. Assume a sample period of T = 0.1 and a base-2 FFT algorithm. Graph-
ically show how to restructure the data for efficient convolution computation.

10.2 Consider the functions x(¢) and h(¢) of Fig. 10.19. Graphically show how to
apply the overlap-save and overlap-add sectioning techniques for computing
the convolution of x(¢) and A(t).
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Figure 10.19 Functions for Probs. 10.1 to 10.4.

10.3 Repeat Problem 10.2 for the correlation of x(¢) and A(?).

10.4 Repeat Problem 10.3 for the functions x(z) and A(¢) illustrated in Fig. 10.6.

10.5 Use the FFT to duplicate the results shown in Figs. 10.7, 10.9, 10.10, 10.12,
and 10.13. Apply the efficient FFT convolution techniques described in Sec.
10.4.

10.6 Develop graphically the overlap-save and overlap-add sectioning techniques
for discrete correlation.

10.7 Repeat Problem 10.5 for the case of correlation of the two waveforms.
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11

TWO-DIMENSIONAL
FFT ANALYSIS

In previous chapters, we applied the FFT to the analysis and processing of
one-dimensional waveforms. Many of the techniques, procedures, and con-
cepts discussed can be readily extended to two-dimensional FFT signal pro-
cessing. A two-dimensional signal is a function A(x,y) of two variables x and
y. Two-dimensional FFTs are of considerable computational importance in
the digital processing of two-dimensional waveforms such as images, geo-
physical arrays, gravity and magnetic data, and antenna analysis. Our ap-
proach is to develop the fundamental principles on which these applications
of the FFT are based.

We will discuss in this chapter the concepts and techniques for applying
the FFT to two-dimensional forward and inverse Fourier transforms. Ap-
plications of the FFT to two-dimensional convolution and correlation inte-
grals are also addressed. As we will see, these applications are an extension
of the previously developed one-dimensional case. However, because the
two-dimensional Fourier transform is generally a less familiar analysis tool
than the one-dimensional transform, we have chosen to develop our results
from two-dimensional definitions rather than generalizing one-dimensional
results.

11.1 TWO-DIMENSIONAL FOURIER TRANSFORMS

A two-dimensional function A(x,y) has a two-dimensional Fourier transform
H(u,v) given by

232
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H(u,v) = f f h(x,y)e —j2mux+uy) gy dy (11.1)

Analogous to the one-dimensional case, Eq. (11.1) describes the analysis of
the two-dimensional function A(x,y) into components of the form cos[2m(ux
+ vy)] and sin[2w(ux + vy)l.

An example of a two-dimensional waveform is illustrated in Fig.
11.1(a). The function shown represents a cosinusoidally corrugated two-
dimensional surface. If a section is made through the corrugation in the y-
h plane, the sectioned function oscillates with a frequency of v, cycles per
unit of y (i.e., analogous to cycles per second). To distinguish between fre-
quencies associated with functions of time and functions of length, the terms
temporal and spatial are used, respectively. The two-dimensional Fourier
transform of Fig. 11.1(a) as determined from Eq. (11.1) is the pair of impulse
functions shown in Fig. 11.1(b).

The concept of a two-dimensional waveform is further illustrated in
Fig. 11.2(a). For this example, a section is made through the corrugations
in the x-h plane. The waveform oscillates with a spatial frequency of v, sin(0)
cycles per unit of x. Similarily, a section made through the corrugations in
the y-h plane oscillates with a frequency of vo cos(8) cycles per unit of y.
Figure 11.2(a) is simply that of Fig. 11.1(a) rotated through an angle 6.

The two-dimensional Fourier transform of Fig. 11.2(a) is illustrated in
Fig. 11.2(b). As shown, the spacial frequency at which the corrugation os-
cillates in a section perpendicular to the lines of zero phase is given by
[vo cos2(8) + wo sin?(8)]'? = ve. Note that the frequency impulse functions
are located on an axis rotated through an angle 6 with respect to the results
of Fig. 11.1(b). A comparison of Figs. 11.1 and 11.2 shows that if a function
h(x,y) is rotated through an angle 6, then its two-dimensional Fourier trans-
form is also rotated through an angle 6.

Example 11.1 Two-Dimensional Pulse Waveform

Find the two-dimensional Fourier transform of the function illustrated in Fig. 11.3(a).
From Fig. 11.3,

h(x,y) = 1 —I<x<Il;-1<y<]l (11.2)
=0 otherwise

Substitution of Eq. (11.2) into Eq. (11.1) yields

1 1
H(u,v) = f | e ™ dy fq e TIrmx iy

= J:ll [cosmuy) — j sin(Qmuy)] dy (11.3)

X f _Il [cosQmux) — j sinQRmux)] dx

Because the sin(£) term integrates to zero over the interval (—1,1), then integration
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Figure 11.1 Two-dimension:
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(b)

Figure 11.2 Two-dimensional Fourier transform of the corrugated surface of Fig. 11.1 rotated
0 degrees.
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(a)

Figure 11.3 Two-dimensional pulse-waveform Fourier transform pair.
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of Eq. (11.3) yields

in(2 .
H(u,v) = sin(2m) f cos(2muy) dy
U ! (11.4)
_ sin(2mu) sin(2wv)
wuy
Figure 11.3(b) illustrates this two-dimensional Fourier transform result.
Example 11.2 Two-Dimensional Fourier Transform: Separable Functions
Find the two-dimensional Fourier transform of the function
h(x,y) = cos(Qmugx) cosQmuoy) (11.5)
From Eq. (11.1),
Hu,) = f f cos(2muex) cos(2mugy)e ~TTUETW) gy dy
= J_ cos(2mugy)e ™ dy f_ cos(2muox)e I dx
— l/sz (ej21rvoy + e—jvaoy)e —j2wuy dy
X 1 J-m J2auox + —J2muoxy , —j2mwux d ]
[/2 (e e )e be (11.6)

— l/zf (e —j2mye—vo) 4 e —j2my(v+ v0) dy

+ ]/wa {e —j2mx[u — uo) + e~j2‘rrx[u+uol} dx
=8, v — vo) +%8u,v + vo)

+ 153 — ug,v) +28(u + ug,v)

The relationship of Eq. (11.5) is termed a separable function in that its two-
dimensional Fourier transform can be computed as the product of two single-variable
integrals. Note that the function given in Eq. (11.2) is also separable.

One-Dimensional Interpretation of Two-Dimensional
Transforms

The two-dimensional Fourier transform H(u,v) can be viewed as two
successive one-dimensional transforms. To develop this viewpoint, we first
rewrite Eq. (11.1) as

)

H(u,v) = f

— oo

o —J2mvy I:f_m h(x,y)e ~2mux dx] dy (11.7)

Note that the term in brackets is simply the one-dimensional Fourier trans-
form of A(x,y) with respect to x, that is,

Zuy) = [ heoy)e s dx (11.8)
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Equation (11.7) can then be rewritten as
Hu,v) = f‘ Z(u,y)e ™ dy (11.9)

where we have substituted Z(u«,y) for the term in brackets in Eq. (11.7). An
examination of Eq. (11.9) reveals that H(u,v) is the one-dimensional trans-
form of Z(u,y) with respect to y. Hence, the two-dimensional Fourier trans-
form H(u,v) can be interpreted as the two successive one-dimensional trans-
forms given by Eqgs. (11.8) and (11.9).

Analytical evaluation of a two-dimensional integral can be implemented
by simply determining the two successive one-dimensional integrals of Eqs.
(11.8) and (11.9). These single-dimension integrals are evaluated exactly by
the procedures followed in the one-dimensional Fourier transform case.
Hence, the two-dimensional Fourier transform can be evaluated using the
methods and fundamentals developed in previous discussions. As we will
see, this interpretation is of considerable importance in applying the FFT
to the computation of two-dimensional Fourier transforms.

Example 11.3 Two-Dimensional Fourier Transforms: Successive
One-Dimensional Transforms

In Fig. 11.2, we illustrated the two-dimensional Fourier transform of the function
h(x,y) = cos{2m[voy cos(8) + wvex sin(6)]} (11.10)
To compute the transform analytically, we substitute Eq. (11.10) into Eq. (11.1):

Hu,v) = f:: f i, cos{2m[voy cos(8)

+ vox sin(@)]}e ~F2mx T dx dy (11.11)

We next apply the principles developed in Eqs. (11.8) and (11.9) by rewriting Eq.
(11.12) as two successive single-dimension Fourier transforms:

Hu,v) = f ” e ~Jrmy ( f_wm cos{2m[voy cos(8)

+ vox sin(0)]}e 2™ dx) dy

o o
— I/zf e —j2muy I:I- (ej2‘n'[voy cos(8) + wox sin(e)])e —j2mux dX
S -
o
+ I- (8 —Jj2w[voy cos(8) + vox sin(e)])e —Jj2mux dx dy
—
o o
—1 —Jj2muy J2w[voy cos(8) —x(u—0)sin(0)]
= e e dx
a8 [« )

+ I- (e —j2wlvoy cos(6)+x(u+vo)sin(e)]) dx:l d_)’
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= 1/2J e /2Ty (e.iZm»oy cos(8) J- o ~I2mxtu—0)sin(®) 4.
o (11.12)

—oc

ES
+ e —Jj2muvoy cos(8) f e —Jj2mx(u + v0) sin(8) dx) dy

= '/2J_m e T {2y cos® §[y 44 sin(6),y]
+ e JImuoy cos®) §y + 4o sin(8),y]} dy

=12 8lu = uo sin(8),yle = coxo gy

+ '/2]_ 3lu + v sin(0),yle VI =wo cos®l gy,

=28[u — wvo sin(®),v — vy cos(9)]
+1458[u + vg sin(8),v + vg cos(8)]

The two-dimensional frequency function of Eq. (11.12) is illustrated in Fig. 11.2(b).
Inverse Fourier Transform

The two-dimensional inverse Fourier transform is given by
hy) = [ [ Hawer e du dv (11.13)

Analogous to the one-dimensional inverse Fourier transform, Eq. (11.13)

implies that corrugations of appropriate frequencies, orientations, phases,

and amplitudes can be summed to produce the original two-dimensional

waveform. However, it is recognized that the two-dimensional inverse Four-

ier transform is much more difficult to visualize than the one-dimensional

transform.

Example 11.4 Two-Dimensional Inverse Fourier Transform

Find the inverse two-dimensional Fourier transform of the frequency function
Hu,w) = Q —a<u=a,-b=v=hb (11.14)

=0 otherwise

From Eq. (11.13),
W) = [ [ Qe qu dy

b a
Q f 7™ dy [ f ™ dy
—b -a (11.15)

Q f_bb cos(2mvy) dv [ J_aa cos(2mux) du]

qa I:sin(ZTrby):I [sin(zmx)]

Ty X
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Example 11.4 demonstrates the property that if the frequency function
H(u,v) can be decomposed into a product of a function of the variable « and
a function of the variable v, then the function 4(x,y) can be decomposed into
a product of a function of the variable x and a function of the variable y.

Summary

We normally find two-dimensional Fourier transform relationships
much more difficult to picture than one-dimensional relationships. This gen-
erally follows from the emphasis of one’s formal training and experience in
the analysis and synthesis of single-dimension functions. As with any new
area of study, a thorough and fundamental understanding comes only with
considerable exposure and practical experience. The previously developed
basic principles should form the foundation for such an investigative en-
deavor. A comprehensive treatment of two-dimensional Fourier transform
properties is given in Ref. [1].

11.2 TWO-DIMENSIONAL FFTs

Recall from the development of Eqs. (11.8) and (11.9) and Ex. 11.3 that the
two-dimensional Fourier transform can be written as two successive single-
dimension Fourier transforms. This interpretation of the two-dimensional
transform is also readily seen in the two-dimensional discrete Fourier trans-
form. We assume that the two-dimensional function f(x,y) has been sampled
in the x dimension with sample interval T, and sampled in the y dimension
with sample interval T,. The resulting sampled function is #(pT,,qT,), where
p=01,...,N—landg=0,1,..., M- 1.

Analytical Development

Analogous to the one-dimensional case, the two-dimensional discrete
Fourier transform is defined as

M—1 N-1
H(n/NT,.,m/MT,) = 3, [ > h(pTx,qu)e_jz"""/N] e ~JrmmalM

g=0 p=0
p=01...,N—-1 n=901...,N—-1
q=01....M-1 m=01...,M-1

(11.16)

Note that the term in brackets is simply a one-dimensional discrete
Fourier transform along the data array defined by parameter p. To evaluate
the term in brackets, we compute M one-dimensional transforms: one for
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each g, where ¢ = 0, 1,. .., M — 1, along the data array defined by p. If
we call each of these FFT results Z(n/NT,,qT,), then Eq. (11.16) can be
rewritten as

M~

H(n/INT,,m/MT,) = 3, Z(nINT,,qT,)e ~/>mm4'M (11.17)

q=0

Equatio.u (11.17) is evaluated by N one-dimensional discrete Fourier trans-
forms, each along the data array defined by parameter g. As shown ana-
lytically, the two-dimensional discrete Fourier transform can be imple-
mented straightforwardly by computing one-dimensional discrete Fourier

transforms: first on the function h(pT,,qT,), wherep = 0,1,..., N — 1
for each ¢; and then a second one-dimensional transform on the function
Z(n/NT,qT,), whereq = 0,1,...,M — 1foreachn =0,1,...,N -

1. Equations (11.16) and (11.17) must be multiplied by the scale factor T, T,
to obtain equivalence between the continuous and discrete transforms.

Graphical Development

To further illustrate the one-dimensional computation of a two-dimen-
sional Fourier transform, consider Fig. 11.4(a). As illustrated, we interpret
the sampled data of the two-dimensional waveform as a data matrix with M
= 8rows, whereq =0,1,..., M — 1,and N = 8 columns, where p =
0,1,..., N — 1. Because the terms in brackets in Eq. (11.16) sum on the
parameter p, then this summation corresponds to computing the one-di-
mensional discrete Fourier transform for each row of data, that is, a trans-
form is computed foreachgq = 0,1, ..., M — 1.

The discrete Fourier transform or FFT of row 0 is a frequency function
defined by all zero values because the values of the sampled function rep-
resented by row 0 is a zero-valued function. In Fig. 11.4(b), row 0, we plot
this FFT result. The sampled function defined by row 1 is also zero and,
correspondingly, the FFT computed for this row is a zero-valued function,
as shown in Fig. 11.4(b), row 1.

Now consider the sample values of row 2. These samples define a pulse
or rectangular waveform that has a | [sin(f)]/f | transform. The magnitude
of the FFT of row 2 is the frequency function illustrated in Fig. 11.4(b), row
2. Note that we display the FFT results in the standard one-dimensional
format, that is, the first N/2 values represent positive frequency results and
the remaining values represent negative frequency results. The sample val-
ues of rows 3 to 5 in Fig. 11.4(a) also define a pulse waveform and hence,
the magnitude of the FFT of each of these rows is the | [sin(f)]/f | function
shown in Fig. 11.4(b), rows 3 to 5. Rows 6 and 7 of Fig. 11.4(a) are zero-
valued; rows 6 and 7 of Fig. 11.4(b) are then zero-valued.

To this point, we have computed the FFT of the sampled matrix of
Fig. 11.4(a) for each row. The complex data matrix represented by the mag-
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Figure 11.4 Graphical development of the two-dimensional FFT as a sequence
of one-dimensional transforms.
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nitude function shown in Fig. 11.4(b) corresponds to computing the terms
in brackets in Eq. (11.16) for each value of g. That is, we have effectively
set ¢ = 0 and computed an FFT overthe p = 0,1, ..., N — 1 sample
values; set ¢ = 1 and computed the FFT overthe p = 0,1,... N — 1
sample values; etc. Next, we proceed to compute the outer sum of Eq.
(11.16). Note that this summation is on g, the row data values of Fig. 11.4(b)
foreachn = 0,1,..., N — 1. Hence, we compute the FFT of the complex
sample values of each column of the matrix.

In Fig. 11.4(b), the sample values of column 0 define a pulse waveform.
The FFT of this waveform is then the | [sin(f))/f | function illustrated in
magnitude form in Fig. 11.4(c), column 0. As before, we display the results
in the standard one-dimensional FFT format, where the first M/2 values
represent positive frequency results and the remaining values are negative
frequency results.

Observe that the sampled functions defined by each nonzero column
of Fig. 11.4(b) are of the same form, a pulse waveform with differing am-
plitude. Our input to the FFT in each case is the complex result determined
in Fig. 11.4(b). Hence, the FFT of each nonzero column is a | [sin(f))/f |
function and the results for each column differ only in amplitude. Figure
11.4(c) illustrates the magnitude of the FFT for each column of Fig. 11.4(b).

As in the one-dimensional FFT, we must consider both the sampled
data matrix that forms the input to the FFT and the two-dimensional FFT
results to be one period of a two-dimensional periodic sequence with period
(N,M). For this reason, we must interpret the illustrations of Figs. 11.4(a)
to (c) as one period of a waveform that is periodic in both the row and column
indices. This periodicity constraint is examined further in a later section.

Also analogous to the one-dimensional case, spacial frequency reso-
lution in two-dimensional FFT results is given by

Au = 1/(NT,) (11.18)
Av = 1/(MT,)

Computations Required for Two-Dimensional FFTs

Figure 11.4 readily illustrates the concept of computing the two-di-
mensional discrete Fourier transform by determining successive single-di-
mensional transforms. We first compute the FFT of each row of data, that
is, M transforms of N samples each. We organize these results, as shown
in Fig. 11.4(b), and then compute the FFT of each column of data, that is,
N transforms of M samples each. Therefore, a data matrix of size N x M
requires N + M FFTs to be computed. From Chapter 8, the total number
of computations is NM log, NM.
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Reorganizing Two-Dimensional FFTs
for Conventional Viewing

Recall in the one-dimensional FFT case that it was necessary to rear-
range the FFT results if we wished to display them in a format for conven-
tional viewing (Sec. 9.1). A similar situation is encountered for two-dimen-
sional FFTs. Figure 11.4(c) must be rearranged or reorganized if the results
are to be viewed conventionally. We repeat Fig. 11.4(c) in Fig. 11.5(a) and
illustrate the required reorganization of Fig. 11.5(a) in Fig. 11.5(b). The same
reorganization procedure is shown in Figs. 11.5(c) and (d), but from a data-
matrix perspective to further clarify the required data restructuring.

Note that if we examine the data matrix in terms of quadrants, then
the restructuring procedure is simply one of a right circular shift through
two quadrants. An examination of Figs. 11.5(c) and (d) illustrates this point.
The FFT output data in quadrant I ends up in quadrant III after restructuring.
Quadrant III is a right circular shift through two quadrants from quadrant
1. We repeat the Nyquist spacial frequency sample values, H(n/NT,,4) and
H(4,m/MT,), in each quadrant. For the real array, quadrant II1 is a positive
reflection of quadrant I, and quadrant 1V is a positive reflection of II. For
the imaginary array, quadrant III is a negative reflection of I and quadrant
IV is a negative reflection of II.

Example 11.5 Two-Dimensional FFT Computation

To further demonstrate two-dimensional FFT computation, consider the cosinu-
soidally corrugated two-dimensional surface illustrated in Fig. 11.6(a). We first sam-
ple the surface with sample intervals T, and T,, resulting in 4 rows and 16 columns
of data. Note that the row samples define exactly a multiple period of the cosine
waveform surface.

We next compute the one-dimensional FFT of each row of sampled data. From
Fig. 11.6(a), row 0 is a cosine waveform and hence the FFT of row 0 is the impulse
functions shown in row 0 (columns 2 and 14) of Fig. 11.6(a). Recall that the impulse
function in column 14 is a negative frequency result because columns 9 to 15 represent
negative frequencies. Because each row of sampled data defines the same cosine
waveform, the FFT results for each row are identical, as shown in Fig. 11.6(b). This
data matrix is the input to the second series of one-dimensional FFTs. We next
compute the FFT of each column of data in Fig. 11.6(b). Each column of data is a
zero-valued function except for columns 2 and 14. Columns 2 and 14 are both con-
stant-value functions whose FFTs are impulse functions at zero spacial frequency
(m/(MT,), where m = 0). These results are shown in Fig. 11.6(c).

Figure 11.6(c) illustrates the results of the two-dimensional FFT obtained by
implementing successive single-dimension FFTs. However, it is necessary to rear-
range these results according to the restructuring procedure illustrated in Fig. 11.5.
Restructured two-dimensional FFT results are shown in Fig. 11.6(d). Note the re-
structuring procedure is one of a right circular shift through two quadrants. Nyquist
spacial frequency data values are repeated in each quadrant.
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Figure 11.5 Graphical presentation of two-dimensional FFT reorganization required for con-
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Figure 11.6 Two-dimensional FFT computation of a cosinusoidally corrugated
surface: (a) sampled waveform, (b) FFT of row data, (c) FFT of columns of part
(b), and (d) reorganization of part (c).

Example 11.6 Alternative Two-Dimensional FFT Computational Procedure

In Ex. 11.5, we first compute the FFT of each row of the input data matrix
and then the FFT of each column of the intermediate computational matrix. Equiv-
alent results could be obtained if we first compute the FFT of each column and
subsequently compute the FFT of each row of the intermediate results. This simply
states the fact that Eq. (11.16) can be rewritten in a form such that one first sums
on g, which corresponds to computing the one-dimensional discrete Fourier trans-
form for each column of data.

Figure 11.7 illustrates the alternate two-dimensional FFT computational pro-
cedure. In comparison to the previous example, the two-dimensional waveform
shown is a corrugated sinusoidal surface. Note that the row samples define exactly
a multiple period of the sinusoidal surface. Because each column of sampled data
is a constant-value function, then the FFT of each column of data is an impulse at
zero spacial frequency. The amplitude of each impulse is equal to the amplitude of
the constant sample value for each column. FFT results of the column data are
illustrated in Fig. 11.7(b).

We next compute the FFT of each row of the data matrix of Fig. 11.7(b). Row
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Figure 11.6 (continued)

0 data defines a sinusoidal waveform whose FFT is the set of impulse functions
shown in Fig. 11.7(c). The impulse function of column 14 is a negative frequency
value, as illustrated in the restructured two-dimensional results of Fig. 11.7(d).

Two-Dimensional Periodicity Constraints

In Chapter 6, we saw that the discrete Fourier transform is defined
only for periodic sampled functions. A similar result can be shown for the
two-dimensional discrete Fourier transform. A two-dimensional sampled
function is periodic in the row index p with period N and in the column
index g with period M if

h(pT.qTy) = hi(p + cN)T.\(q + dM)T,] (11.19)

where ¢ and d are arbitrary positive or negative integers.

Figure 11.8 illustrates the implications of Eq. (11.19). The 4 X 4 matrix
within the dotted square is assumed to be the sampled surface. Note that
we sampled the two-dimensional function only for positive values of x and
y. However, due to the periodicity constraint of Eq. (11.19), we must in-
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|3

£
)

(b)

Figure 11.7 Example of an alternate two-dimensional FFT computation proce-
dure: (a) sampled waveform, (b) FFT of column data, (c) FFT of rows of part (b),
and (d) reorganization of part (c).

terpret this matrix of data as one period of a periodic two-dimensional func-
tion. Figure 11.8 shows four periods of this sampled waveform. It is im-
portant to observe the relationship of (row,column) indices for each period
with the (row,column) indices within the dotted square.

Example 11.7 Periodicity in Two Dimensions

To further demonstrate the two-dimensional periodicity constraint, consider the sur-
face shown in Fig. 11.9(a). Let us assume that it is desired to sample this surface
and compute the two-dimensional FFT. Considerable care must be paid to the pe-
riodicity constraint. A review of Fig. 11.8 points out that if we wish to sample the
surface shown in Fig. 11.9(a), then it is necessary to actually sample the function
illustrated in Fig. 11.9(b). Although this two-dimensional surface looks significantly
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Figure 11.9 Example of two-dimensional waveform restructuring to satisfy pe-
riodicity constraints.

different from Fig. 11.9(a), the sampling periodicity constraint yields the original
surface.

Care must be exercised when setting up the two-dimensional matrix of sampled
values to ensure that the function being FFTed is that which is actually desired.
Recall that this warning is the same as that given in Chapter 9.

Two-Dimensional Data Windows

Recall from Chapter 9 that a potential negative effect of the periodicity
constraint is to introduce truncation, a discontinuity or abrupt change in the
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data between periods. Consequentially, FFT frequency-domain results ex-
hibit oscillations or side lobes. A similar result is encountered with two-
dimensional FFTs.

In Fig. 11.10(a), we show a sampled corrugated two-dimensional co-
sinusoidal surface. Note that the sample values do not define exactly a mul-
tiple of a period of the cosine waveform surface. As a result, truncation
introduces a discontinuity between periods in the pT, dimension and the

Figure 11.10 Graphical illustration of two-dimensional FFT results before a
weighting function is applied.
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two-dimensional FFT results shown in Fig. 11.10(b) exhibit large side lobes.
As in the one-dimensional case, we use a weighting function to reduce the
side lobes.

The weighting function techniques discussed in Chapter 9 are directly
extendable to two dimensions. As expected, a rectangular two-dimensional
weighting function exhibits large side lobes (see Fig. 11.3). Haung [9] has
shown that a good two-dimensional symmetrical weighting function w'(-)
can be obtained from a one-dimensional window from the relationship:

w'(xy) = wlx® + y)'"1 [ 2+ y? [ <T2 (11.20)
=0 otherwise

where w(:) is centered at [x = 0, y = 0] and T’ is the truncation interval.
Function w(-) is any weighting function such as Hanning or Dolph-Che-
byshev. Figure 11.11 illustrates the two-dimensional Hanning weighting
function as determined from Eq. (11.20) for M = N and as correctly posi-
tioned with respect to the two-dimensional period.

Figure 11.11(b) illustrates the two-dimensional FFT results when the
Hanning function is applied to the sampled waveform of Fig. 11.10(a). As
expected, side lobes are reduced with respect to Fig. 11.10(b), but the fre-
quency function has been broadened in two dimensions. We have not rear-
ranged the FFT results for conventional viewing.

Two-Dimensional Inverse FFTs
The two-dimensional inverse discrete Fourier transform is defined as

1 M—1 1 N-—1 ' .
h(pT.,qTy) = 5, > N [ > H(n/NTX,m/MT_v)eJZ"""’N] eJ2mmalM
m=0

n=0
p=201...,N—-1 n=0,1...,N-1
qg=0,1,..., M-1 m=20,1,...,M—-1
(11.21)

As in the direct transform case, we implement the inverse transform
by first inverse transforming each row (or column) and then inverse trans-
forming each column (or row) of the intermediate computation matrix.

When applying the two-dimensional inverse FFT, we must be careful
in setting up the spacial frequency-data matrix. Recall from Fig. 11.4(c) that
the output of the two-dimensional FFT is not in the form for conventional
viewing. To compute Eq. (11.21), we must ensure that the data is in the
format of Fig. 11.4(c). If the data to be inversed transformed is in a format
for conventional viewing, then we simply reverse the procedure illustrated
in Fig. 11.5 before inputting the data to Eq. (11.21). This process is analogous
to that described in Chapter 9 for computing the inverse FFT of a one-
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0000000 OCOOGOOSIOSOIIO
0000000000000 00
0000000 OQCPOIOONOSIOO
0000000060000 000

| L

(b)

Figure 11.11 (a) Figure 11.10(a) multiplied by the two-dimensional Hanning
weighting function, and (b) two-dimensional FFT of part (a).

dimensional frequency function. Equation (11.21) must be multiplied by the
factor AuAv to obtain results equivalent to the continuous inverse two-di-
mensional Fourier transform.
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Two-Dimensional Sampling

In the development of the two-dimensional discrete Fourier transform,
we did not discuss the requirements imposed by the two-dimensional sam-
pling theorem. To develop the theorem, we simply extend the one-dimen-
sional concept. If we are given a two-dimensional surface h(x,y) whose Four-
ier transform is H(u,v), where

Hu,v) =0 U= U, V=0, (11.22)
then we simply state the Nyquist criteria independently in the two dimen-

sions. That is, we must sample h(x,y) to obtain h(pT,,qT,), such that T, and
T, satisfy the relationships

A

V2uc (11.23)

T,
T, < 120,

1A

Summary

A BASIC computer program for the two-dimensional FFT of an array
W(n,m) is given in Fig. 11.12. The real component of the two-dimensional
signal is placed in WIREAL(1%,JJ%) and the imaginary component is
placed in W1IMAG(1%,J1%). Parameters N%, NU%, M%, and MU% must
be initialized. Real and imaginary spacial frequency-domain results are re-
turned in WIREAL(11%,JJ%) and W1IMAG(11%),11%), respectively. Note
that the program first computes the FFT of each column of the data array
using the one-dimensional FFT program listed in Fig. 8.7. The program then
computes the FFT of each row of the intermediate array, again using the
one-dimensional FFT. XREAL (%) and XIMAG(1%) should be dimensioned
by the larger of N% or M%. Users must rearrange the output results for
conventional viewing and scale by 7,7, to obtain equivalence to the con-
tinuous two-dimensional transform.

Two-dimensional inverse FFTs can be computed with the program by
first conjugating the spacial frequency function by exactly the procedure
used in one-dimensional inverse transforms.

In this section, we have developed the basic fundamentals for applying
the FFT to the computation of the two-dimensional Fourier and inverse
Fourier transforms. The discussion by no means has been exhaustive but
the fundamental principles necessary for further investigations have been
established. If one carefully extends the concepts of one-dimensional FFT
analysis to each of the FFTs computed in the two-dimensional transform,
then few difficulties should be encountered. As developed, the mathematics
of two-dimensional transform analysis is sufficiently close to that of the one-
dimensional case to justify such a conclusion.
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9000 REM: TWO-DIMENSIONAL FFT SUBROUTINE- THE MAIN
9002 REM: PROGRAM SHOULD DIMENSION THE DATA ARRAYS
9004 REM: W1IREAL(11%,JJ%) AND W1IMAG(I1I1%,JJ%).

9006 REM: N%,NU%Z ,MZ, AND MUZ MUST BE INITIALIZED.
9008 REM: XREAL(1%Z) AND XIMAG(J%) SHOULD BE DIMENSI|ONED
9010 REM: THE LARGER OF NZ OR MZ. THIS PROGRAM

9012 REM: CALLS THE FFT ROUTINE (FIG. 8-7) BEGINNING
9014 REM: AT LINE 10000.

9026 NNZ=N% : NNUZ=NUZ : MMZ=MZ : MMUZ =MU%

9028 REM: COMPUTE THE FFT OF EACH COLUMN.

9030 FOR JJ%Z=1 TO MMZ

9040 FOR 11%=1 TO NNZ

9050 XREAL( 1 18)=W1REAL(11%,JJ%)
9060 XIMAG(11%)=W1IMAG(I1%,JJ%)
9070 NEXT 1%

9080 GOSuUB 10000

9090 FOR KKZ=1 TO NNZ

9100 W1REAL (KK% , JJ% ) =XREAL (KK%)
9110 W1 IMAG (KKZ , JJ%) =X IMAG (KKZ%)
9120 NEXT KKZ

9130 NEXT JJZ%
9140 REM: COMPUTE THE FFT OF EACH ROW.
91560 FOR JJZ=1 TO NNZ

9160 FOR 11%=1 TO MMZ

9170 XREAL (1 1%)=W1REAL(JJ%,11%)
9180 XIMAG(11%)=W1IMAG(JJ%,|1%)
9190 NEXT 11%

9200 NZ=MMZ : NUZ=MMUZ
9210 GOSUB 10000

9220 FOR KKZ=1 TO MM%Z

9230 W1REAL (JJ% ,KK% ) =XREAL (KK%)
9240 W1 IMAG(JJ% ,KKZ ) =XIMAG(KKZ%)
9250 NEXT KKZ%

9260 NEXT JJZ%

9270 NZ=NNZ:NUZ=NNUZ
9280 RETURN

9290 END

Figure 11.12 Subroutine in BASIC for computing the two-dimensional FFT.

11.3 TWO-DIMENSIONAL CONVOLUTION
AND CORRELATION

The convolution integral for two-dimensional functions is defined as
glx,y) = f_w f_w r(Tx,m)h(x — 1,y — 1y )d7d7, = r(x,y) ** h(x,y)

(11.29)
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Interpretation of Eq. (11.24) is analogous to the one-dimensional case, as
we demonstrate in the following graphical analysis.

Graphical Evaluation

Let r(t,,7,) and h(7,,T,) be given by the graphs shown in Figs. 11.13(a)
and (b), respectively. For ease of presentation, we do not show the ampli-
tudes of the two-dimensional functions. To evaluate Eq. (11.24) for the point
g(x',y"), function A(x' —7,,y' —7,) is required. From Fig. 11.13(c), note that
h(—7,,—1T,) is obtained by rotating h(t,,7,) 180° about the origin. Function
h(x'—7,,y'—T,) is obtained by displacing A(—1,,—T,) by the amount x’
along the 1, axis and by the amount y' along the T, axis, as illustrated in
Fig. 11.13(d). The volume (double integral) of the product r(t,,r,) X
h(x' —7,,y' —T,) yields the convolution result g(x',y").

Example 11.7 Two-Dimensional Convolution: Line Functions
An example of two-dimensional convolution is illustrated in Fig. 11.14. The two
functions to be convolved are shown in Figs. 11.14(a) and (b). Because A(x,y) is

" \”

/1)

(TxTy) h(re1y)

(a) (b)

h(x'-Txy" -1y}

A"

v
h(-Tx,-Ty) H(7x,7y) /’
le

(c) (d)

|
N

Figure 11.13 Graphical evaluation of two-dimensional convolution.
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symmetrical about the 7, axis, then the 180° rotation required by Eq. (11.23) yields
the same function, h(7,,7,) = h(—17,,—17,), as shown in Fig. 11.14(a). Figure 11.14(c)
shows the displacement function A(x' —7,,y' —7,); multiplication with r(s,,7,) and
integration yields the spacial point of the resulting two-dimensional convolution il-
lustrated in Fig. 11.14(d).

Example 11.8 Two-Dimensional Convolution: Impulse Functions

To demonstrate two-dimensional convolution involving impulse functions, consider
Fig. 11.15. In Fig. 11.15(a), we show a two-dimensional sequence of impulse func-
tions. The impulse functions are separated by T, in the x dimension and by 7, in
the y dimension. The function to be convolved with these impulses is shown in Fig.
11.15(b).

For ease of presentation, we have deleted the amplitude information of Figs.
11.15(a) and (b) and show only the length, width, and displacement information in
Figs. 11.15(c) and (d). To convolve Figs. 11.15(c) and (d), recall from Chapter 4 that
convolution with an impulse function requires centering the function to be convolved
on the impulse. The resulting convolution is shown in Figs. 11.15(e) and (f). Results
of this example can be extended to graphically demonstrate the two-dimensional
sampling theorem (Prob. 11.15).

h(7xTy) (T Ty)

(b)

glx.y)

r(Tx Ty}

Tx

Hix' -7y’ -Ty)
(c) (d)

Figure 11.14 Graphical example of two-dimensional convolution of line functions.
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bV
' (a) (b)
D G []i -
E I,

/Y| /)
-

I

IO

I ]

.
n

:

(e) (f)

Figure 11.15 Graphical example of two-dimensional convolution with impulse
functions.
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Example 11.9 Two-Dimensional Convolution: Amplitude Determination

To further illustrate two-dimensional convolution, consider the square surfaces
shown in Fig. 11.16(a). Both functions have unity amplitude. As shown in Fig.
11.16(b), the dimensions of the nonzero convolution result is a square (a + b) on a
side. Constant-amplitude contours are also shown. The amplitude of the convolution
result along the x axis is shown in Fig. 11.16(c); appropriate shifts and integration
areas required to evaluate example amplitude values on the x axis are also shown.

Two-Dimensional Convolution Theorem

We can compute the two-dimensional convolution by multiplication in
the Fourier transform domain. Hence, if r(x,y) and kA(x,y) are two waveforms

y
/Q(X.v) = rix.y)*+h(x.y)

\v

% rixy}

v CONSTANT
hix,y) AMPLITUDE
CONTOURS

x
noler
)

x -(atb}
2

Nio

Nld
rolo

el
'

Nl

Nlo

(a) (b)

Figure 11.16 Graphical example of amplitude computation in two-dimensional
convolution.
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with transforms R(u,v) and H(u,v), respectively, then
r(x,y) #* h(x,y) < R(u,0)H(u,v) (11.25)

To show the relationship of Eq. (11.25), we apply the one-dimensional trans-
form interpretation of the two-dimensional Fourier transform, which was
developed in Egs. (11.7) to (11.9).

If Z,(u,y) and Z,(u,y) are the one-dimensional transforms of r(x,y) and
h(x,y) with respect to x, respectively, we can write from the one-dimensional
convolution theorem:

f _rromhe—roy—m)dre & Zur)Zuuy—1,)  (11.26)

Hence,
Jl i} f_ (e Ty — 10,y —7,)d7d7, < f‘ ZAuyty)Zp(u,y —1y)d7,

& R(u,v)H(u,v)
(11.27)

which is Eq. (11.25). As in the one-dimensional case, we utilize the two-
dimensional convolution theorem as a means for applying the FFT to com-
pute the two-dimensional convolution.

Two-Dimensional Correlation

The two-dimensional correlation integral is given by

peey) = [ [ remhet oy tdnods,  (11.28)

As in the one-dimensional case, Eq. (11.28) implies that we do not fold the
function h(x,y) prior to the shifting operation. With this exception, the pre-
viously developed graphical analysis techniques apply.

The correlation theorem is given by

| bt oyt dry O R woHuw)  (11.29)

where the notation R*(u,v) implies a conjugate operation on both the vari-
ables « and v.

11.4 TWO-DIMENSIONAL FFT CONVOLUTION
AND CORRELATION

A two-dimensional FFT convolution is computed in exact analogy with one-
dimensional FFT convolution. The two-dimensional discrete convolution



Sec. 11.4 Two-Dimensional FFT Convolution and Correlation 261

relationship is given by

M-I N—-1
g(PTx,qu) = 2 2 r(lTx,]Ty)h[(p - I)Tx’(q - ])Ty]
Jj=0 i=0
p=01...,N-1 i=0,1, ., N -1
q=0,1,... , M-1 j=0,1, oM -1
(11.30)

where g(pT,,qT,), r(pT.,qT,), and h(pT,,qT,) are periodic functions with
periods NT, and MT, in the x and y coordinates, respectively.

We use the frequency convolution theorem to compute the discrete
convolution by means of the FFT. First, we compute the two-dimensional
FFT of the functions r(iT,,jT,) and h(iT,jT,):

M1 N-—1
R(n/NT,,m/MT,) = [ > r(pT«,qT,)e jz’"‘"’”] e ~irmmalM

g=0 p=0
(11.31)
M—1 N—-1
H(n/NTX,m/MTy) = [ E h(pTx,qu)e —jZnnp/N:l e ~izmmalM
g=0 p=0
n=01...,N-1
= ..., -
p=01L N-1 (11.32)
m=20,1,... M—-1
g=01...,M-1

Next, we compute the product R(n/NT,,m/MT,)H(n/NT,,m/MT,) (taking
into account that both functions are in general complex), and then we com-
pute the inverse FFT of this product:

M-—1 N-—1
g(pT.qT,) = (IINM) > [ > R(n/NT,,m/MT,)

m=0 n=0

(11.33)
X H(n/NTX,m/MTy)ejz“""’N:I e/rmmalM

The convolution result appears in the real array of the FFT output.
Because Eq. (11.30) represents a periodic convolution of the periodic
sampled function r(pT,,qT,) and h(pT,,qT,), then we must ensure that these
sampled functions contain sufficient zero values to prevent the end effect
or circular convolution. In general, if a nonzero-value function of dimension
(N;,M,) is convolved with a second nonzero-value function of dimension
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(N,,M,), the resulting function is of dimension (N, + N, — .M, + M,
— 1). Hence, we should append sufficient zeros to each of the functions,
as illustrated in Fig. 11.17, to accommodate this relationship. The appendage
of additional zeros may be necessary to make the number of data samples
in each row and column compatible with the FFT algorithm being used.
After zeros have been appended to functions r(pT,,q7T,) and h(pT,,qT,),
then we apply Eqgs. (11.31) to (11.33). The result is the desired two-dimen-
sional convolution. All results must be multiplied by the scale factor 7,7,
to approximate the continuous two-dimensional convolution integral.

Example 11.10 Two-Dimensional Convolution

To illustrate the procedure for implementing a two-dimensional discrete convolution
by means of the FFT, consider the two data arrays shown in Fig. 11.18(a). We note
that the two arrays are of dimension (2,2) and (2,4). Hence, the convolution result
is of dimension (3,5) and sufficient zeros must be appended to each array to increase
its respective dimensions to this size to prevent the end effect or circular convolution.
For a base-2 FFT algorithm, we must add zeros to each data array to obtain data
arrays of dimension (4,8). The augmented data arrays are illustrated in Fig. 11.18(b).
We input the data arrays of Fig. 11.18(b) to Eqs. (11.31) and (11.32) and then im-
plement Eq. (11.33). The result of this procedure is shown in Fig. 11.18(c).

Example 11.11 Two-Dimensional Convolution When One Function Is Separable

If one of the functions to be convolved is separable, that is,
r(pT,.,qT,) = ri(pT)ra(qT,) (11.34)

then the two-dimensional discrete convolution can be accomplished by repeated
evaluations of one-dimensional discrete convolutions. To show this, substitute Eq.
(11.34) into Eq. (11.30):

M-1 N-1
g(pTx’qu) = 2 rl(lTx)rZ(JTy)h[(p - i)Txy(q - .])Ty]
Jj=0 i=0

1

(11.35)

N-1 M-—1
> ri(Ty) [ > r2(T)hl(p — DT, (g — )T,]
i=0 j=0

The term inside the brackets is a one-dimensional convolution, which is evaluated
for each value of i, where i = 0, 1, ..., N — 1. That is, we convolve the function
r2(jT,) with each row of the data matrix A[iT,,jT,]. This resulting data matrix is then
convolved, by column, with the function r,(iT,), as described by Eq. (11.35).

0 N;-1 Ny+Nz-1 0 Nz-1 N;+N2-1
W\ N
DATA
DATA M-1
M;-1 // ZEROS
ZEROS
My +M,-1 My +Ma-1

Figure 11.17 Appending zeros in two-dimensional FFT convolution to avoid the end effect.
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| T | i
— 21— —1—0—0—1—m=
3 1 113
+ HiTlTy) A + h(iT.iT,)
1Ty iy
(a)
iT, | 1Ty
— 2-—1—0—0—0—0—0—0—3= —1—0—0—1—0—0—0—0 —=
Y1000 00 0 1320000
® 000 0 00 0 0000000
& 000 0 00 0 Y 0000000
iy + ' (iTwjTy) iy + R (iTwjTy)
(b)
(I) 12 3 45 6 7
-o—%—1—0—2—1—o 0—0—>=
1 7 5 7 103000
2 & 5 09 2 0 0 O
3 0 00 0 0O OO
q* g(p.a)

(c)
Figure 11.18 Base-2 example of appending zeros in a two-dimensional FFT con-
volution to avoid the end effect.

To develop the FFT computational approach to this two-dimensional convo-
lution case, we use the following relationship for separable functions (see Prob. 11.3):

rTr(GT,) < Ri(n/NT)Ro(mIMT,) (11.36)

Application of the FFT convolution theorem procedures described by Eqgs. (11.31)
to (11.33) requires that we determine the product

R(n/NT,,m/MT,)H(n/NT,,m/MT,)
= Ry(W/NT, )R, (m/MT,)H(n/NT,,m/MT,) (11.37)

Recall that N + M one-dimensional FFTs are required to determine R(n/NT,,m/
MT,). However, because r(pT,,qT,) is separable, only 2 one-dimensional FFTs are
required. The computational savings is readily apparent and the utilization of sep-
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arable filter functions in two-dimensional signal-processing applications is common
because of these computational simplifications.

Two-Dimensional FFT Correlation

The two-dimensional discrete correlation function is given by the
relationship

M—-1 N—1
WpTeqT,) = > > rT.jT)hl(p + DT, (g + HT,]
Jj=0 i=0
p=01...,N-1 (11.38)
q=0,1,... ., M—-1

where ¥(pT,,qT,), r(pT.,qT,), and h(pT,,qT,) are periodic functions with
periods NT, and MT, in the x and y coordinates, respectively. To apply the
two-dimensional FFT to the computation of Eq. (11.38), we follow the pro-
cedures previously developed for the FFT discrete convolution theorem
except that we apply the two-dimensional discrete correlation theorem.

Summary

A BASIC computer program for computing a two-dimensional con-
volution using the FFT is given in Fig. 11.19. The data to be convolved are
stored in arrays WIREAL(11%,JJ%) and W2REAL(11%,JJ%) and the im-
aginary arrays W1IMAG((11%,11%) and W2IMAG(11%,JJ%) should be set to
zero for real functions. Two-dimensional convolution results are returned
in arrays WIREAL(11%,1J%) and W2REAL(11%,JJ%) and must be scaled
by T.T,. Note that the program branches to the two-dimensional FFT pro-
gram listed in Fig. 11.12 and hence also branches to the one-dimensional
FFT program listed in Fig. 8.7. N%, NU%, M%, and MU% must be ini-
tialized and XREAL(I1%), and XIMAG(I%) must be dimensioned to the
larger of N% or M%. The reader is responsible for preventing convolution
end effects.

Two-dimensional signal processing often involves large data matrices
that can exceed computer memory capacity. For this reason, these types of
data are normally stored on magnetic disk or tape units. As a result, one
encounters a data-access problem. Recall that the two-dimensional FFT can
be computed by first performing a one-dimensional FFT on each row of
data. If the data is stored sequentially by rows, then data access for this
step is straightforward. However, the next step in computing the two-di-
mensional transform requires performing the FFT on the columns of the
matrix that is generated by row transforms. We now encounter a memory-
access problem in extracting column data. One could transpose the matrix,
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8000 REM: TWO-DIMENSIONAL FFT CONVOLUTION PROGRAM- THE
8002 REM: MAIN PROGRAM SHOULD DIMENSION THE DATA

8004 REM: ARRAYS WI1REAL(I1%,JJ%) ,W1IMAG(II1%,JJ%),

8006 REM: W2REAL(11%,JJ%) W2IMAG(II1%,JJ%) AND

8008 REM: DUMMY ARRAYS W3REAL(I1%Z,JJ%), W3IMAG(II%,JJ%).
8010 REM: N%,NU%Z,M%Z, AND MUZ MUST BE INITIALIZED.

8012 REM: XREAL(1%) AND XIMAG(1%) SHOULD BE DIMENSI|ONED
8014 REM: THE LARGER OF N% OR M%.THE PROGRAM CALLS
8016 REM: THE TWO-DIMENSIONAL FFT ROUTINE(FIG. 11.12)
8018 REM: BEGINNING AT LINE 9000, WHICH IN TURN CALLS
8020 REM: THE ONE-DIMENSIONAL FFT PROGRAM (FIG. 8.7)
8022 REM: BEGINNING AT LINE 10000.

8024 REM: COMPUTE THE TWO-DIMENSIONAL FFT OF W1(N,M)
8030 GOSUB 9000

8040 FOR |1%=1 TO NZ%.

8050 FOR JJ%Z=1 TO MZ

8060 W3REAL(11%,JJ%)=WI1REAL(I1%,6JJ%)
8070 W3IMAG( 1 1%,JJ%)=W1IMAG(II%,JJ%)
8080 W1REAL (1 1%,JJ%)=W2REAL (1 1%,JJ%)
8090 W1 IMAG(11%,JJ%)=W2IMAG(1I1%,JJ%)

8100 NEXT JJ%

8110 NEXT 118

8120 REM: COMPUTE THE TWO-DIMENSIONAL FFT OF W2(N,M)

8130 GOSUB 9000

8140 REM: COMPUTE THE PRODUCT OF W1(11%,JJ%) AND W2(1|1%,JJ%)
8150 FOR 1%Z=1 TO NZ%

8160 FOR J%Z=1 TO M%Z

8170 W2REAL ( 1%,J%)=W1REAL(1%,J%)

8180 W1REAL(1%,J%)=W1REAL(1%,J%)*W3REAL(1%,J%)
-W1IMAG(1%,J%)*W3IMAG(1%,J%)

8190 W1 IMAG(1%,J%)=-W2REAL (1% ,J%)*W3IMAG(1%,J%)

-W1IMAG(1%,J%)*W3REAL(1%,J%)
8200 NEXT J%
8210 NEXT 1%
8220 REM: COMPUTE THE TWO-DIMENSIONAL FFT OF THE
8222 REM: PRODUCT CONJUGATE
8230 GOSUB 9000
8240 RETURN
8250 END

Figure 11.19 Subroutine in BASIC for two-dimensional FFT convolution.
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but this is not possible if the matrix exceeds the computer memory. Ref-
erences [10] to [12] propose various methods for partitioning the matrix so
that it will fit into available memory. Alternate transposition procedures are
described in Refs. [14] to [17]. Another approach to efficient computation
of the two-dimensional discrete transform is to derive a direct two-dimen-
sional FFT. This method is described in Refs. [18] and [19]. An excellent
introduction to the field of digital image processing is presented in Oppen-
heim [5].

PROBLEMS

11.1 Prove each of the following properties of the two-dimensional Fourier trans-
form directly from the defining relationships of Eqs. (11.1) and (11.13):
(a) Addition:

h(x,y) + gxy) & Hw,v) + Gu,)

(b) Shifting:

h(x — a,y — b) & e 2™+t H(y y)
(¢) Modulation:

h(x,y) cosQRufox) < Y2 Hu + fo,v) + Y2 Hu — fo,v)

(d) Scaling:

h(ax,by) & (1/| ab | )H(ula,vlb)

h(x,y)e/2max+bv) & Hw - av - b)
(e) Convolution:

h(x,y) = g(ry) & H@0)Gw,v)

11.2 Repeat Prob. 11.1 but derive all results from a one-dimensional viewpoint
utilizing the relationships of Eqs. (11.8) and (11.9) and the one-dimensional
Fourier transform.

11.3 If a function A(x,y) is separable such that
h(x,y) = hi()ha(y)

then the two-dimensional Fourier transform of h(x,y), that is, H(u,v) is
separable:

Hu,v) = H\(u)H,(v)

Prove this result.

11.4 Determine the two-dimensional Fourier transform of the following:
(@) h(x,y) = cosQmugx)
(b) h(x,y) = sin2muoy)
(¢) h(x,y) = cos{2m[x cos(8) + y sin(8)]}



Chap. 11 Problems 267

11.5

11.6

11.7

(d) A(x,y) = sinRmuox) sin(Qmwvoy)
() h(x,y) = cosQRmuox) sin(2mwuoy)

sin(2muex) sin(2mwvey)
® hlxy) =

2muox 27uoy
(8 h(x,y) = d3(y)
(h) A(x,y) = cos(2mugy)d(x)
M) hxy) =1 @ +y)"”<p
=0 otherwise
Parseval’s Theorem for one-dimensional functions is given by

|- wwar = [ 1 e pas

Derive the corresponding relationship for two-dimensional functions.

Figure 11.2(a).can be redrawn in terms of lines of zero phase, as illustrated

in Fig. 11.20. Develop analytic expressions for the following:

(a) A function of the form y = mx + mb for the zero-phase lines, where m
is the slope, b is the y intercept, and m is an integer.

(b) An expression for 0 in terms of the spacial frequency terms uo and v,.

(¢) An expression for L, the spatial period, i.e., the distance between zero-
phase lines.

If we introduce the polar coordinates x = r cos(8), y = rsin(8), u = w cos(d),

and v = w sin(d), then A(x,y) and H(u,v) become h,(r,0) and H,(w,d), re-

spectively, where

hy(ar,0+80) < (l/a®)H,(wia,b+8o) (11.39)

Note that Eq. (11.39) states that if h(x,y) is rotated through an angle 6,, then
the transform H(u,v) is also rotated through the angle 6,. Derive Eq. (11.39).

Y

Figure 11.20 Function for Prob. 11.6.
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11.8

11.9

11.10

11.11

11.12

11.13
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Hint:
hax+by,cx+dy) €< (1/ | ad — cd | Yh(Au+ Bv,Cu+ Dv)

[eo]-[d]

An interesting special case of two-dimensional discrete Fourier transforms
occurs when the sampled function h(pT,,qT,) separates as h,(pT,)h,(qT,),
wherep =0,1,...,N—-—1landg =0,1,...,M — 1. Show that in this
case the discrete Fourier transform H(n/NT,m/MT) can be evaluated by one
N-point FFT and one M-point FFT.

Figure 11.4 shows the two-dimensional FFT as a set of one-dimensional FFTs
on the rows of the data matrix followed by a set of one-dimensional FFTs on
the columns of the data matrix computed in the first step. Show by sketches,
as in Fig. 11.4, that equivalent results can be obtained by FFTing first the
columns of the data array followed by the rows of the intermediate computed
array.

Consider the sampled waveform shown in Fig. 11.21. Analytically compute
the two-dimensional discrete Fourier transform by using one-dimensional
transforms:

(a) Transform each column and then each row of the result.

(b) Transform each row and then each column of the result.

Develop an alternate inversion formula for two-dimensional transforms that
allows one to use the forward two-dimensional FFT.

In Chapter 8, we developed techniques for increasing the efficiency of the

one-dimensional FFT for the case of real data. If only two-dimensional real

data are being considered, develop the procedures and appropriate relation-

ships for the following:

(a) Computing the two-dimensional FFT oftwo real functions simultaneously.

(b) Computing the two-dimensional FFT of a (2N,2M) real data array with
an (N,M) two-dimensional FFT program.

It is of value to consider two-dimensional convolution and correlation from
an area viewpoint without regard to amplitude. For each of the functions il-
lustrated in Fig. 11.22, determine the area function (i.e., follow Fig. 11.11) for
both convolution and correlation.

If a small two-dimensional area is to be convolved with a much larger two-
dimensional area, then sectioning techniques as developed in Chapter 10 must
be used. Extend the overlap-add sectioning technique to two-dimensional
convolution.

Figure 11.15 develops the basic concepts of two-dimensional convolution in-
volving impulse functions. By using this approach, extend the two-dimensional
Nyquist sampling criteria development of Fig. 5.3 to two dimensions. Assume
that the transform H(u,v) is band-limited according to Eq. (11.23).

Develop a two-dimensional FFT computer program. An input variable should
allow the output to be in either a conventional viewing format or standard
two-dimensional FFT format.

where



|1—0—0—0—>x
|0 10 1
r 010

!

Figure 11.21 Sampled waveform for Prob. 11.10.

(c}

(d)

(e) U]

Figure 11.22 Functions for Prob. 11.13.
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11.17 Apply the program developed in Prob. 11.16 to the two-dimensional waveform
for Fig. 11.1(a). Explain any differences with the theoretical transform results
of Fig. 11.1(b).

11.18 Compute the two-dimensional FFT of the function shown in Fig. 11.7.

11.19 Compute the two-dimensional FFT of the waveform shown in Fig. 11.2(a).
Explain any differences with the theoretical transform results of Fig. 11.2(b).

11.20 Apply the two-dimensional Hanning weighting function to the results of Prob.
11.18.
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12

FFT DIGITAL FILTER DESIGN

Digital filtering is the realization of the convolution integral in discrete form.
Recall from Ex. 4.4 that the output of a linear system is determined by
convolving the system impulse response h(¢) with the system input waveform
x(t). Common signal-processing terminology characterizes h(t) as a filter,
that is, the input signal x(¢) is filtered by a system with filter impulse response
h(t) to produce the output signal y().

A straightforward realization of a digital filter can be achieved by sam-
pling the impulse response 4(¢) and performing the discrete convolution op-
eration with the sampled input waveform x(kT). In the literature, this design
approach is termed a Finite-Impulse Response (FIR) filter because the sam-
pled impulse response h(kT) is described by N samples. FIR digital filters
require considerable computational complexity because each system output
value y(kT) requires multiplication of the N samples of the sampled impulse
response h(kt) with N sample values of the input signal x(kT) and N — 1
additions of these product terms.

Computational complexity can be reduced significantly by imple-
menting digital recursive filters. Recursive filtering, as the name implies, is
realized by expressing the discrete convolution equation as a summation of
weighted input sample values x(kT) and a weighted sum of previously com-
puted output values:

o B
YKT) = 3 axltk = DT + 3 byltk —j — DTT  (12.1)
i=0

Jj=0

272
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Recursive filters can reduce the required number of multiplications by an
order of magnitude with respect to a FIR filter implementation. However,
the design of a recursive digital filter is complicated if the filter function to
be realized is not characterized by a well-defined analytical function [1].

In this chapter, we discuss the basic techniques for applying the FFT
to the design and implementation of nonrecursive (i.e., FIR) digital filters.
FFT digital filter design can be accomplished by two basic techniques. We
can begin with the desired time-domain impulse response of the filter (time-
domain specification) or with the desired filter frequency-domain response
function (frequency-domain specification). In either case, the filter response
function can be specified by an analytic function or by experimental samples.
FFT digital filter designs are particularly valuable where the impulse or
frequency response of the filter has been determined experimentally. Unless
the experimental data describes a well-known filter shape, then the design
of a suitable recursive digital filter is extremely time consuming (or
impossible).

Our design approach is focused on design-time efficiency and the prac-
ticality of implementation. Practicing professionals must constantly evaluate
the time required to design a better digital filter against the savings in data-
processing time that results from a more elegant filter design. The FFT design
approach presented here is best suited for quick-solution laboratory analysis
or for signal-processing problems involving unconventional filter response
functions. Our discussion of system-simulation analysis in Chapter 14 is an
example where our techniques are more efficient to apply than more elab-
orate design techniques.

12.1 FFT TIME-DOMAIN DIGITAL FILTER DESIGN

Assume we are given the time-domain impulse response of a desired filter
graphically, analytically, or as numerical values determined from an exper-
iment. It is desired to design a nonrecursive digital filter that produces results
equivalent to the specified filter. The digital filter is to be implemented by
FFT convolution techniques (Chapter 10) and, therefore, its impulse re-
sponse must be of finite duration. The design of a FFT digital filter from a
time-domain specification is very similar to the development of the discrete
Fourier transform that is graphically developed in Fig. 6.2.

Design Procedure

If the time-domain specification is an analytical function, we begin our
design by sampling the given impulse-response function. For an experi-
mentally obtained impulse function, we begin with the numerical sampled
values. In both cases, we require that the sample interval T is sufficiently
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small to produce negligible aliasing. Because the FFT is used to implement
the designed digital filter, it may be necessary to truncate the sampled im-
pulse response. If truncation is not required, we know from Chapter 6 that
the discrete Fourier transform of the digital filter is a good approximation
to the continuous Fourier transform of the specified analog filter. The sam-
pled impulse-response function thus satisfies the digital filter design goal in
that its frequency function is a good approximation to the specified frequency
function. Further, the filter can be implemented by means of FFT convo-
lution techniques.

Recall from Table 10.2 that efficient application of FFT sectioning tech-
niques requires that the fillter impulse response be represented by a small
number of samples with respect to N, the number of sample values to be
FFTed. If an experimenter’s computer capacity accommodates a digital filter
designed without impulse-response truncation, then the design is complete.
However, it is often the case that the number of nonzero samples that define
the impulse response of the digital filter must be minimized.

The number of nonzero samples of the impulse-response function can
be modified by multiplication with a truncation (weighting) function. As
shown in Figs. 6.2(d) and (e), time-domain truncation can introduce ripples
in the frequency function unless a weighting function that smoothly tapers
to zero is used. To determine an acceptable truncation width, we experi-
mentally decrease the width, or duration, of the weighting function until the
resulting digital filter frequency function as computed with the FFT differs
unacceptably from the desired analog frequency function. The minimum
width of the weighting function that yields acceptable results corresponds
to a minimum impulse-response duration and hence a more efficient FFT
implementation.

Example 12.1 FFT Digital Filter Design: Time-Domain Specification

To illustrate the FFT filter design procedure, consider the filter impulse function:

h(t) = @’te™ =0 (12.2)
=0 t<0

The Fourier transform is given by

H(f) = o’/(a + j2mf)’ (12.3)
= |H(f) | eje(f)
where

| Hf) | = o?Ala® — Quf)*P? + (dufa)’}? (12.4)
0(f) = tan~Y{—4nfa/o® — QuH]} (12.5)

The parameter a was chosen as 27 to yield a filter frequency-domain 6 dB cutoff
frequency of 1 Hz. We show the time-domain impulse response function of Eq. (12.2)
and the amplitude and phase response functions of Eqs. (12.4) and (12.5) in Figs.
12.1(a) and (b), respectively.
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Figure 12.1 Example filter continuous time- and frequency-domain response functions.
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To sample the impulse response of Eq. (12.2), we must choose the sample
interval 7. We know that T must be sufficiently small to minimize the effect of
aliasing. Let us assume that our design goal is a digital filter whose magnitude re-
sponse approximates that shown in Fig. 12.1(b) to approximately 500 Hz. As a result,
we must ensure that we choose the sample interval T such that aliasing is negligible
up to a frequency of 500 Hz. For a sampling frequency f; = 1000 Hz, the foldover,
or aliasing, frequency is f;/2 = 500 Hz, and we have ensured that aliasing is rea-
sonably negligible below 500 Hz.

We next choose the maximum number of sample values N that can be con-
veniently FFTed. We assume for purposes of discussion that N = 2048. With T =
1/f, = 0.001 and N = 2048, we sample Eq. (12.2) to obtain

h(kT) = o?(kT)e*“*" k=0,1,...,2047 (12.6)

The 2048 samples of Eq. (12.6) represent an impulse duration of 2.048 s. We observe
from Fig. 12.1(a) that the choice of 2048 samples (or 2.048 s) introduces negligible
truncation. Hence, we expect the FFT of the sampled impulse response and the
continuous Fourier transform to agree closely. The FFT of the function given by
Eq. (12.6) for the chosen parameters is essentially the same as samples of Fig. 12.1(b).

The next step in our time-domain FFT digital filter design procedure is to
truncate the impulse response in order to minimize the number of near-zero sample
values. From Table 10.2, the number of samples representing the impulse-response
function should not exceed 299 for efficient FFT convolution with a 2048-point trans-
form. Hence, we will experimentally sequentially reduce the width of the truncation
function with a goal of reducing the digital filter impulse-response duration to 299
sample values (0.299 s).

To truncate the sample impulse response of Eq. (12.6), we have arbitrarily
chosen for discussion the rectangular and Hanning truncation (or weighting) func-
tions. Hence, for the rectangular truncation function, we compute

h(kT) = h(kT) 0=<k=WuT (12.7)
=0 WylT<k=<N— WgT
and for the Hanning truncation function, we compute
h(kT) = (kD[ Y2 + V2 cos(wkT/Wy)] 0=<k=W,T (12.8)

=0 WylT <k=N — W4T

We then compute the FFT of Eqgs. (12.7) and (12.8) to determine the frequency
characteristics of the truncated filter.

If we choose Wy, to reduce the impulse response to 1 s (i.e., 1000 samples),
then the results of truncation become apparent. In Fig. 12.2(a), we see that rectan-
gular truncation produces a small rippling effect. Application of the Hanning trun-
cation function produces the digital filter shown in Fig. 12.2(b), which rather closely
approximates the desired amplitude- and phase-response characteristics. Note the
effects of aliasing on the amplitude response around 500 Hz.

The digital filter illustrated in Fig. 12.2(b) is characterized as one of
quick and easy design. However, the filter impulse response is represented
by 1000 nonzero sample values. The designer must evaluate the trade-off
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between increased design time and decreased processing time for a filter
with a reduced number of nonzero sample values. In general, we recommend
that the designer accept the inefficiency of implementation caused by the large
number of nonzero sample values of the filter impulse response unless there
are compelling reasons to further decrease data-processing time.

To reduce this number of samples, we decrease W;. The digital filter
approximation to the desired characteristics continue to degrade as Wy is
decreased. Figure 12.3(a) illustrates amplitude and phase functions resulting
from rectangular truncation with Wz = 0.5 s (500 samples). As shown,
rectangular truncation produces unacceptable rippling. In Fig. 12.3(b), we
show the filter design characteristics with Hanning truncation width W, =
0.5 s. Although the design approximates rather closely the theoretical re-
sponse, the amplitude function differs from the desired frequency response
in that the low-frequency components have been attenuated by approxi-
mately 4 dB.

Hanning truncation reduces the area under the impulse-response func-
tion and, as a result, produces the attenuation that we observe. Recall that
the Fourier transform for zero frequency is simply the integral or area of
the impulse-response function. If this attenuation is objectionable for the
digital filter design of concern, then the effect can be partially compensated.
We simply multiply the truncated impulse response by the appropriate con-
stant that yields a windowed impulse response with an area equal to that of
the theoretical impulse-response function.

Figure 12.4 illustrates the amplitude-response functions obtained by
multiplication by the appropriate constant to increase the area of the trun-
cated impulse response. A comparison of the truncated impulse response of
Fig. 12.4 and the truncated impulse response of Fig. 12.3(a) illustrates the
effect of multiplication.

The amplitude-response function that results from multiplication agrees
more closely with the desired response at the lower frequencies but is shifted
to the right at higher frequencies. That is, the amplitude-response charac-
teristic shows the 6 dB cutoff is at approximately 1.5 Hz rather than at the
desired 1 Hz. If the exact cutoff frequency is of importance, then we can
begin our design procedure with a specified cutoff frequency that is lower
(i.e., 0.5 Hz). The phase-response function is not affected by the multipli-
cative constant.

For Wy = 0.5 s, we have developed a digital filter represented by 500
samples values. Although we have not reached our goal of 299, recall from
the discussion of Sec. 10.3 that an increase of this optimum number of sam-
ples by a factor of 2 increases computing time only slightly. As a result, this
digital filter can be implemented efficiently by FFT convolution techniques.

In summary, we have followed the design procedure of successively
reducing parameter W, the truncation function width. We note that in each
reduction of the parameter Wy, we must accept a compromise in the digital
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filter design. As Wy is decreased, we encounter an increased spreading of
the frequency function. Hence, a design for maximum implementation ef-
ficiency (i.e., minimum number of sample values) deviates from the desired
characteristics. However, if we are willing to represent the impulse response
by a large number of sample values, then, as shown, we can achieve an
excellent approximation to the specified filter frequency response and the
design can be achieved very efficiently.

12.2 FFT FREQUENCY-DOMAIN DIGITAL FILTER DESIGN

Frequency-domain specification of a filter implies that the digital filter design
begins with an analytical expression for the frequency response of a filter
or with numerical values of amplitude and phase obtained from an experi-
ment. As in the time-domain specification case, the goal is to design a digital
filter that approximates the given frequency response and that can be im-
plemented by FFT convolution. One could claim that this is identical to the
previous discussion; however, there are subtle design differences in the two
developments. In this section, we will investigate these differences as well
as develop the fundamentals of FFT frequency-domain digital filter design.
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Graphical Development

Consider the time- and frequency-response functions of the example
filter shown in Fig. 12.5(a). Our approach to digital filter design follows the
presentation used to develop the discrete Fourier transform in Chapter 6.
Because we assume that the filter characteristics are known to us only in
the frequency domain, it is necessary to first sample in the frequency domain.
The frequency-sampling function and its inverse Fourier transform are

N_e /N

L e A
- 1
AN AV N i
=
illig i”L 4 o 1 4 \iwﬂ‘

Figure 12.5 Graphical development of FFT digital filter designed from a fre-
quency-domain specification.
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shown in Fig. 12.5(b). From the time-convolution theorem, the resulting
sampled frequency function and its inverse Fourier transform are shown in
Fig. 12.5(c). Because sampling in the frequency domain corresponds to con-
volution in the time domain, we can have time-domain aliasing. It is nec-
essary that the frequency-domain sampling period 1/T, is sufficiently small
to ensure that time-domain aliasing is negligible. As illustrated in Fig. 12.5(c),
aliasing is negligible for this example.

Because only a finite number of sample values of the frequency function
can be inverse Fourier transformed, it is necessary to truncate the sampled
frequency function. As illustrated in Fig. 12.5(d) we attempt to ensure that
the truncation function significantly exceeds the width of the frequency func-
tion. A rectangular truncation function is used to simplify the graphical
development.

We recognize that the wider one allows the frequency-truncation func-
tion to become, the larger the number of sample values representing the
impulse response becomes. Our design approach ultimately reduces the
number of impulse-response samples by employing a time-domain weighting
function design procedure similar to that discussed in the previous section.
As a result, we incur no penalty for choosing the frequency-truncation func-
tion extremely wide. Figure 12.5(e) illustrates the Fourier transform pair
obtained by truncating the sampled frequency response.

To complete the description of the digital filter, it is necessary to sample
with the time-domain sampling function shown in Fig. 12.5(f). Note that the
sampling period T has already been set because NT must equal T,. The
resulting sampled functions shown in Fig. 12.5(g) represent the digital filter
as designed from a frequency-domain specification. If we ensure that time-
domain aliasing and frequency-domain truncation effects are insignificant,
then the digital filter of Fig. 12.5(g) is essentially equivalent to that discussed
in Sec. 12.1; we simply proceed from this point using the design techniques
described in the previous section.

The design of FFT digital filters from a frequency-domain specification
appears to be a straightforward extension of time-domain design techniques.
This is in fact the case if we exercise caution with respect to two pertinent
assumptions: frequency-domain truncation and time-domain aliasing. We
will now explore further the implication of time-domain aliasing in FFT
frequency-domain filter design.

Time-Domain Aliasing and End Effects

To demonstrate the potential problem of time-domain aliasing, we show
in Fig. 12.6(a) a filter frequency-response characteristic that digital filter
designers often try to obtain. Following the design procedures for frequency-
domain design of digital filters that were described in Fig. 12.5, we first
sample in the frequency domain using the sampling function illustrated in
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Figure 12.6 Graphical development of an apparently perfect rectangular filter.

Fig. 12.6(b). We purposely have chosen a large frequency sample interval
so that there is significant time-domain aliasing, as shown in Fig. 12.6(c).
Recall that the interval 1/T, is the variable that the FFT filter designer uses
to limit time-domain aliasing to an acceptable level.

The filter frequency-response function is of finite duration and, as a
result, multiplication by a frequency-truncation or weighting function of
greater duration, as shown in Fig. 12.6(d), introduces no distortion but does
set the truncation width NT. Time-domain sampling with N samples over
the time-function period T is achieved by multiplication with the time-sam-
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pling function illustrated in Fig. 12.6(f). The resulting time- and frequency-
domain sampled approximations to the desired time- and frequency-domain
filter characteristics are shown in Fig. 12.6(g).

Based on the illustrations of Fig. 12.6, one could conclude that a filter
has been designed that has a perfectly square frequency response. This,
however, is not the case as this design cannot be implemented by FFT
convolution techniques. Recall that in order to apply FFT convolution tech-
niques without end effects (Sec. 10.1), it is necessary that the number of
nonzero samples defining the digital filter impulse-response function be less
than the total number of samples to be FFTed. As a result, zeros must be
added to the N points of the first period of g(¢), Fig. 12.6(g). The impulse
response with appended zeros then defines the frequency-function charac-
teristics of the designed filter.

To illustrate this addition of zeros, we repeat the time and frequency
functions of Fig. 12.6(g) in Figs. 12.7(a) and (d), respectively. Assume that
the number of data points to be processed by the FFT is 2N; the N points
defining the digital filter of Fig. 12.6(a) must therefore be combined with N
zeros to form a periodic function of period 2NT. To determine the time-
domain result of adding these zeros, we multiply by the periodic square-
wave function illustrated by Fig. 12.7(b); the corresponding time function
is shown in Fig. 12.7(c). Multiplication of the functions of Figs. 12.7(a) and
(b) yields the results illustrated in Fig. 12.7(c), a periodic function with 2N
points per period. The frequency function corresponding to Fig. 12.7(c) is
obtained by convolution of Figs. 12.7(d) and (e). This function is illustrated
in Fig. 12.7(f); the function no longer closely approximates the desired fre-
quency-domain response function.

As shown, the addition of zeros results in rippling in the digital filter
frequency response. To reduce this effect, it is necessary to substitute a
suitably shaped time-domain weighting function for the rectangular function
used in Fig. 12.7(b).

Example 12.2 Notch Filter Design

As an illustration of FFT frequency-domain digital filter design, consider the fre-
quency function illustrated in Fig. 12.8(a). As shown, the desired filter function has
notch filter characteristics between 1.5 and 2.5 Hz and a cutoff frequency of 5 Hz.
We wish to design a digital filter approximation to the illustrated filter function.

Assume that the data to be filtered has no frequency component above 10 Hz.
Hence, our time-domain sample interval T should be less than 0.05 s. For N = 1024,
choose T = 0.0391 s and thus Af = 0.25 Hz. When sampling the frequency function
illustrated in Fig. 12.8(a), recall that the computation of the inverse FFT requires
that we must fold the real frequency function about n = N/2. We assume the phase
function is zero and hence the imaginary frequency function is zero. Note that be-
cause the phase function is zero, then the frequency function is even and hence the
impulse-response function is even (noncausal).

The inverse FFT (scaled by T) is shown in Fig. 12.8(b). This impulse-response
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Figure 12.7 Graphical development illustrating the effect on filter amplitude re-
sponse resulting from appending zeros to the impulse response.

function is also symmetric about n = N/2, but we show only values for positive
time. Following our design procedure, we apply a Hanning truncation or weighting
function to the impulse-response function shown in Fig. 12.8(b). The weighting func-
tion is positioned to have unity value at time ¢ = 0, zero value at time t = T, and
to be symmetric about n = N/2. We compute the FFT of the weighted impulse
response to determine the frequency response of the designed filter. The log am-
plitude response of the FFT designed digital filter is illustrated in Fig. 12.8(c) for T,
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Figure 12.8 FFT notch filter designed from a frequency-domain specification.
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=1, 2.5, and 10 s. As shown, severe truncation (T. = 1 s) results in a filter whose
characteristics are not useful.

We use FFT convolution techniques to implement the designed filter. For T
= 0.0391 s, a 1024-point FFT can process 40.04 s of data. The filter impulse response
for T. = 2.5 s has a duration of 5 s because we must include the negative time values
(mirror image) if a zero-phase filter is desired. If this filter is acceptable to the de-
signer, it can process data rather efficiently. A 20-s duration impulse response (7.
= 10 s) gives excellent attenuation characteristics but is less efficient. However, we

H'(n)
'0 N N1 on
2 @
h(k)
A
8.
i I
I‘\V.A . P\ [\ P
haV/ M A\ T
2 N-1
(b)
wik}
1
. N N1 K
T 2
(c)
h'(k)
8_-
4_.
J"‘VA\, n oNot——+ ——
VN 2. N N-1 Kk
T 2

(d)

Figure 12.9 Illustrations showing correct formatting of time and frequency func-
tions for the digital filter design of Fig. 12.8.



288 FFT Digital Filter Design Chap. 12

argue again that the designer should predetermine if design simplicity or data-pro-
cessing time is of first priority.

For clarity of presentation, Figs. 12.9(a) to (d) illustrate the appropriate fre-
quency function to be sampled, the FFT computed impulse response, the Hanning
weighting function, and the zero-phase-shift filter impulse response, respectively.
The impulse response of Fig. 12.9(d) is that which must be convolved with the data
by means of the FFT if a zero-phase-shift filter is desired.

Summary

In this chapter, we have explored the basic concepts of nonrecursive
FFT digital filter design. The advantages of the proposed design procedure
are design efficiency and implementation simplicity. A disadvantage is that
a large number of sample values may be required to adequately represent
the filter impulse-response function. Implementation of a digital recursive
filter can often give an order-of-magnitude speed advantage over an FFT
convolution implementation of a digital filter [1]. If the filter to be used is
of a conventional shape and vast quantities of data are to be processed, then
certainly the time spent designing a digital recursive filter is worthwhile.
But if the design is for an experimental effort or if the filter function is of
unusual shape, then the FFT design procedure presented here is a simple
and cost-effective approach.

Alternate truncation or weighting functions can be employed to alter
the side-lobe characteristics of FFT filter designs. Recall from Sec. 9.2 that
the side-lobe level can be specified for the Dolph-Chebyshev weighting func-
tion. Using the previously described design approach, Helmns [2] has applied
the Dolph-Chebyshev weighting function to FFT digital filter design prob-
lems and has achieved a specified side-lobe level.

PROBLEMS

12.1 Analytically determine the Fourier transform and plot the amplitude and phase
spectrums of the waveform h(t) = a’*te “, where a = 2 and ¢t > 0.

12.2 If the aliasing level that one is willing to accept has been set at x dB, then why
does one select the crossover frequency to be that where the frequency function
is down (x + 3) dB?

12.3 If the waveform of Prob. 12.1 is sampled at
(a) 250
(b) 500
(c) 1000
(d) 1500
samples per second, what is the aliasing level in dB?

12.4 When the Hanning weighting function is applied to the impulse-response func-
tion illustrated in Figure 12.1(a), should the weighting function have its max-
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12.5

12.6

12.7

12.8

12.9

imum amplitude centered on the origin or at the midpoint of the interval [0, W 4]?
Explain.
Design a digital filter to be implemented using FFT convolution that approx-
imates the following time-domain specified filters:
@) h(t) = e !
(b) h(t) = e~ ' cosQmt)
(c) h(t) = [sin®(¢)}/?
The FFT time-domain specification technique for digital filter design is of con-
siderable importance in those cases where designs for digital recursive filters
do not exist. Give examples.
Refer to the impulse-response function of Fig. 12.5(g). Explain the result if the
N sample values shown are used to implement a digital filter.
Refer to Fig. 12.6. Why can’t the problems cited be resolved by selecting the
frequency-sampling interval in Fig. 12.6(b) much smaller than that shown?
Design a digital filter to be implemented using FFT convolution that approx-
imates the following frequency-domain specified filters:

1

@ H = 75 Gagy
f3
® D = A+
' 2
(© H(f) = M%M
wf

Aliasing should be below —50 dB.
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13

FFT MULTICHANNEL
BAND-PASS FILTERING

In radar, sonar, communications, and signal processing systems, the appli-
cation of the FFT to digital multichannel band-pass filtering is of major
importance. These fields of FFT applications are based on the interpretation
of each FFT resolution cell as the output of a band-pass filter. In this chapter,
we develop graphically and analytically the fundamentals of FFT digital
band-pass filtering.

We first explore the analogy of the FFT to a bank of integrate and
sample filters. Both graphical and mathematical presentations are devel-
oped. We then review the data-weighting function discussed in Sec. 9.2 from
afilter-shaping perspective. The relationship of FFT resolution to band-pass
filter response characteristics is explored in detail.

The FFT filtering development is then extended to the interpretation
of a sequence of FFT outputs as sequential time samples from a bank of
band-pass filters. Interpreting FFT outputs as time samples is a concept that
is contrary to one’s intuition. One normally considers the FFT as a time-
to-frequency transform. For these reasons, basic implementation consid-
erations that one employs for FFT multichannel filtering are explored in
detail. Numerous examples are presented to solidify the development.

13.1 FFT BAND-PASS INTEGRATE AND SAMPLE FILTERS

An interpretation of the FFT that has been found useful is its realization as
a bank of band-pass integrate and sample filters. Such an interpretation
requires we show the FFT can be viewed as a time-domain convolution

291
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operation. This follows because a filter is a linear system and the output of
a linear system is the convolution of the input to the system and the system
impulse response (Ex. 4.4). Hence, to show that the FFT can be interpreted
as a bank of filters, we must show that the FFT operation is a convolution
operation involving a set of impulse-response functions whose Fourier trans-
form (i.e., transfer or system frequency-response functions) are those of a
band-pass filter bank. In this section, we develop both analytically and graph-
ically this interpretation of the FFT.

Development of Band-Pass Filter Equations

To develop the analytical relationships describing the FFT as a bank
of band-pass integrate and sample filters, consider the discrete Fourier trans-
form approximation to the continuous Fourier transform:

N—-1

Y(n/INT) = T >, y(kT)e ~/2mkN n=01...,N2 (13.1)

k=0

Recall that Eq. (13.1) is simply the rectangular integration approximation to
the finite-interval continuous Fourier transform integral. Hence, if T is suf-
ficiently small, then Eq. (13.1) can be written with small error as

NT )
Vnfo) = [ yne 2ot dr

= LNT y(1) cosQ2mnfot) dt — j LNT y(t) sinQmnfot) dt  (13.2)

n=20,1...,N2

where fo = 1/NT. Although Eq. (13.2) is a continuous Fourier transform
integral, we are only evaluating the equation for the (N/2) + 1 discrete
frequencies evaluated in Eq. (13.1), that is, 0, fo, 2fo, . . . , (N/2)fo. (Ob-
serve that Eq. (13.2) holds also for negative frequencies, but this generali-
zation is omitted for clarity.) From Eq. (13.2), we will proceed to demon-
strate the implied convolution operation of the FFT. To do so, we have
purposely converted from the discrete (Eq. (13.1)) to the continuous domain
(Eq. (13.2)). Although it is not necessary to prove our arguments in the
continuous domain, we find that such an approach is generally more easily
visualized.

Our approach to the development of the FFT band-pass integrate and
sample filter concept is to first consider only the real term of Eq. (13.2)
(assume y(¢) is a real function):

Yr(nfo) = LNT y(t) cosmnfot) dt n=0,1...,N/2 (13.3)

We will show that Eq. (13.3) can be interpreted as a time-sampled output
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from a bank of filters with impulse-response functions u(t) cosQmnfot),
where u(?) is unity over the interval (0,NT). To facilitate the development,
we first consider the low-pass FFT filter of the filter bank.

Low-Pass Filter Development
Consider Eq. (13.3) for the case n = 0:
NT
YR(0) = L W) dt (13.4)

For this case, Eq. (13.3) reduces to a simple integration of y(t) over the
interval of 0 to NT. We claim that Eq. (13.4), that is, the FFT output for n
= 0, is the linear-system convolution equation representing a low-pass filter
followed by a sampler. To develop this viewpoint, consider the following
arguments.

In Fig. 13.1, we show the procedure for convolving the two waveforms
y(t) and u(t):

ro() = [__y@ute ~ v dr (13.5)

If we let y(t) represent the input waveform to a linear system and let
u(t) be the impulse response of the system, then Eq. (13.5) determines the
system output ro(#). In Fig. 13.1, we have assumed that the system impulse
response u(t) is a unity amplitude function over the interval 0 to NT, as
shown in Fig. 13.1(a). The system input y(¢) is assumed to be a general
waveform, as shown in Fig. 13.1(b). Although Eq. (13.5) describes the linear-
system output for all time ¢, we show the graphical evaluation of Eq. (13.5)
for the single point of time t = t' = NT.

Now observe that the evaluation of the convolution relationship of Eq.
(13.5) for the point in time ¢’ requires only the integration of y(¢) over the
interval 0 to NT, as illustrated in Figs. 13.1(e) and (f). Also note from Fig.
13.1(e) that multiplication by u(t) required in the convolution procedure of
Eq. (13.5) actually determines the integration interval because u(t) is defined
to have utility amplitude over the interval 0 to NT and to have zero amplitude
elsewhere. Hence, the evaluation of the convolution equation for the point
of time ¢ = ¢', as shown in Fig. 13.1(f), reduces to integration of y(¢) over
the interval 0 to NT. But this result is exactly Eq. (13.4), the FFT output
for the case n = 0. We have then shown that Eq. (13.4) can be interpreted
as the evaluation of a convolution equation for a single point of time. This
operation is called integrate and sample filtering.

Because Eq. (13.5) describes the output of a linear system with input
y(t) and impulse response u(t), the real FFT output at » = 0 can be char-
acterized as the output of a linear system sampled at time t = ¢t = NT. The
system-response characteristics are defined by the impulse response u(t),
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Figure 13.1 Graphical development of the equivalence of the FFT and convo-
lution for the case n = 0.

which is illustrated in Fig. 13.2(a). Magnitude of the Fourier transform of
this impulse response is shown in Fig. 13.2(b). This frequency function is
that of a low-pass filter with a magnitude frequency-response function of
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NTlsin(wf/fo)l/(wf/fo). As aresult, the real FFT output for the case n = 0,
as described by Eq. (13.4), is equivalent to the output of a low-pass integrate
and sample filter with a NT[sin(wf/fo)l/(wf/fo) frequency response. Since
Eq. (13.4) evaluates the convolution integral for only one point of time, we
interpret the FFT for n = 0 as a low-pass filter followed by a sampler.

Note that we have shown that the FFT output can be considered as a
sampled value of a time function. This is in direct contrast to the normal
interpretation of the FFT as a time-to-frequency-domain transform. We now
extend these low-pass filter results to the band-pass filter case.

Band-Pass Filter Development
Let us now consider Eq. (13.3) for the case n = 1:
NT
Ye(fo) = L 1) cos@ufor) di (13.6)

Our objective is to demonstrate that Eq. (13.6) represents the output of a
band-pass filter centered at frequency fo followed by a sampler. Our ap-
proach follows that used for the low-pass filter development.

In Fig. 13.3, we show the basic waveforms obtained in realizing the
convolution equation

ri(t) = f:, ymu'(t = ) dr (13.7)

where
u'(t) = u(t) cos2nfot) (13.8)

As in the low-pass filter case, Eq. (13.7) characterizes the output of a linear
system with input y(#) and impulse response u'(z) defined by Eq. (13.8).
Figure 13.3 graphically evaluates Eq. (13.7) for the single point of time ¢ =
t' = NT. As shown in Figs. 13.3(e) and (f), this single point of the convolution
result is determined by multiplying y(¢#) by cos(2nwfot) and integrating over
the interval 0 to NT. This sample value of the convolution result is exactly
the FFT output for n = 1 computed from Eq. (13.6). Hence, Eq. (13.6) can
be interpreted as the evaluation of the convolution equation (13.7) for the

) ult) [SIy]]

NT t Vot 2 3o f
(a) (b)

Figure 13.2 FFT low-pass filter: time- and frequency-domain characteristics.
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Figure 13.3 Graphical development of the equivalence of the real FFT and con-
volution for the case n = 1.

single point of time + = t' = NT, and, as a result, the real FFT output for
n = 1 is that of a sampled output from a filter with the impulse-response
function given by Eq. (13.8).

In Fig. 13.4(a), we show the impulse response of Eq. (13.8). Note that
this impulse response is simply the multiplication of the low-pass filter im-
pulse response u(r) and the term cos(2mfot). To determine the corresponding
frequency-response function, recall from the frequency-shifting theorem
(Eq. (3.23) and Ex. 3.8) that multiplication of the low-pass impulse response
u(t) by the cos(2mfot) term translates the low-pass filter frequency-response
function illustrated in Fig. 13.2(b) into a band-pass frequency-response func-
tion centered at frequency fo, as shown in Fig. 13.4(b). The band-pass filter
frequency characteristic is the NTIsin(wf/fo)l/(wf/fo) function of the low-
pass filter shifted in frequency.

The FFT real output for the case n = 1 (Eq. (13.6)) can then be in-
terpreted as a single sample of the output of a band-pass filter centered at
frequency fo with NT{sin[w(f — fo)/fol{/[w(f — fo)/fol frequency-response
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Figure 13.4 FFT band-pass filter centered at frequency fo = 1/NT: time- and
frequency-domain characteristics.

characteristics (magnitude). As in the low-pass filter case, the output of the
FFT can be considered as a single value of a time waveform.

If we consider Eq. (13.3) for the general case, we note that the previous
arguments apply. For each n, we can draw an illustration analogous to Fig.
13.3. Hence. the FFT real output Yz(nfo,NT) can be interpreted as the
output of a convolution integral:

Yr(nfo.NT) = L M J(t) cos@unfot) dt

= [ @t (NT = 7y dn (13.9)
n=201...,N2

where the convolution integral must be interpreted as being evaluated only
at t = NT and where u(t) is the system impulse response given by

un(t) = u(t) cosQmnfot) (13.10)

The superscript i in u%(#) indicates that the filter response is in phase and
is determined by multiplication of the impulse response u(z) by a cosine
term.

From the frequency-shifting theorem (Ex. 3.8), multiplication of the
low-pass filter impulse response u(t) by the function cos(2wnfot) translates
the NT[sin(wf/fo)l/(wf/fo) low-pass filter frequency response to a band-pass
filter centered at frequency nfo. As a result, Eq. (13.3) can be interpreted
as the band-pass filter bank illustrated in Fig. 13.5, where it is
understood that we sample the outputs of the filter bank at time + = NT.
All side-lobe characteristics of the NT{sin[w(f — nfo)/fol{/[w(f — nfo)/fol
filters in Fig. 13.5 have been omitted for clarity. The frequency response of
each filter is centered at frequency nf,, where n = 0, 1, . . . , N/2. Note
that we can easily extend our arguments to include nf,, where n = N/2 +
1,..., N — 1, to determine the filter response for negative frequencies.
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Figure 13.5 FFT band-pass filter bank frequency-domain characteristics (side lobes deleted).

Quadrature Band-Pass Filter Bank

We have neglected the imaginary term in Eq. (13.2). If we treat this
term in the same manner as the real term, then we obtain another band-pass
filter bank described by

NT
Y,(nfo.NT) = — L Y(t) sin@mnfot) dt

_ fw Y(Ou!(NT - 7) dr (13.11)

n=201...,N/2

where the convolution integral is evaluated only at t = NT and where «9(t)
is the system impulse response given by

u?(t) = u(t) sinQmnfot) n=20,1,...,N/2 (13.12)

Superscript g in «9(t) indicates that the impulse response is in quadrature
and is determined by multiplication of the impulse response u(z) by a sine
term. The negative sign in Eq. (13.11) is absorbed by the folding operation
in the convolution process (see Prob. 13.2). A comparison of Eqgs. (13.12)
and (13.10) reveals that the two impulse-response functions differ only by
a phase shift, that is, the difference between sin(2wnfot) and cosQmnfot).
Hence, we use the defining terms in phase and quadrature. We can then
repeat the arguments leading to Fig. 13.3 with the exception that the impulse-
response function is now a sine function instead of a cosine function. Com-
pletion of this development results in another band-pass filter bank that
differs only in phase-response characteristics from those of the previous
development. Equation (13.11) can be interpreted as the time-sampled output
of a filter bank with impulse response that is in quadrature or 90° out of
phase with the filter bank described by Eq. (13.9).

Summary
Based on the previous discussions, FFT results can be interpreted as

the time-sampled outputs of two band-pass filter banks from which phase
and amplitude information can be derived. Summarizing, the real and im-
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aginary FFT terms from Eqs. (13.9) and (13.11) can be expressed as
NT
Yr(nfo,NT) = L y(t) cosQmnfot) dt
(13.13)

f:o Y@ u(NT — 1) cos[2mnfo(NT — 1)) dv

NT
Y,(nfo.NT) —L Y(t) sinQanfot) dt

f_ Y(@u(NT — =) sin2wnfo(NT — 7)] dv (13.14)
n=20,1,...,N2
Hence, the FFT relationship of Eq. (13.2) can be written as

Y(nfo,NT) = Yr(nfo) + jY(nfo)

J; M y(t) cosRmnfot) dt —

3 NT .
JJ;) y(t) sin(2wnfot) dt (13.15)

NT _
= J;) y(t)e ~s2mnfor gy

= f_ y(T)Il(NT —_ T)ejz‘rrnfo(NT - dT
n=01...,NR2

where the convolution integral is evaluated only at + = NT.

The filter bank described by the real part of Eq. (13.15) is generally
termed the in-phase filter bank and the filter bank described by the imaginary
part of Eq. (13.15) is termed the quadrature filter bank. Sampled real and
quadrature band-pass filter bank outputs are an alternate way of interpreting
the conventional real and imaginary outputs of the FFT.

13.2 FFT BAND-PASS FILTER FREQUENCY-RESPONSE
CHARACTERISTICS

Within the context of interpreting the FFT as a bank of filters, it is of value
to reexamine some of the terminology associated with the FFT. In particular,
we wish to investigate the frequency-response characteristics of FFT filters
and reinvestigate FFT resolution and data-weighting functions.

299
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FFT Filter Bank Frequency-Response Characteristics

From Fig. 13.5, we note that there is considerable overlap of the fre-
quency-response functions of adjacent filters in the FFT filter bank. As a
result, a single sinusoid input to the FFT filter bank can produce an output
at several adjacent filters. To examine this effect further, consider the FFT
results shown in Fig. 13.6. The input sinusoid to the FFT is a cosine wave-
form of frequency 6.5/32 Hz. For N = 32 and T = 1, the filter frequency
responses of the FFT filter bank are centered at integer multiples of the
frequency fo = 1/NT = 1/32. Hence, the frequency of the input sinusoidal
is exactly between the center frequencies of the two band-pass filters cen-
tered at 6/32 and 7/32 Hz.

As shown, the FFT responds to the input sinusoid with maximum out-
put at the two adjacent filters. The output magnitude is 0.637 of the input.
All other filters of the FFT filter bank also respond to the input sinusoid
because of the side-lobe frequency response or side-lobe leakage of the filter
bank. The output value for each FFT filter in the filter bank is determined
by the magnitude of the filter main lobe or side lobe at the frequency of the
input sinusoid.

We know from Sec. 9.2 that we can reduce side-lobe leakage by use
of data-weighting functions. This concept is reexamined in this section in
view of interpreting the FFT as a band-pass filter bank.

FFT Resolution
In Chapter 9, we addressed FFT resolution. The interpretation of the

FFT as a bank of integrate and sample filters further illustrates the concept
of FFT resolution. Recall from previous developments that the frequency
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Figure 13.6 Graphical development of side-lobe leakage encountered with an
FFT band-pass filter bank.
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responses of the filters in the FFT integrate and sample filter bank are cen-
tered at integer multiples of the frequency fo, as illustrated in Fig. 13.7(a).
Thus, adjacent frequency responses of filters are separated by 1/NT, the
resolution of the FFT. Note from Fig. 13.7(a) that crossover points of ad-
jacent frequency responses are also separated by the resolution term 1/NT.
These crossover points are at the —4 dB values on the filter frequency-
response characteristics. This crossover value contrasts to the normally en-
countered —3 dB crossover definition for a filter bank.

Resolution of a filter is defined as the capability of a filter bank to
distinguish between frequencies. Sinusoids of frequencies contained within
the bandwidth of any filter of the band-pass filter bank can not be distin-
guished at the output of that filter. Hence, the term resolution is used. When
a rectangular data-weighting function is used, the convention is to define
the bandwidth of each filter as fo = 1/NT.

To illustrate the filter bank concept of FFT resolution improvement,
consider Fig. 13.7. Because NT is the duration of the time function that is
being FFTed, then FFT resolution improvement, that is, a decrease in the
bandwidth of each FFT filter, can be achieved by increasing the number of
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Figure 13.7 FFT band-pass filter bank for (a) N samples and for (b) 2N samples.
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data points N (for a given T). In Fig. 13.7(a), we show the FFT band-pass
filters with resolution fo = 1/NT. Figure 13.7(b) illustrates the improved
resolution obtained by doubling NT. If we increase the time duration of the
data record being FFTed to 2NT, then the FFT resolution becomes fj
= 1/2NT, as illustrated in Fig. 13.7(b). As shown, the filter bandwidths
decrease by a factor of two.

FFT Data-Weighting Function: A Filtering Viewpoint

As developed in this chapter, the FFT can be considered as a bank of
integrate and sample band-pass filters with poor side-lobe characteristics.
However, from Sec. 9.2, we know that it is possible to improve side-lobe
characteristics by using data-weighting functions. This concept is further
clarified by noting in Sec. 13.1 that we show the FFT can be characterized
as the output of a linear system with impulse-response function u«'(¢). If we
shape this impulse-response function, we can improve the band-pass filter
characteristics.

To modify the impulse-response function of the filter bank, we proceed
as in Sec. 9.2 and multiply the data by a weighting function. Equation (13.15)
becomes

NT )
Y(nfo ,NT) = J;) [w([)y(t)]e —j2wnfot dt

- L N OIw(t)e ~2m5or] dp (13.16)

n=0,1,...,N2

where w(t) is the data-weighting function. Note in Eq. (13.16) that multi-
plication of the data by a weighting or window function is equivalent to
multiplication of the impulse-response function u(t)e /2™ by the weight-
ing function w(z).

Analogous to the development in Sec. 13.1, we can show that the fre-
quency-response characteristics of each filter in the FFT filter bank are
determined by the Fourier transform of the weighting function. In Fig. 13.8,
we show the FFT band-pass filter bank obtained by using the Hanning
weighting function. The band-pass filter bank obtained by using the con-
ventional rectangular weighting function is also shown for comparison. Note
that the filters in the Hanning filter bank have a bandwidth greater than those
of the filter banks obtained with rectangular weighting. However, we accept
this loss of resolution (increased bandwidth) in order to achieve the improved
side-lobe performance (see Fig. 9.8(b)). As discussed in Sec. 9.2, the utili-
zation of weighting functions becomes a trade-off between resolution and
side-lobe characteristics. Note that the conventional definition of FFT res-
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Figure 13.8 Comparison of the FFT band-pass filter bank frequency-response
characteristics for rectangular and Hanning weighting functions.

olution (fo = 1/NT) implies a different bandwidth when weighting functions
are used.

Summary

The results of this section do not differ from those of Sec. 9.2. Only
the interpretation viewpoint has changed in that we have reexamined some
of the basic concepts of the FFT in terms of linear filters. If one’s formal
education includes linear-system theory, this section should lend additional
insight to some of the basic concepts of the FFT.

13.3 MULTICHANNEL BAND-PASS FILTERING
BY SHIFTED FFTs

In Sec. 13.1, we developed the interpretation of the FFT as a bank of in-
tegrate and sample filters. We now extend that discussion to a series of FFTs
where each sequential FFT is hopped or shifted along the time function being
transformed. This sequence of FFT outputs can be interpreted as time sam-
ples from the outputs of a bank of band-pass filters. That is, we can use a
sequence of FFTs to filter a time signal into time samples of individual
channels with bandwidth equal to the resolution of the FFT. We will show
that the FFT outputs are complex time samples of the outputs of a bank of
quadrature filters.

Because one normally considers the FFT as a time-to-frequency trans-
form, the concept of realizing a sequence of FFT outputs as a filtered time
sequence is often confusing. For this reason, we find it of value to investigate
in detail this application of the FFT. In this section, we develop graphically
and analytically the concept of FFT multichannel band-pass filtering.
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Graphical Overview

We show in Fig. 13.9 a pictorial of the FFT multichannel band-pass
filtering concept. As illustrated in Fig. 13.9(a), multiple FFTs are performed
sequentially on the time function y(t). Waveform y(t) of Fig. 13.9(b) is as-
sumed to be a composite waveform, consisting of a constant-value waveform
and a sinusoid of frequency 2f,. Each of the FFTs shown in Fig. 13.9(a) is
equivalent to a bank of integrate and sample band-pass filters, as shown in
Fig. 13.9(f). The sequence of FFT outputs for the low-pass filter is shown
in Fig. 13.9(c). FFT output complex samples for the filter centered at fre-
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Figure 13.9 Graphical representation of the output of a sequence of FFTs with multiple input

signals.
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quency 2fo are shown in Figs. 13.9(d) and (e). Each sequence of FFT outputs
for a filter is the sampled output-time waveform for that respective filter.

Figure 13.9(a) also illustrates the overlap of sequential FFTs. As
shown, the hop or shift for each FFT is one sample interval T of the input
signal. Hence, the sampling rate of the output signal of each filter is 1/T. In
later developments, we increase the FFT shift interval.

Note from Fig. 13.9(c) that the output waveform of the real FFT low-
pass filter is the constant term of the input signal. Further, the output wave-
form of the real FFT band-pass filter centered at frequency 2f,, as shown
in Fig. 13.9(d), is the sinusoidal term of the input waveform. The output
waveform of the quadrature, or imaginary, FFT band-pass filter centered at
frequency 2f, as shown in Fig. 13.9(e), is identical to the output of the real
filter with the exception of a time delay (90° phase shift). Because the hop
or shift interval of successive FFTs is T, then the sample interval for each
FFT filter output is T. We now develop a theoretical basis to support the
graphical results of Fig. 13.9.

Theoretical Development

In Fig. 13.9, we show a sampled time function y(z) that we wish to
digitally band-pass filter using the FFT. The time domain over which each
successive FFT is to be taken is also shown. If we assume a FFT weighting
function w(t), then we can write the FFT approximation of Eq. (13.16) for
the time interval 0 to NT as

NT
Y(nfo NT) = fo YOw(te =2 gt p=0,1,.... N2  (13.17)

Recall that the parameter NT in Y(nfo,NT) is the end point of the time
interval over which the first FFT is to be taken. We can write Eq. (13.17)
equivalently as a convolution integral:

Ynfo.t)) = f:, YWty — T)el2mfotn = gr (13.18)

where t; = NT and we assume that Eq. (13.18) is evaluated only at t = ¢,.
Recall that the convolution procedure requires that we fold w(t) about the
y axis and then shift the folded function. A shift of £, = NT is required in
Eq. (13.18) to obtain the weighting function with position as illustrated in
Fig. 13.9 for FFT-1.

Now consider a second FFT over the interval 8 to 8 + NT, as shown
by the placement for FFT-2 illustrated in Fig. 13.9. For this time interval,
the FFT approximation is

8+ NT
Y(nfo.5 + NT) = L YWt — B)e 2mIU=D gr  (13.19)
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Analogous to Eq. (13.18), we can write Eq. (13.19) as a convolution integral:
Y(nfo,t2) = f y(rw(t, — T)e/2™folz=m gg (13.20)

where the convolution is evaluated only at £, = & + NT. Note that if we
fold w(t) according to the rules of convolution, then the shift 1, = 8 + NT
is required to obtain the placement illustrated in Fig. 13.9 for FFT-2.

From Egs. (13.18) and (13.20), the FFT approximation for any time
interval can be written as

Y(nfo,t:) = f f ymw(t; — 7)es2m o= dr (13.21)

where ¢; is the end point of the interval of duration NT over which the FFT
is taken, as illustrated in Fig. 13.9. Note that Eq. (13.21) is simply the con-
volution of y(¢) with the function w(t)e/>™/*, where we evaluate the con-
volution at times t = ty,¢2, ..., 4, ..

As discussed previously, the term w(t)e’z“"f"' can be interpreted as
the impulse response of a linear system that yields an in-phase and quad-
rature band-pass filter bank. As a result, for each ¢;, Eq. (13.21) and the
sequence of FFTs illustrated in Fig. 13.9 can be interpreted as the sampled
output (at time t;) of a bank of analog band-pass filters. The interval
t; — t;—, is the sample interval of the filter-bank outputs.

Consider Eq. (13.21) for the case n = 0:

Y0.1,) = f:, yw(t; — 1) dr (13.22)

We observe that Eq. (13.22) is the convolution of the waveform y(¢) with
the impulse-response function w(t), that is, we have filtered y(¢) with a low-
pass filter whose frequency-response characteristics are given by the Fourier
transform of w(t¢). Further, Eq. (13.22) is valid only for the points in time ¢
= t, t5, t3, . . . , which implies that we have sampled the output of the
low-pass filter. Hence, the FFT output sequence Y(0,t,), Y(0,z2), Y(0,t3),

. is actually a set of time-domain samples of the output of a low-pass
filter with input y(z).

Similarly, the FFT output sequence for the band-pass filter centered
at frequency fo, that is, Y(fo,t1), Y(fo,t2), Y(fo,t3), . . . , is the complex
sampled time waveform of the output from a band-pass filter (center fre-
quency fo). The real part of Y(fo,t1), Y(fo,t2), Y(fo,t3), . . . is the sampled
waveform out of the in-phase FFT filter bank and the imaginary part of
Y(fo,t1), Y(fo,t2), Y(fo,t3), . . . is the sampled waveform output of the quad-
rature FFT filter bank. The imaginary part of Y(fo,?;) is shifted in phase 90°
with respect to the real part of Y(fo,t;). Hence, a sequence of FFTs on the
time function y(¢) yields results equivalent to a bank of quadrature digital
band-pass filters.
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Example 13.1 FFT Low-Pass Filtering

To further illustrate the special case of FFT low-pass filtering, assume w(t) is the
rectangular weighting function. From Eq. (13.22),

YO.1) = fw YWt — 1) dr = L '_NT (1) dt (13.23)

We show an example of FFT low-pass filtering according to Eq. (13.23) in Fig.
13.10. For the graphical example shown, we have chosen the same input waveform
assumed in Fig. 13.9:

y(t) = 2 + cosmf't) f' = 2INT (13.24)

Sample interval T has been set to NT/8.
Figure 13.10(a) illustrates the window placement of the first FFT described by
Eq. (13.23):

Y(ONT) = fo Mo dr (13.25)

Substitution of Eq. (13.24) into Eq. (13.25) yields a value of 2NT because the cosine
term integrates to zero. We graphically obtain the same result from Fig. 13.10(a) by
determining the area under the waveform over the interval 0 to NT. The output of
the low-pass filter (i.e., the FFT) at the time NT is equal to 2NT, as shown in Fig.
13.10(d). Effectively, we have filtered the signal y(¢) with a rectangle impulse-re-
sponse low-pass filter and sampled the filtered waveform at time ¢, = NT, the first
sample value shown in Fig. 13.10(d).

To obtain another sample of the low-pass filter output waveform, we shift the
FFT window one sample interval, as shown by the weighting-function location FFT-
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Figure 13.10 Example of FFT low-pass filtering.
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2 in Figs. 13.9 and 13.10(b). For this case, Eq. (13.23) becomes
9NT/8
Y(0.9NT/8) = f (1) dt (13.26)
NT/8

Substitution of Eq. (13.24) into Eq. (13.26) yields a value of 2NT because the cosine
term integrates to zero. From Fig. 13.10(b), we obtain the same result by evaluating
the area under the waveform over the interval NT/8 to 9NT/8. This result is equivalent
to the output of a low-pass filter (i.e., the FFT output) sampled at time INT/8, as
shown in Fig. 13.10(d). Figure 13.10(c) further illustrates the shifting or hopping FFT
and the interpretation of the FFT as the sampled output of the low-pass filter. Note
that the sample interval of the low-pass filter output waveform is N7/8, the FFT
shift interval.

Recall that the frequency response of the FFT low-pass filter under the as-
sumption of a rectangular window is a NT[sin(wf/f)}/(wf/fo) function, which is zero
at frequencies fo = 1/NT, 2/NT, 3/NT, . . . (see Fig. 13.2). Hence, we would expect
the FFT low-pass filter to completely eliminate an input sinusoid of frequency f, =
2/NT. This is the case illustrated in Fig. 13.10.

Note that the zero-frequency input signal to the low-pass filter has an amplitude
of 2 and the output amplitude is 2NT. The amplitude-scaling factor NT should be
interpreted as the gain (multiplier) of the FFT filter bank.

Example 13.2 FFT Band-Pass Filtering of a Sinusoid
To graphically illustrate the concept of FFT band-pass filtering of a sinusoid, assume
¥(2) is given by

y(t) = 2 + cosQmf't) ' =2INT (13.27)

which is the identical waveform considered in Ex. 13.1. Here we evaluate the se-
quence of FFT equations (13.21) for the case n = 2, that is, the band-pass filter with
center frequency fo, = 2/NT is evaluated.

Substitution of Eq. (13.27) into Eq. (13.21) for n = 2 yields

YQfo,t:) = f_ [2 + cos@mf'n)Iw(t; — T)e ™ot gr (13.28)
For simplicity, we let w(t) equal the rectangular function. Equation (13.28) becomes

2 [" [esmtonye -iemion gy (13.29)

ti—NT

Y(2f0 ,ti)

+ f ’ oy €57 cos@mf m)le HIor dit
) (13.30)
= ertmton [ cos(mf'lcos(dmfo) — j sin(mfon)] dr

Since fo = 1/NT, the first integral of Eq. (13.29) is always over an integer number
of periods and is zero. That is, the constant term in y(¢) is removed from the output
of the filter centered at frequency 2f,. Evaluation of Eq. (13.30) for t; = NT, the
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first of the sequence of FFTs, yields

YQ2fo,NT) = e/4™feND LNT cos(dmfot)lcos(@mfot) — j sin(dmfot)] dt

NT NT
L cos2(dmfor) df — j L cos(dmfor) sin(dmfor) dt

NT NT
L Ve dt + L Vo cosBmfor) dt (13.31)

NT
—j ﬁ) [ v sin0) + % sin@ufon)] dt

NTR

Computation of Eq. (13.31) is graphically illustrated in Fig. 13.11(a). We show
the window placement for the first FFT and the cosine impulse-response function
of the FFT filter centered at frequency 2f,. The product of this cosine term and the

- N W s

\A YA NT\ /3NT\ /6NT t

y(t) cos[2m(2fo}t] y(t) cos[2m(2fo)t-NT/4)]

(a) (b) (c)

(d)

Figure 13.11 Example of FFT band-pass filtering of a sinusoid.
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waveform y(¢) is also shown. Integration of the product term yields the result of Eq.
(13.31), which is shown in Fig. 13.11(d). The corresponding product involving the
sine term is not shown because it integrates to zero. The output value NT/2 is the
sample output of the FFT band-pass filter (center frequency 2f,) at time t;, = NT.

We evaluate the output of the same FFT band-pass filter at time ¢t; = INT/8
(FFT-2) in a later example (Ex. 13.3). To obtain the FFT output at time ¢; = SNT/
4, which is FFT-3 in Figs. 13.9 and 13.11(b), we write Eq. (13.30) as

SNT/4
Y2fo,5NT/2) = e/2mfoBNT/4) me cos[2m(2fo)t] [cos(dmfot)
— jsin(4wfot)] dt

SNT/4
- - f cos2(dmfor) dt 13.32)
NT/4

S5NT/4
+ jf cos(dmfot) sin(dmfot) dt
NT/4
= —NT2

The graphical development of Eq. (13.32) is illustrated in Fig. 13.11(b). As
shown, the cosine impulse response of the filter centered at frequency 2f, now ranges
over the interval NT/4 to SNT/4. The integral of the product of this cosine term and
the input waveform yields the — N7/2 result shown in Fig. 13.11(d). Again, we have
not shown the quadrature sine term of the FFT filter because the output is zero.

Evaluation of the FFT filter output at time ¢; = 3NT/2 is graphically illustrated
in Fig. 13.11(c) and can be analytically determined analogous to Eq. (13.28). The
result is shown in Fig. 13.11(d). If we continue to evaluate Eq. (13.28) for successive
values of ¢;, the results depicted in Fig. 13.11(d) result. That is, successive outputs
of the FFT band-pass filter centered at frequency 2f, are samples of the input
sinusoidal waveform cos[2m(2fo)¢]. The sample interval of the filter output is equal
to the FFT shift interval NT/8. As expected, the constant term of the input signal
is filtered by the FFT band-pass filter.

Example 13.3 FFT Multichannel Filtering: Complex Samples

Assume that y(t¢) is given as in the previous examples by
y(t) = 2 + cosQ2nf't) f' = 2/INT (13.33)

In Ex. 13.2, we purposely chose the FFT shift interval to ensure that all imaginary
FFT output samples are zero. In this example, we remove this restriction and address
complex samples.

From Ex. 13.2, we first evaluate Eq. (13.30) for the case n = 2 and #; = NT.
We show in Fig. 13.12(a) the evaluation of the real product term in Eq. (13.30). The
integration of this product term yields the FFT real sample output at time ¢; = NT,
as shown in Fig. 13.12(c). The imaginary product term of Eq. (13.30) for ¢; = NT
is illustrated in Fig. 13.12(b). By inspection, this term integrates to zero and hence
the FFT imaginary output sample is zero, as shown in Fig. 13.12(d).
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Figure 13.12 Example of FFT band-pass filter complex samples.



312 FFT Multichannel Band-Pass Filtering Chap. 13
To evaluate Eq. (13.30) at time t; = 9INT/4 and f' = 2/NT, we write
9NT/4
YQ2fo,ONT/4) = ¢72mfoONT/4) L 4 cos[2w(2f0)t] [cos(dmfor)

— jsin(4wfot)] dt

= /o2 ngm cos*(4mfot) dt
NT/4

9NT/4
—j f cos(dmfor) sin(dnfor) dt]
NT/4

ONT/4

= P [ f Ve d (13.34)

NT/4

9NT/4
+ f Vo cos8mfot) dt
NT/4

9NT/4
- j[ cos(4mfot) sin(4mfot) dt]
NT/4

= e”™ (NTP)
JNTI2

Evaluation of the real term of Eq. (13.34) is graphically illustrated in Fig. 13.12(e).
As shown in Fig. 13.12(c), the real product term integrates to zero for t, = INT/4.
Graphical evaluation of the imaginary term is shown in Fig. 13.12(f). The imaginary
product term integrates to NT/2, as shown in Fig. 13.12(d).

If we continue to evaluate the FFTs, Eq. (13.30) for subsequent values of #;,
we obtain complex samples represented by the waveforms illustrated in Figs. 13.12(c)
and (d). Note that the real and quadrature filter output sampled waveforms are iden-
tical with the exception of a time delay or phase shift.

Summary

Recall from Chapter 9 that the FFT halves the amplitude of sinusoids
between the positive and negative frequency outputs. As aresult, if we repeat
Examples 13.2 and 13.3 for the frequency — fo, we obtain identical results.
Hence, if we add both positive and negative frequency results, we obtain a
sinusoid with maximum amplitude NT, which is the amplitude (unity) of the
input sinusoid multiplied by the FFT filter bank gain NT. The sample rate
of the FFT filter outputs is equal to 1/(FFT shift interval).

We have shown that each FFT output is equivalent to a sample from
a convolution operation of the input waveform and the impulse response of
the respective FFT band-pass filter. The impulse response of each FFT filter
is complex or in quadrature because the FFT weighting function (and hence
the input signal) is multiplied by a cosine term to obtain the real output and
multiplied by a sine term to obtain the imaginary output. Because the impulse
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responses for each filter in the filter bank only differ by a 90° phase shift,
then the output waveforms of the in-phase and quadrature filters are in quad-
rature and only differ by a 90° phase shift.

13.4 SAMPLE RATE CONSIDERATIONS IN FFT
MULTICHANNEL FILTERING

For clarity of presentation, we purposely oversampled the output of each
FFT band-pass filter in the previous examples. Because we set the FFT shift
or hop interval equal to the sample interval T of the input waveform, then
each FFT band-pass filter output waveform is also sampled with interval T.
However, a band-pass waveform can be sampled at a rate that is determined
by the bandwidth of the waveform and not the maximum frequency com-
ponent of the signal. The procedures used are termed down sampling and
quadrature sampling. Both sampling techniques are described in detail in
Secs. 14.1 and 14.2.

We show in Sec. 14.1 that a bandpass signal with transmission band-
width B can be down sampled (with constraints) if the sampling frequency
fs = 2Br. However, we show in Sec. 14.2 that further sampling efficiencies
can be obtained by representing the band-pass signal in complex or quad-
rature form before sampling. A band-pass signal that has been translated or
down sampled to zero center frequency in quadrature form (i.e., complex)
can be sampled at a rate f; = B;. Both down-sampling and quadrature-
sampling techniques can be applied to band-pass waveforms if a band-pass
filter is used to control aliasing.

The aliasing level for each FFT band-pass filter is determined by the
characteristics of the window or weighting function. In most practical ap-
plications of FFT band-pass filtering, weighting-function selection is a trade-
off compromise between the time duration of the filter and the desired filter
performance in the passband (minimum ripple) and stop band (low side
lobes). The weighting-function impulse response of a filter with low side
lobes generally has a duration considerably longer than that of a rectangular
weighting function with similar bandwidth (see Figs. 9.8(a) and (b)). A longer-
duration weighting function increases the number of sample values N for
each FFT and hence determines the practicality of FFT band-pass filtering.
The normal procedure is to adopt a weighting function that provides rea-
sonable band-pass filtering characteristics and then translate each FFT band-
pass filter output to a baseband where a digital recursive filter is applied to
improve the filtering characteristics.

In Fig. 13.13, we illustrate the correct procedure for defining the band-
width of a FFT band-pass filter. We show the frequency-domain character-
istics of an arbitrarily selected weighting function. The level of aliasing is
determined by the filter side lobes. If an aliasing level considered to be
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Figure 13.13 Graphical definition of the sampling bandwidth B of a band-pass filter.

acceptable is as illustrated, then the output waveform of this band-pass filter
has a sampling bandwidth By as shown. Bandwidth By is also termed the
transmission bandwidth and is used in applying the sampling techniques
developed in Secs. 14.1 and 14.2 to the special case of FFT band-pass
filtering.

From Sec. 14.1 we know, that a band-pass waveform can be down
sampled to its low-pass equivalent. If only the FFT real band-pass filter
outputs are used, then Eq. (14.1) determines the appropriate sample rate.
We can improve the sampling efficiency if we apply both down-sampling
and quadrature-sampling techniques. Because FFT band-pass filtering re-
sults in complex or quadrature sampled waveforms, we can down sample
to zero center frequency both the real and imaginary outputs of each FFT
band-pass filter and recover the original signal even though spectrum overlap
(aliasing) occurs. The down-sampling frequency f; must satisfy f: > Br,
Eq. (14.5). Note that each FFT filter is centered at integer multiples of the
frequency fo, where fo = 1/NT. Hence, from Sec. 14.1, translation to zero
center frequency requires we set an integer multiple of the sampling fre-
quency f; equal to the center frequency of each band-pass waveform that
is to be down sampled. In most FFT band-pass filtering applications, the
lowest frequency FFT filter used has a center frequency nf,, where n is
integer valued. We then set the sampling frequency f; equal to an integer
multiple of fo, that is, T' = NT/n. The sample interval T’ for each FFT
complex band-pass filter must satisfy the following relationships:

T = 1/Br (13.35)
T' = NT/n n is integer valued (13.36)
T = pT p is integer valued (13.37)

Note that Eq. (13.37) ensures that the output sample interval T’ is selected
as an integer multiple of T, the sample interval of the input waveform to the
FFT. Sample interval T’ is implemented by setting the FFT shift or hop
interval to T'.
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Quadrature sampling requires we reconstruct a real signal from the
complex samples representing the aliased zero center frequency down-sam-
pled spectrum. From Eq. (14.2), we multiply these complex time-domain
samples by the exponential e 2™/, where f' is the center frequency of the
desired baseband signal. The real part of the frequency-shifted complex
waveform is the desired signal. Interpolation may be required to increase
the sampling rate consistent with the bandwidth of the resulting baseband
signal (see Sec. 14.2).

13.5 FFT MULTICHANNEL DEMULTIPLEXING

A practical application of the fundamentals developed in this chapter is the
digital demultiplexing of frequency-multiplexed signals. We use the example
multiplexed signal shown in Fig. 13.14(a) to outline the principles of FFT
band-pass filtering for multichannel signals. Each 4-kHz spectrum shown is
assumed to be the result of single side-band modulation of a voice signal.
Our objective is to FFT band-pass filter each channel of the multiplexed
signal and reconstruct the signal so that the voice is audible.

We choose our FFT parameters to center a band-pass filter at 2 kHz.
Therefore, let

fo = I/NT = 2kHz (13.38)

and the corresponding FFT filter bank for a Hanning weighting function (see
Fig. 9.8(b)) is shown in Fig. 13.14(b). As illustrated, this selection of f,
results in a filter whose passband frequency response is broader than re-
quired to filter the single side-band voice spectrum. However, if we let f,
= 1 kHz, then the resulting band-pass filter severely attenuates the voice
spectrum in each channel. Also note that we have redundant FFT band-pass
filters. We use only those FFT outputs that are centered on the frequency
of each channel of the multiplexed signal. The selected filters are shown by
solid lines.

Assume that the multiplexed signal has been filtered with a low-pass
aliasing filter with a cutoff frequency of 20 kHz. The sample interval of the
input waveform to the FFT must satisfy the Nyquist sampling criteria:

T=1/@2 x 20 x 10%) (13.39)

If we use a radix-2 FFT algorithm, the parameter N is chosen equal
to an integer power of 2. Equations (13.38) and (13.39) are satisfied for the
following selected parameters:

fo = 2kHz
N =32 (13.40)
T = 1/(64 x 10%)
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Figure 13.14 (a) Example frequency-multiplexed signal spectrum, (b) FFT filter bank char-
acteristics selected to demultiplex part (a), (c) frequency spectrum of a complex down-sampled
FFT band-pass filter output, (d) low-pass filter frequency-response characteristics and the re-
sulting filtered voice spectrum, and (e) the reconstructed voice spectrum.

Assume that an acceptable aliasing level for each FFT band-pass filter
is —40 dB. From Fig. 9.8(b), the second side lobe of the Hanning function
is down 41 dB. Hence, the sampling bandwidth B of each band-pass filter
output is 12 kHz, as shown in Fig. 13.14(b). Note that the main lobe and
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first side lobe of the Hanning function passes through the signal in the ad-
jacent channel. We eliminate this crosstalk with additional filtering to be
discussed later.

The FFT band-pass filter output sample interval T' must satisfy Eqs.
(13.35) to (13.37):

T < 1/(12 x 10%)
T = 32T/n n is integer valued (13.41)
T = pT p is integer valued

The equation set of Eq. (13.41) is satisfied for T' = 4T = 1/(16 x 10%).
Each successive FFT is then shifted or hopped over four samples of the
input waveform. This down sampling, or decimation, translates the output
of each of the selected FFT band-pass filters to zero center frequency.

The frequency spectrum of a complex down-sampled band-pass filter
output is shown in Fig. 13.14(c). Note that the desired signal spectrum is
overlapped and has a baseband bandwidth of 2 kHz. However, the Hanning
band-pass filter characteristics allows frequency components from adjacent
channels into the quadrature baseband spectrum. To remove this crosstalk,
we apply a digital low-pass recursive filter to both the real and imaginary
sample sequences. An assumed low-pass filter characteristic is shown in
Fig. 13.14(d) as well as the filtered overlapped spectrum.

To recover the voice waveform so that it is audible, we multiply the
complex samples represented by the low-pass filtered spectrum of Fig.
13.14(d) by the complex exponential e /27", where f’ = 2 kHz. The real
part of the complex product is the desired voice waveform with spectrum,
as shown in Fig. 13.14(e). Because the sampling rate of the down-sampled
signal is 16 kHz, then interpolation is not necessary.

In practical applications, channel selectivity is a key issue in the ap-
plication of the FFT to demultiplexing. Weighting functions more sophis-
ticated than the Hanning function are generally required. Further, our sim-
plistic example is computationally very inefficient in that our choice of a
base-2 FFT algorithm computed the output of all filters in the filter bank.
Application of the FFT to the general problem of time-division and fre-
quency-division (TDM and FDM) transmultiplexing is discussed in detail in
Refs. [2] to [6]. Our analysis is also applicable to single-sideband frequency-
division multiplex (SSB-FDM) modulation and demodulation.

PROBLEMS

13.1 Equations (13.6) to (13.8) and Fig. 13.3 develop the FFT band-pass filter ar-
gument for the case n = 1 and real functions. Repeat this analytical and graph-
ical development for n = 2 and n = 3 and only real terms.



318

13.2

13.3

134

13.5

13.6

13.7

13.8

13.9

FFT Multichannel Band-Pass Filtering Chap. 13

Develop analytically and graphically the quadrature filter bank for the cases n
= 0, 1, and 2. Show graphically why the negative sign in Eq. (13.11) does not
appear in the convolution form of the equation.
Develop the interpretation of the FFT as a bank of band-pass integrate and
sample filters by proceeding along the lines in Sec. 13.1 but using only discrete
arguments. Use the relationship

N-1

H(nINT) = Y h(kT)e 72™%N = h(0)e® + h(T)e 2™"'N + ... +

k=0

which is equal to the discrete convolution of A(kT) with the sequence 1,
e SN

Repeat the graphical development of Fig. 13.6 for the case of an input cosine
waveform of frequency 6.75/32 Hz.

Repeat the analytical developments of Egs. (13.3) through (13.15) and the graph-
ical developments of Figs. 13.1 through 13.5 for the case of a Hanning weighting
function.

Repeat Ex. 13.3 for the waveform:
y(t) = 1 + cos2mfot) fo = 1/NT
Let
y(t) = 1 + cosQRufot) + sin[2w(3fo)t] fo = 1/NT

Develop the band-pass filtering equations and FFT output sample results for
t; = NT.
Let

y(t) = cosQufit) + sinQuf,t)

where f; = 3fo + fo/4 and fo» = 3fo — fo/4. For fo = 1/NT, use the FFT to

band-pass filter y(¢).

(a) Discuss and graph the spectrum overlap that results from FFT band-pass
filtering and down sampling.

(b) Discuss and show graphically why complex sampling avoids loss of infor-
mation due to spectrum overlap.

(¢) Show how to reconstruct the band-pass filter output signal at a center fre-
quency of fo/2.

Consider the multiplexed waveform:

4

w0 = Y cosl2u(f, + f./0)] + sin2w(f, — f./4)] f. = nHz

n=1

Our objective is to use the FFT to demultiplex y(¢).

(a) Graphically sketch the spectrum of y(z).

(b) Determine all appropriate parameters for FFT band-pass filtering. Discuss
your assumptions.

(¢c) Analytically reconstruct each demultiplexed signal at a new center fre-
quency of fo/2. Explain how the frequency chosen for reconstruction affects
the requirement for interpolation.
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FFT SIGNAL PROCESSING
AND SYSTEM APPLICATIONS

The computing features identified in the previous chapters have resulted in
a multitude of signal-processing applications of the FFT. Many commercial
and military systems utilize the FFT as an integral processing component.
As the price and performance of special-purpose FFT hardware continues
to improve, we can expect further growth in FFT signal-processing and
system applications. Although it is impossible to enumerate every appli-
cations area, the fundamentals of FFT signal-processing techniques are ap-
plicable across a broad range of scientific pursuits.

Because every application of the FFT is to sampled waveforms, the
basics of signal sampling is of considerable importance to FFT users. For
this reason, we first present the details of band-pass- and quadrature-sam-
pling procedures. Then, a broad range of FFT signal-processing and system
concepts is presented. An extensive introduction to each field of application
is not possible; however, sufficient detail is presented to establish a basic
foundation on which the reader can easily build.

14.1 SAMPLING BAND-PASS SIGNALS

The FFT is often used in digital signal-processing applications of band-pass
signals. Efficient sampling of band-pass signals is of paramount importance
when using the FFT. For this reason, we develop the band-pass sampling
theorem, a special case of the Nyquist criteria for sampling baseband wave-
forms, which was developed in Sec. 5.4.

320
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To illustrate the concept of sampling a band-pass signal, consider the
time-domain waveform shown in Fig. 14.1. The waveform shown by the
solid line in Fig. 14.1(a) is an amplitude-modulated band-pass signal. The
dotted line represents the modulation, or information content, of the signal.
Note that the modulation waveform is sampled at two times per period, but
the carrier frequency is sampled only once per period. As shown, the samples
completely characterize the modulation, or information, waveform even
though the sample rate results in aliasing of the band-pass signal. The wave-
form of Fig. 14.1(a) was sampled in synchronism with the peak of the carrier
waveform for clarity of presentation. This is not a requirement for band-
pass sampling, as illustrated in Fig. 14.1(b). Here we show the same sample

“ o | | eee sampled values
™. P
o/ \\
S~
(a)
h(t)
“ | | eee sampled values
T

(b)

Figure 14.1 Example of bandpass signal sampling: (a) synchronous sampling with
the peak of the carrier waveform, and (b) the general case.
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rate as before but with a slight time delay. The dashed-line waveform rep-
resented by the samples is the modulation signal.

Band-pass waveforms are assumed to have a nonzero spectrum only
over the frequency interval f; < |f| < fx, where f, and f; are the highest
and lowest frequencies that bracket the band-pass signal spectrum, respec-
tively. The transmission bandwidth of a band-pass signal is defined as Br
= fn — fi1. Using Nyquist criteria, one would sample the band-pass signal
at a rate of 2f, samples per second to ensure that overlap aliasing does not
occur during sampling. However, recall from Sec. 5.3 that the sampling
process produces spectrum images (aliasing) spaced at harmonics of the
sampling frequency. We show that aliasing can be used advantageously when
sampling band-pass signals and that a sampling rate less than 2f, can be
determined (Br << f;) if we associate the band-pass signal with one of the
aliasing images. The band-pass-sampling theorem states that a band-pass
signal can be reproduced from sample values if the sampling frequency f,
satisfies the relationship

2fuin <= fo<2fifin — 1) 2=n< fu/(fn — f)) (14.1)

and n is integer valued. The condition of Eq. (14.1) ensures that spectrum
overlap does not occur and only yields acceptable sampling frequencies for
fs <2fn. Note that if we let n’ equal the largest integer that does not exceed
fu!/(fn — f1), then the critical (lowest) sampling frequency for a band-pass
signal is given by Eq. (14.1) as f; = 2fx/n'. Also observe that if we choose
n = fu/(fn — f1), then Eq. (14.1) requires f; = 2(f» — f1) = 2Br.

We illustrate the concept of efficient sampling of band-pass signals in
Fig. 14.2 by means of the convolution theorem. A band-pass time-domain
waveform and the corresponding band-pass-frequency spectrum are shown
in Figs. 14.2(a) and (c), respectively. Note from Fig. 14.2(c) that the center
frequency of the band-pass spectrum is 8f, and the transmission bandwidth
Bris 2f,. Choose fs = 6fo, which satisfies the constraints of the band-pass
sampling theorem of Eq. (14.1) for n = 3. The time-domain sampling function
is shown in Fig. 14.2(b) and the corresponding frequency-domain sampling
function is shown in Fig. 14.2(d).

Multiplication of the band-pass time-domain waveform of Fig. 14.2(a)
and the sampling function of Fig. 14.2(b) results in the sampled waveform
illustrated in Fig. 14.2(e). Recall from the convolution theorem that multi-
plication in the time domain implies convolution in the frequency domain.
Hence, the Fourier transform of the time-sampling function of Fig. 14.2(d)
is convolved with the band-pass signal spectrum shown in Fig. 14.2(c). The
result is the aliased frequency function illustrated in Fig. 14.2(f).

Note from Fig. 14.2(f) that the sampled frequency function centered
at frequency =*2f, is identical to the original band-pass frequency function
centered at frequency = 8f,. Although the function centered at +2f, results
from aliasing, we have not lost information due to spectrum overlap. The
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Figure 14.2 Nonoverlapped aliased Fourier transform of a band-pass waveform
that is sampled at less than twice the highest frequency component.

sampled frequency functions centered at +4f, and =+ 10f, in Fig. 14.2(f) are
also the results of aliasing. These terms can be ignored because it can be
shown that a low-pass filter with bandwidth 3f, reconstructs the original
signal h(z) with only a shift of the center frequency from 8f, to 2£,.

The highest frequency component of the band-pass waveform of Fig.
14.2(a) is 9fo. Hence, application of the baseband Nyquist sampling theorem
requires a sampling frequency of 18f,. Because we sampled at a rate of only
6fo with no loss of information, the waveform is said to have been down
sampled or decimated. We can down sample with no spectrum overlap as
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long as the sampling frequency f, satisfies the band-pass sampling theorem
of Eq. (14.1).

Graphical Development of the Band-Pass Sampling
Theorem

We show in Fig. 14.3 a graphical development of the band-pass sam-
pling theorem. In Fig. 14.3(a), the frequency function of an example band-
pass signal is illustrated. Assume that the signal has center frequency 14f,
and bandwidth By < 2f, (i.e., the signal amplitude for frequencies f; and
f1 equals zero). The graphical frequency-convolution procedure is used in
Figs. 14.3(b) through (1) to illustrate the effect of sampling a band-pass signal.
We only show the frequency-sampling impulse functions and the convolved
(aliased) frequency-domain functions.

Because Br < 2fy, then a natural choice for the sampling frequency
is fs = 2By = 4f,, as shown in Fig. 14.3(b). However, we note that this
choice of f, produces spectrum overlap. Logically, one increases f to elimi-
nate spectrum overlap. In Fig. 14.3(c), we set f; = 4.25fo. Note that there
is still some spectrum overlap, but if we increase f; to 4.33f¢, as shown in
Fig. 14.3(d), we achieve a nonoverlapped sampled frequency spectrum. But
if we set f; = 4.5f,, as illustrated in Fig. 14.3(e), spectrum overlap is again
encountered. Using the graphical convolution theorem, we can tediously
determine the range of f, that will produce a nonoverlapped sampled spec-
trum. This is the result given by Eq. (14.1).

Consider Eq. (14.1) for the example band-pass spectrum illustrated in
Fig. 14.3(a). We note that 2 < n < 7 because f, = 15fo and f; = 13f,. Let
n = 7. Then, from Eq. (14.1), we obtain 4.29f, < f, = 4.33f,. Observe
from Figs. 14.3(c) and (e) that we obtained some spectrum overlap for sam-
pling frequencies 4.25f, and 4.5f,. By a careful graphical analysis, we can
obtain the range of acceptable sampling frequencies given by Eq. (14.1). The
sampling frequency f, = 4.33f, illustrated in Fig. 14.3(d) lies at one end of
this range and, as shown, spectrum overlap does not occur.

Now let n = 6in Eq. (14.1); we obtain a range of acceptable sampling
frequencies given by 5fo = fs = 5.2fo. A graphical illustration of the range
of these sampling frequencies is illustrated in Figs. 14.3(1) through (g). For
fs = 4.5fo, as shown in Fig. 14.3(e), we obtain an overlapped spectrum;
but for f; = 5fo, as shown in Fig. 14.3(f), we note that the sampled spectrum
is not overlapped. Unacceptable results are obtained for f; = 5.5f,, as
shown in Fig. 14.3(g). As discussed previously, we can carefully adjust f;
to graphically obtain the identical range given by Eq. (14.1) for n = 6.

From the results illustrated in Figs. 14.3(h) and (i), we conclude that
6fo = fs = 6.5f¢ is an acceptable range for f;. Equation (14.1) yields this
result for the choice n = 5. For n = 4, 3, and 2 in Eq. (14.1), we obtain the
results 7.5fo < f, =< 8.67fo, 10fo = f, = 13fy, and 15f¢ = f, < 26f,,
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Figure 14.3 Aliased Fourier transform of a band-pass waveform that is sampled
at various frequencies.

respectively. Figures 14.3() to (I) show acceptable choices of f, within each
of these ranges. As before, we can refine our graphical analysis to produce
the ranges defined by Eq. (14.1).

Note that the low-pass spectrum results of Figs. 14.3(f), (j), and (1) are
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spectrum inverted with respect to Fig. 14.3(a). These results correspond to
the frequency ranges determined from Eq. (14.1) for n even. If n is chosen
odd, then the sampled spectrum results are not inverted, as illustrated in
Figs. 14.3(d), (h), (i), and (k). Also observe that if f, is an acceptable sampling
frequency, then pf,, where p is integer valued, is also an acceptable sampling
frequency. For example, if f; = 4.33f,, then f; = 8.66f, and f, = 13f,
are also acceptable sampling frequencies, as shown in Figs. 14.3(d), (j), and
(k). This follows from the periodicity of the sequence of sampling impulse-
frequency functions. We conclude that the determination of sampling-fre-
quency intervals that do not produce overlapped spectrum results is non-
trivial. Both Eq. (14.1) and a graphical analysis are helpful.

An alternate way of examining the band-pass sampling theorem is to
note that for each case illustrated in Fig. 14.3, the band-pass-frequency func-
tion with central frequency 14f, is shifted or translated by the down-sam-
pling, or decimation, process. This interpretation of band-pass sampling is
explored further in the following example.

Example 14.1 Down Sampling: A Special Case of Frequency Down Conversion

Recall from Ex. 3.8 that frequency shifting or down conversion occurs when a time
function A(¢) is multiplied by a sinusoidal waveform of frequency f,. From the Four-
ier transform frequency-shifting property, the result of sinusoidal multiplication is
to shift H(f), the Fourier transform of A(t), such that the original spectrum is now
centered at f, * f., where f. is the center frequency of the spectrum H(f). As
shown in the development of Ex. 3.8, spectrum shifting occurs because time-domain
multiplication requires frequency-domain convolution. H(f) is convolved with a pair
of impulse functions located at = f, which is the Fourier transform of a sinusoidal
waveform. Down sampling can be interpreted as a special case of frequency down
conversion.

The pair of impulse functions located at frequency =6f, in Fig. 14.2(d) can
be interpreted as the Fourier transform of a cosine waveform. Hence, from the
frequency-shifting theorem, the band-pass spectrum centered at + 8f, in Fig. 14.2(c)
is shifted and centered at frequencies (8 — 6)f, and (8 + 6)f,. Similarly, the band-
pass spectrum centered at —8f, is shifted and centered at frequencies (—8 — 6)fo
and (—8 + 6)fo. The result is then the spectrum centered at +2f,, as shown in Fig.
14.2(f), and *14f,.

Similar to the arguments above, the pair of impulse functions located at fre-
quency = 12f,, which is not shown in Fig. 14.2(d), result in spectrum being shifted
to frequencies of +(12 — 8)fo and =(12 + 8)f,. The spectrum pair located at *+4f,
are shown in Fig. 14.2(d). Note that this pair is spectrum inverted in that the positive
frequency band-pass spectrum is centered at —4f, and the negative frequency band-
pass spectrum is centered at +4f.

Summary

Because down sampling results in frequency translation of the band-
pass signal, it is possible to position the translated spectrum by an appro-
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priate choice of sampling frequency f,. Note from Fig. 14.3 that the selection
of f, satisfying Eq. (14.1) such that nf, = f,, where n is integer valued,
translates the band-pass signal spectrum interval, 13f, < f < 15f,, to the
frequency interval, 0 < f < 2f,, which is generally referred to as the low-
pass signal equivalent of the band-pass signal. Sampling frequencies f; =
4.33foforn = 3, fs = 6.5foforn = 2, and f, = 13f, for n = 1 satisfy this
condition and the graphical results are shown in Figs. 14.3(d), (i), and (k),
respectively. For many signal-processing applications, down sampling to the
low-pass signal equivalent is the preferred approach. Also note that selection
of the sampling frequency such that nf; = f, also translates the band-pass
signal to a low-pass equivalent, as shown in Figs. 14.3(f) and (i), but the
spectrum is inverted.

It is also possible to select a sampling frequency that results in a fre-
quency translation to zero center frequency. Note from the graphical de-
velopment in Fig. 14.3 that if nf; = (f» — f1)/2, that is, the center frequency
of the band-pass spectrum, then translation to zero center frequency results.
This selection of f, always produces spectrum overlap and does not satisfy
Eq. (14.1). In most cases, spectrum overlap is an irreversible operation (see
Prob. 14.3). However, waveforms that are down sampled to zero center
frequency are always recoverable if the band-pass signal is quadrature sam-
pled, as is discussed in the following section.

14.2 QUADRATURE SAMPLING

Applications of the FFT are sometimes limited by the sampling rates achiev-
able by analog-to-digital converters. For these cases, it is possible to achieve
a lower sampling rate by separating the signal into two waveforms, or chan-
nels, and sampling each channel. This concept is based on the principle that
a signal can be expressed in terms of two waveforms called quadrature
functions. Each of the two quadrature functions occupies only one-half the
bandwidth of the original signal. Hence, it is possible to sample each quad-
rature function at one-half the sample rate required to sample the original
signal. We now develop the concept of quadrature functions and quadrature
sampling.

Quadrature Functions

To demonstrate the concept of quadrature functions, consider Fig.
14.4. We show in Fig. 14.4(a) an example waveform that is assumed to be
band-limited with bandwidth f;, as illustrated in Fig. 14.4(c). To derive the
quadrature functions for this waveform, it is necessary to multiply Fig.
14.4(a) by both cosine and sine waveforms.

We show the required cosine waveform y;(¢) in Fig. 14.4(b). We use



328 FFT Signal-Processing and System Applications Chap. 14

h(t) yj{t) = cos(2mrfot)

1

N MULTIPLICATION e

LOW PASS
FILTER

(b)

(a)

[hit) - y; (0]
(e}
REAL | [Hif)* Y]
J 7
ReaL k Hin REAL T Y,f)
2
~<_ A
VR
/ A
T —
fn fo | fo fn f fo fo '
(c) @

Figure 14.4 Fourier transform of the in-phase waveform used in quadrature
sampling.

the subscript i to indicate that the cosine waveform has been chosen as the
reference or in-phase sinusoid. Note that the frequency of this sinusoid is
fo = fal2, the center frequency of the positive frequency range of the band-
limited signal, as shown in Fig. 14.4(c). Multiplication in the time domain
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requires convolution in the frequency domain and the overlapped spectrum
of Fig. 14.4(f) results. For ease of discussion, we have constructed A(¢) as
an even function and hence H(f) is real. Therefore, the convolution result
shown is a real frequency function. Note that we have low-pass filtered the
convolution result and have eliminated the convolution terms that are cen-
tered at frequencies *2f,.

The modulation process just described shifts or translates to zero center
frequency the spectrum shown in Fig. 14.4(c). An inspection of Fig. 14.4(f)
also reveals that the translated waveform has a bandwidth of f,/2. However,
spectrum foldover has occurred. As a result, if one samples the waveform
of Fig. 14.4(e) with sample frequency f, satisfying the Nyquist criteria, the
original time waveform cannot be recovered because of the folded spectrum.
To recover the original waveform, it is necessary to define the second of
the two quadrature functions.

In Fig. 14.5, we repeat the development of Fig. 14.4 with the exception
that we multiply by the sine waveform shown in Fig. 14.5(b). If we low-pass
filter the product of Figs. 14.5(a) and (b), the resulting waveform of Fig.
14.5(e) is termed the qguadrature function in that it is obtained by multipli-
cation with a sine waveform that is 90° out of phase or in quadrature with
the cosine waveform of Fig. 14.4(b).

By applying the frequency-convolution theorem, we obtain the fre-
quency function illustrated in Fig. 14.5(f). Note that the Fourier transform
of the sine waveform is purely imaginary, as illustrated in Fig. 14.5(d).
Hence, convolution with the real frequency function of Fig. 14.5(c) yields
the imaginary frequency function illustrated in Fig. 14.5(f). Recall that con-
volution requires that one of the functions be flipped prior to shifting and
multiplication. The resulting frequency function has a bandwidth f,/2 with
an overlapped spectrum. Low-pass filtering has eliminated the convolution
terms that are centered at frequencies =2f,.

The waveforms of Figs. 14.4(e) and 14.5(e) are termed the in-phase
and quadrature functions, respectively, because one is obtained by multi-
plication (translation) with a cosine function and the other is obtained by
multiplication (translation) with a sine function (that is 90° out of phase, or
in quadrature, with the cosine function). The advantage of quadrature-func-
tion representation can be seen by comparing the frequency functions of
Figs. 14.4(f) and 14.5(f). Both the in-phase and quadrature waveforms have
a bandwidth of f,/2. Hence, each can be sampled according to the Nyquist
sampling criteria at a sample rate of f, samples per second. We show in a
later development that these sampled results can be appropriately combined
to eliminate the spectrum overlap that occurs.

Note that the total number of samples per unit of time that result from
sampling the quadrature functions is exactly the same as obtained by sam-
pling a function with bandwidth f,. However, with quadrature functions,
we have separated the original waveforms into two channels, an in-phase
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Figure 14.5 Fourier transform of the quadrature waveform used in quadrature
sampling.
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and a quadrature channel, where the analog-to-digital converter for each
channel can operate at one-half the speed required in a single-channel ap-
proach. If analog-to-digital-converter or digital-processor speed is a limiting
function, a factor of two could be of primary concern.

Recombination of Quadrature Functions

A careful recombination of the in-phase and quadrature sampled func-
tions is necessary to obtain the original waveform and eliminate spectrum
overlap. In Fig. 14.6, we show a diagram of the quadrature-processing tech-
nique described previously as well as a procedure for recombining quad-
rature functions to produce the original real band-limited signal A(¢). Note
that we recover the original signal by multiplying the in-phase channel by a
cosine waveform with frequency fo, the center frequency of the original
band-limited signal. The quadrature channel is multiplied by a sine waveform
with frequency fo. These results are then added and multiplied by a scale
factor of two to recover the original signal. The interpolation function shown
in Fig. 14.6 is discussed later.

Figures 14.7 and 14.8 illustrate the rationale underlying the recovery
technique diagrammed in Fig. 14.6. In both illustrations, we use the graphical
frequency-convolution procedure, but we only show the frequency-domain
functions. Figures 14.7(b) and (c) are the Fourier transforms of the in-phase
quadrature function and the cosine waveform, respectively, which are mul-
tiplied to recover the original waveform. Convolution yields the frequency
function illustrated in Fig. 14.7(a).

Figure 14.8 depicts the frequency-domain results of multiplying the
quadrature channel waveform determined in Fig. 14.5(e) by a sine waveform
of frequency fo. The Fourier transforms of the quadrature function and the
sine waveform are illustrated in Fig. 14.8(b) and (c), respectively. Because

VolkT')
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|
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Figure 14.6 Block diagram of the quadrature-sampling and signal-recombination
processes.
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both frequency functions are imaginary, then their convolution is a real
function, as shown in Fig. 14.8(a). To produce the results of Fig. 14.8(a),
flip one of the functions prior to convolution and take into account the j2 =
—1 term.

Now consider Figs. 14.7(a) and 14.8(a); both frequency functions are
real. Addition of the two functions gives the original signal-frequency func-
tion of Fig. 14.4(c) (except for a scale factor of two). Because we assumed
that the band-limited signal spectrum H(f) was real, then no complex terms
occurred in the example signal-recovery process. The general procedure for
signal reconstruction is to multiply the complex sampled signal (i.e., the in-
phase and quadrature samples, a + jb) by the sampled complex exponential
e ~/2mfo The desired waveform is then the real part of this complex product:

Real {(a + jb)[cosQmfot) — j sinRwfot)]}

Real {[a COS(21Tf()[) + b Sil’l(2’n‘f0[)] (142)
+ jl—a sinQRwfot) + b cosQRmfot)l}

a cosRmfot) + b sinQRwfo)t

The signal-reconstruction process requires that we translate (frequency
shift) the quadrature functions up in frequency. As a result, the required
sampling rate must be increased and interpolation is required because we
have sampled at the lower rate. As discussed previously in the development
of the Nyquist sampling theorem, [sin(¢)]/¢ interpolation yields exact results.
We interpolate both the in-phase and quadrature waveforms prior to mul-
tiplication by the complex exponential. For the example shown, we need
interpolate only one sample between each output sample of the analog-to-
digital converter. The bandwidth (highest frequency) of the signal after mul-
tiplication by the complex exponential (i.e., after translation) determines the
number of interpolated samples that are required.

Example 14.2 Quadrature Sampling of Band-Pass Signals

We show in Fig. 14.9 an example band-pass waveform with transmission bandwidth
Br = foand center frequency Sf,. To derive the quadrature waveforms for the band-

A 1o = cosiamsto + for2y1) -
0.5 cos[2m(5fo + fo/2)t]

Figure 14.9 Time- and frequency-domain representations of the band-pass signal
for Ex. 14.2.
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pass signal, we multiply by cosine and sine waveforms with frequency 5f,. The in-
phase component after low-pass filtering is given by
h()y(t) = {cos[2n(5fo + fo/2t] — V2 cos[2w(5f¢ — fo/2)t]} cos[2mw(5f0)¢]

Y5 cos[2w(fo/2)t] — Va cos[2m(fo/2)t]

(14.3)
The quadrature component after low-pass filtering is given by
h()yq (1) = {cos[2m(5fo + fo/2)t] — V2 cos[2w(5fo — fo/2)t]} sin[2nw(5f0)t]
— Y2 sin2mw(fo/2)t] — Y4 sin[2w(fo/2)t]

(14.4)

In Figs. 14.10 and 14.11, we use the graphical frequency-convolution theorem
to develop the frequency functions corresponding to Eqs. (14.3) and (14.4). Figures
14.10(b) and (c) are the Fourier transforms of the band-pass signal 4(¢) and the cosine
waveform with frequency 5f,, respectively. Convolution and low-pass filtering yield
the frequency function illustrated in Fig. 14.10(a), the Fourier transform of Eq. (14.3).
Note that the frequency function has a bandwidth f,/2 and spectrum foldover has
occurred.

In Fig. 14.11, we develop the frequency function corresponding to Eq. (14.4).
Convolution of the frequency functions of Figs. 14.11(b) and (c) yields the quadrature
frequency function illustrated in Fig. 14.11(a). This frequency function has bandwidth
fo/2 with an overlapped spectrum. Note that both Egs. (14.3) and (14.4) could be
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Figure 14.10 Fourier transform of the quadrature waveform for Ex. 14.2.
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Figure 14.11 Fourier transform of the in-phase waveform for Ex. 14.2.

reduced to a single term through addition. This is the mathematical evidence of the
problem of spectrum overlap that has been graphically addressed.

Both the in-phase spectrum of Fig. 14.10(a) and the quadrature spectrum of
Fig. 14.11(a) have a bandwidth of f,/2. Hence, each can be sampled at a Nyquist
rate of f, samples per second as compared to sampling the original band-pass wave-
form with the Nyquist sampling rate of 2By = 2f,. To reconstruct a real waveform,
we multiply the in-phase and quadrature time-domain samples by the sampled com-
plex exponential e />, where f’ is the desired center frequency of the recon-
structed waveforms. Assume f' = f,. Multiplication by the complex exponential
e ~/2™fo* translates each quadrature spectrum to a center frequency of fo. The highest
frequency of the translated waveform is then 3f,/2 and both the in-phase and quad-
rature functions of Egs. (14.3) and (14.4) must be interpolated before multiplication
to obtain a sampling rate three times the original sample rate.

Figure 14.12(a) illustrates the frequency-domain results obtained by multiply-
ing the in-phase waveform of Eq. (14.3) by ri(¢) = cos(2wfot). Multiplication of the
quadrature function of Eq. (14.4) by r,(¢) = sin(2wfot) results in the frequency
function shown in Fig. 14.12(b). Addition of the two frequency functions cancels
the unwanted overlapped frequency components. The result H'(f) in Fig. 14.12(c)
is the original signal-frequency spectrum except the spectrum is now centered at
frequency f, and must be multiplied by a scale factor of two.
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Figure 14.12 Example frequency function for Ex. 14.2: (a) cosine modulation of
the in-phase channel, (b) sine modulation of the quadrature channel, and (c) sum-
mation of parts (a) and (b).

Summary

As shown, quadrature sampling can be applied to baseband and band-
pass signals. If a baseband or band-pass signal with bandwidth Bz is trans-
lated in quadrature to zero center frequency, then each quadrature function
can be sampled according to the relationship:

fs=Br (14.5)

without loss of information. The quadrature sampled waveforms must be
reconstructed by the technique diagrammed in Fig. 14.6 to recover the orig-
inal signal. From Eq. (14.5), quadrature sampling allows the analog-to-digital
converter to operate at one-half speed. As experimenters continue to press
the state of the art in digital signal processing, analog-to-digital-converter
speed is often the limiting constraint.

Recall from Chapter 13 that the real and imaginary FFT outputs are
in quadrature (i.e., complex). Hence, FFT band-pass filter applications are
a special case of quadrature sampling in that the output waveforms of each
FFT band-pass filter are in quadrature. It then follows that these quadrature
waveforms can be translated, or down sampled, to zero center frequency
without incurring irrecoverable spectrum overlap. This similarity follows in
that the processes of quadrature frequency translation to zero center fre-
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quency and sampling can be interchanged. In quadrature sampling, we de-
velop zero-center-frequency waveforms in quadrature prior to sampling.
Conversely, in FFT band-pass filtering, we first obtain samples of the quad-
rature band-pass waveform and then translate, or down sample, to zero
center frequency.

14.3 FFT SIGNAL DETECTION

An important application of the FFT is in signal detection. The detection of
a narrow-band signal buried in noise is a common signal-processing problem
in communications, radar, and sonar systems. We describe in this section
example experimental results of applying this basic signal-analysis property
of the FFT. Application of the FFT to digital matched filtering is also
explored.

Signal Extraction Through FFT Resolution
Improvement

In Fig. 14.13(a), we show a sampled time-domain sinusoid buried in
white noise. As illustrated, there is no appearance of a sinusoid, only noise.
The signal-to-noise ratio is — 12 dB. Obviously, one could never detect the
presence of the sinusoid by examination of the time-domain samples shown.

In the frequency domain, we know that the periodic sinusoid has its
energy concentrated in a very narrow frequency band, whereas the noise
power is spread throughout the frequency domain. Hence, if we take the
FFT of the waveform illustrated in Fig. 14.13(a), we expect all the sinusoidal
signal energy to be concentrated in a few contiguous samples of the FFT
output. Recall from Chapter 13 that the N-output FFT samples can be in-
terpreted as the output of N/2 contiguous band-pass filters.

Figure 14.13(b) illustrates the FFT of the waveform of Fig. 14.13(a).
For this example, N = 64; the 32 sample points shown in Fig. 14.13(b)
represent the output power of each FFT filter. Power is computed as the
sum of the square of the real and imaginary component of each filter output.
This result is doubled to account for negative frequency results. Although
the sample value representing the sinusoidal signal has a larger amplitude
than other samples, an experimenter could not be certain that the sample
represents a periodic signal.

To firmly establish the presence of a signal, it is necessary to spread
the noise over more data points. Hence, we increase N to 512. In Fig.
14.13(c), we show the resulting 256 FFT sample outputs. The presence of
a periodic signal in the noisy spectrum is very identifiable.

To compute the signal-to-noise ratio improvement that is achieved in
Fig. 14.13(c), note that the noise power has been evenly spread throughout
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Figure 14.13 Example signal buried in noise, where S/N = —12 dB: (a) time-
domain presentation, (b) FFT spectrum results for N = 64, and (c) FFT spectrum
results for N = 512.
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256 samples. Equivalently, the wideband noise has been filtered by 256 con-
tiguous filters and the noise power output in the filter that contains the signal
has been reduced by 10 log;o (1/256) = —24 dB. Because the signal power
is concentrated in a single FFT filter, then the signal power is not reduced
by the FFT. If the original signal-to-noise level was — 18 dB, then the output
signal-to-noise ratio of the FFT filter containing the signal is —18 — (—24)
= 6 dB. The sample indicating the signal in Fig. 14.13(c) is clearly visible
above the noise.

FFT Averaging

Signal-to-noise enchancement as previously discussed cannot be ex-
tended indefinitely. Sometimes the size of the FFT (i.e., the number of
filters) cannot be increased further because of computer memory limitations.
Another limiting factor is that the signal itself can spread over several con-
tiguous FFT filters because of its bandwidth. For these cases, improvement
in signal detectability can be achieved by averaging successive FFT power
outputs. The effect of averaging is to smooth and reduce wild amplitude
variations that could be interpreted as sinusoidal signal components.

In Fig. 14.14(a), we show the FFT spectrum (N = 512) of a periodic
signal buried more deeply in noise than that previously considered. The
periodic component is not detectable. Assume that constraining factors limit
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Figure 14.14 Example signal buried in noise, where S/N = —24 dB: (a) FFT
spectrum results for N = 512, and (b) averaged spectrum for 64 successive FFTs
with N = 512.
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the experimenter to an FFT of size N = 512. Averaging successive FFTs
of this size is the appropriate signal-analysis procedure.

The resulting averaged spectrum is shown in Fig. 14.14(b) for 64 av-
eraged spectrums. The noise is now smoothed significantly and the signal
is clearly visible above the smoothed noise level. It is to be noted that the
power outputs of each FFT filter are averaged for the successive FFTs.
Hence, the phase of the input sinusoid is considered unknown and is not
taken into consideration.

The mathematics involved in analyzing the signal-to-noise enhance-
ment illustrated in Fig. 14.4(b) is extremely complicated (Refs. [9] and [21]).
However, as a summary, in those cases where the original signal-to-noise
ratio is —30 dB or less, the described averaging enhances signal detectability
by approximately 1.5 log, Q dB, where Q is the number of successive FFTs
that are averaged. For original signal-to-noise ratios well above —30 dB,
the detectability gain approaches 3.0 log, Q dB.

The signal illustrated in Fig. 14.14(a) is 24 dB below the noise level.
The number of successive FFTs averaged together is 64 = 2° and the FFT
size is N = 512. Averaging yields an enhancement of 1.5 log, O = 1.5 log
2% = 9 dB. From the results leading to Fig. 14.13(c), we know that the 512-
point FFT results in a 24 dB gain in signal-to-noise ratio. Hence, the pro-
cessed signal-to-noise ratio is 24 + 9 — 24 = 9 dB and the signal is clearly
visible, as shown in Fig. 14.14(b).

The examples presented may appear as a simplistic application of the
FFT to the signal-detection problem. However, it can be shown that the
optimum signal-detection receiver for narrow-band signals with random
phase, unknown frequency, and constant amplitude is a bank of band-pass
filters followed by a decision threshold (Ref. [23]).

FFT Matched Filtering

A matched filter is the signal processor design that optimizes the peak
received signal-to-noise power ratio in the presence of additive white Gaus-
sian noise. Mathematically, a matched filter frequency response is given by
S*(f), where * indicates conjugation if the received signal s(z) has a Fourier
transform S(f). Practical high-speed matched-filter realizations are easily
achieved because of the ease of FFT frequency-domain processing.

Figure 14.15 illustrates the concept of a FFT matched-filter signal pro-
cessor. The input signal is transformed to the frequency domain using the
FFT and is multiplied by a stored frequency-domain conjugate replica of the
received signal. At inverse FFT yields the desired matched-filter output
waveform. This output waveform is then compared to a threshold to deter-
mine the presence or absence of the desired signal. The optimum signal
detector of a phase-modulated sinusoidal pulse in white noise is a set of
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Figure 14.15 Block diagram of FFT matched-filter implementation.

matched filters to the in-phase and quadrature-phase components of the
signal. For this reason, the FFT can be used in radar signal processors.

Possibly the most important aspect of FFT matched filtering is the
flexibility allowed the signal designer. Waveform variations are easily pro-
cessed by simply storing the appropriate FFT coefficients. One can envision
a system where the signal and hence the matched filter can be changed
rapidly.

14.4 FFT CEPSTRUM ANALYSIS: ECHO AND MULTIPATH
REMOVAL

Cepstrum signal-processing techniques (Refs. [2] and [3]) are of considerable
utility. Specifically, these procedures are based on the premise that when
one examines the frequency transform of the logarithm of the Fourier trans-
form, certain contaminating components, such as noise, unwanted signals,
etc., can be isolated. Cepstrum analysis is applied to many problem areas,
including noise reduction in speech, sonar echo removal, radio-frequency
multipath interference rejection, image processing, and removal of multiple
reflections in seismology. Because the analysis approach is generally an art-
science, we find it more meaningful to examine FFT cepstrum analysis tech-
niques by means of specific examples. In this section, we describe FFT
cepstrum analysis as applied to the detection and removal of multipath in-
terference or echos from a desired waveform (Ref. [12]).

Multipath or Echo-Removal Problem Definition

Assume that a received signal s,(¢) is given by
s.(t) = s(t) + aos(t + 7)) (14.6)

where s(¢) is the transmitted or desired signal and s(¢ + 7;) is a multipath
or echo component. The constant ay is the relative attenuation between the
direct and multipath components of the signal. If we take the Fourier trans-
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form of Eq. (14.6) and then the logarithm, we obtain
log S.(f) = log[S(f) + aoS(f)e’2™/™]

= log[S(A(1 + aoe /)]

= log S(f) + log(l + aoejZ‘n'f'rl) (147)

= log S(f) — X (—1)"(ag/n)e’*>™/™
n=1

where the last term in Eq. (14.7) was obtained by a series expansion. The
Fourier transform of Eq. (14.7) is given by

Cllog S.(f)] = Cllog S(f)] — > (—1)"(ag/m)d(r — n7)  (14.8)
n=1

where C[ ] is taken as the Fourier transform. The Fourier transform of the
log of the spectrum frequency function is called the cepstrum. Note that the
first term on the right-hand side of Eq. (14.8) is the cepstrum of the trans-
mitted or desired signal. The remaining term is a sequence of impulse
functions.

Cepstrum analysis then transforms the unwanted echo or multipath
signal component into a series of evenly spaced impulse functions. In Fig.
14.16(a), we show the cepstrum of the signal only, and in Fig. 14.16(b), we
show the cepstrum of the signal plus the unwanted multipath signals. Theo-
retically, the echo can be removed by removing the impulse functions and
then inverting the whole process to recover the transmitted signal.

FFT Echo and Multipath Removal Implementation

We implement the cepstral analysis procedure by means of the block
diagram illustrated in Fig. 14.17. The log operation implies an exponential

1} ClloglS(f) L cuiogtsann
CEPSTRUM
SIGNAL ONLY
CEPSTRUM SIGNAL
PLUS MULTIPATH '
T T
(a) )

Figure 14.16 Example depicting cepstrum analysis that identifies multipath signal
components as impulse functions.
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Figure 14.17 Block diagram of cepstrum signal-processing procedure for re-
moving unwanted echo or multipath signals.

logarithm of both the real and imaginary parts of the FFT output. In par-
ticular, because the output of the FFT is of the form [R(nfo) + jI(nfo)l,
then

loge[R(nfo) + jI(fo)] = loge{[R*(nfo) + I*(nfo)]"?e’®"}
loge[R*(nfo) + I*(nfo)1*? + log. e’® (14.9)
loge[R*(nfo) + I*(nfo)]"* + j6n.

where
0,, = tan~[I(nfo)/R(nfo)l (14.10)

The real part of the log. operation is placed in the real part of the FFT and
the imaginary part is placed in the imaginary part of the FFT. The resulting
FFT vyields the quefrequency series of Eq. (14.8). Because FFT use implies
finite-duration waveforms, then the impulse-response functions of Eq. (14.4)
become [sin(7))/r functions. Manual or automated procedures can be used
to identify and supress or filter the unwanted [sin(7)]/r functions.

We show in Fig. 14.18 the results of the implementation of the FFT
cepstrum processing procedure defined in Fig. 14.17. In Fig. 14.18(a), we
show an example transmitted signal with no multipath or echoes. Figure
14.17(b) illustrates the example signal with interfering multipath or echoes
present. Cepstrum analysis of the contaminated signal of Eq. (14.8) using
the FFT is shown in Fig. 14.18(c). The [sin(7)]/7 function at 7, is the undesired
echo signal. In Fig. 14.18(d), we set the echo functions to zero. Sequential
inverse FFT, antilogarithm, and inverse FFT operations result in the re-
covered signal shown in Fig. 14.18(e).
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Figure 14.18 Example FFT results of the application of the block diagram of Fig.

14.17.
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14.5 FFT DECONVOLUTION

In the discussion of the FFT digital filter design in Chapter 12, we assumed
that we could always compute a finite-duration filter impulse response. De-
convolution filter design problems do not normally satisfy this requirement
and modifications to the techniques described in Chapter 12 are necessary.
We develop in this section an FFT procedure for designing digital decon-
volution filters. The technique is applicable to a wide variety of problems:
spectral broadening in spectography, well logging in oil exploration, seismic
exploration in geophysics, contrast enhancement in optics, and restoration
of the output waveform of band-limiting filters (Refs. [2], [10], and [22]).

Deconvolution Problem Definition

To define the deconvolution problem, consider Fig. 14.19. If a signal
is passed through a filter whose bandwidth is less than that of the signal,
the result is a smearing or broadening of the input waveform. Often com-
pensation of the filter itself can be employed to remove this unwanted dis-
tortion. An alternate or sequential approach is to apply appropriate mathe-
matical procedures to the output waveform and thereby restore the input
waveform. Because the output of a filter can be written as the convolution
of the input waveform and the impulse response of the filter, then the mathe-
matical operation for attempting to remove this convolution operation is
termed deconvolution.

Mathematically, the deconvolution problem is stated as follows. Recall
from Ex. 4.4 that a linear system is characterized by the convolution integral:

vy = [ xwhtt - m) dr (14.11)

where x(¢) is the input signal, A(t) is the system impulse response, and y(t)
is the output signal. In this discussion, we assume that the impulse response
is known. Given A(z) and the output y(#), it is desired to determine the input
signal x(¢). From the convolution theorem, we can write Eq. (14.11) equiv-
alently in the transform domain as

Y(f) = X(H)HH(f) (14.12)
The theoretical inverse filter R(f) can be determined by solving for X(f) in

FILTER /\ DECONDITION ‘VJ.'W\M

() hit vo | FILER )
r(t)

Figure 14.19 Graphical definition of the deconvolution filtering problem.
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Eq. (14.12):
X(f) = WHNIY) = ROYS)  R() = VH() (14.13)

or, equivalently,

x(t) = r(t) = y(¢) (14.14)

The meaning of the term deconvolution filter is now apparent. Theoretically,
we can recover the signal x(¢) perfectly, but as will be seen in the following
discussion, practical considerations force us to determine £(¢), an estimate
of x(¢).

FFT Deconvolution Filter Design

From Eq. (14.13), the inverse filter is defined in the frequency domain
as R(f) = 1/H(f); thus, we have a frequency-domain specification FFT
digital filter-design problem. However, in general, H(f) tends to zero as
frequency increases and, as a result, R(f) tends to infinity as frequency
increases. For this reason, it is normally impossible to sample this frequency
function and compute an inverse filter impulse response r(t) of finite
duration.

A logical way to approach this issue is to multiply 1/H(f) by a truncation
function W(f). The resulting frequency function is then zero for all fre-
quencies greater than the truncation frequency f.. This apparently solves
the problem in that it is now feasible to evaluate the inverse discrete trans-
form of W(f)/H(f). However, we know from previous discussions that trun-
cation in the frequency domain yields ripples in the time domain. As a result,
W(f) must be chosen to be a function that gently tapers to zero for some
frequency f. and is zero for f > f.. A good compromise is the Hanning
function. Figure 14.20 illustrates the proposed frequency-domain modifi-
cation concept.

The required frequency-domain approximation is obtained by modi-
fication of Eq. (14.13):

X(f) = [WH/HEIYS) = RV (14.15)
where W(f) is the truncation function and
R(f) = W(f)/H(f) (14.16)

The approximation of Eq. (14.15) is the inverse filtering equation that we
implement by means of the FFT. Note that R(f) is simply a frequency-
domain specification of a filter, as discussed in Chapter 12.
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-

Figure 14.20 Weighting-function modification of the inverse filter frequency
response.

FFT Deconvolution Implementation

To illustrate deconvolution filter design, assume that the impulse re-
sponse of a nonphysically realizable system is given by the function:

h(t) = Yoae ™™ (14.17)

This impulse-response function is representative of system responses found
in many practical signal-restoration problem areas. The Fourier transform
of Eq. (14.17) is

H(f) = 11 + Q7ufla)*] (14.18)

The analytical expression for the inverse filter frequency response for
a Hanning truncation function is

_ Y2 + V2 cos(nflfc) e fe
R = a?/[a? + 2mf)?)] fe=t=4 (14.19)

=0 U

This frequency-response function is sampled and a filter is designed by the
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FFT frequency-domain design procedures developed in Chapter 12. Recall
that care must be exercised to avoid convolution end effects.

To indicate the degree of signal restoration that can be accomplished
by FFT deconvolution filtering, a simulated input waveform consisting of a
sum of Gaussian functions is assumed. The input signal and the waveform
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Figure 14.21 Example deconvolution waveforms: (a) low-pass system input and
output waveforms, and (b) deconvolution results as a function of the truncation

frequency f..
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resulting from its convolution and the exponential impulse response of Eq.
(14.17) are shown in Fig. 14.21(a). It is this output signal to which the inverse
digital filter of Eq. (14.19) is applied.

Figure 14.21(b) illustrates deconvolved waveforms as a function of the
parameter f.. Because parameter f. determines the width of the frequency-
domain truncation function, we observe that as f. is increased, the decon-
volved waveform more closely approximates the input signal. Note that for
all practical purposes, the input signal is completely restored; the degree of
deconvolution that is possible is limited principally by the presence of noise.

If we assume that the signal and noise cannot be identified with respect
to the statistics required for the application of sophisticated statistical de-
convolution techniques, then the procedure developed here is experimen-
tally applied. We simply decrease the value of the parameter f. until sat-
isfactory results are achieved. In general, if a high level of noise is added
to either the impulse response or the output, then reasonably accurate de-
convolution is not possible. The deconvolution approach proposed here must
be modified if the filter function is zero-valued for f < f., (see Prob. 14.17).
Silverman [22] describes a theoretically more correct although more com-
plicated FFT deconvolution procedure.

14.6 FFT ANTENNA DESIGN ANALYSIS

The Fourier transform has long been recognized as a useful tool in the so-
lution of antenna design problems. However, these analyses were largely
limited to those cases for which the Fourier integrals could be evaluated by
classical methods. With the FFT, Fourier transform analysis is considerably
more effective.

In this section we develop the fundamentals for applying the FFT to
antenna design analysis. Our approach is limited to a consideration of one-
dimensional apertures. This may appear inadequate in that antennas are
generally considered in two dimensions. However, the treatment is adequate
for a great many antennas whose directivity is separable into a product of
directivities of one-dimensional apertures and where spacial patterns are
surfaces of revolution of the two-dimensional pattern that is produced by
the one-dimensional aperture. Further, the one-dimensional case develops
the analogy of antenna patterns and the Fourier transform. Our results are
readily extendable to two dimensions.

Fourier Transform Relationship Between Antenna
Aperture Distribution and Far-Field Pattern

Consider the electric field distribution over the aperture of length a,
as shown in Fig. 14.22. This electric field aperture distribution model rep-
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A E(x)—ELECTRIC FIELD APERTURE
DISTRIBUTION

"~ Eo
a a ‘7‘ Figure 14.22 One-dimensional antenna
2 2 * electric field aperture distribution.

resents a conventional electromagnetic horn antenna or a simple dipole an-
tenna. As shown, the electric field is zero over the part of the plane occupied
by the conductor but has a uniform electric field distribution over the horn
opening (or dipole dimension).

The far-field pattern, as a function of 0, where 8 is measured from the
perpendicular to the aperture distribution, is given by (Refs. [1] and [13]):

E@) = f 7 E(x)e mstsin@In gy (14.20)

where E(x) = electric field aperture distribution, volts/meter;
E(06) = far-field radiation pattern, volts;
6 = direction of antenna field pattern measured from perpendic-
ular to aperture dimension, degrees.

Equation (14.20) is a Fourier transform, where the aperture dimension x is
analogous to time ¢ and the direction function [sin(0)]/\ is analogous to fre-
quency f in the conventional Fourier transform relationship.

Note that the analogous relationship between frequency f and [sin(0)]/
A must be interpreted correctly in that the variable f is defined from —o to
+ o, whereas 0 is periodic over the interval 0 to 2. As a result, the Fourier
transform relation of Eq. (14.20) is uniquely defined over a finite range of
the variable 6. We further explore this antenna pattern Fourier transform
interpretation problem in the following example.

Example 14.3 Antenna Far-Field Pattern Fourier Transform Computation

Assume that the electric field aperture distribution E(x) is as shown in Fig. 14.22.
Determine the far-field pattern from the Fourier transform relationship of Eq. (14.20)
and compare with the conventional Fourier transforms results if Fig. 14.22 is con-
sidered a time-domain waveform, that is, if the length dimension x is interpreted as
a time dimension 7.

First, let us compute the conventional Fourier transform of the waveform il-
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lustrated in Fig. 14.22:
E@) = [ Ewedr = [ Ee " di (14.21)

= E, [sin(waf)l/waf (14.22)

As expected, the pulse waveform yields the [sin(f))/f function of Eq. (14.22). This
result is plotted in Fig. 14.23(a) for parameter a = 1.
To determine the far-field antenna pattern, we use Eq. (14.20) and Fig. 14.22:

E(e) = j-__m Eoe —Jj2mx[sin(0)I/A dx (1423)
_ sin{mwa[sin(8)]/\}
= B sin@ (14.24)

To plot the antenna pattern of Eq. (14.24), we must relate the antenna aperture
dimension a to the frequency at which the antenna is to be used. Assume that a =
2\. For this case, Eq. (14.24) yields the antenna pattern shown in Fig. 14.23(b).

Now let us compare the results of Eqgs. (14.22) and (14.24), that is, Figs. 14.22(a)
and (b). As shown in Fig. 14.23(a), the frequency function is defined for all frequency
values from + to —. (The negative frequency function is a mirror image of the
positive frequency function of Fig. 14.23(a) and is not shown for clarity.) In contrast,
the antenna pattern in Fig. 14.23(b) is periodic over the interval —90°to +90°. Hence,
when one attempts to compare the two results, it is readily apparent that the con-
ventional Fourier transform results of Fig. 14.23(a) must be truncated if we are to
convert these results to those of Fig. 14.23(b).

To determine the appropriate conversion factor and the truncation value, com-
pare the defining relationships of Eqgs. (14.21) and (14.23). We note the following
equalities:

x =1 (14.25)
[sin(®V\ = f

Hence, we convert Fig. 14.23(a) to Fig. 14.23(b). We determine 6 from the
relationship

0 = sin™'(fN) (14.26)

Because the maximum nonperiodic value of 8 is 90°, then the maximum value of f
(i.e., the truncation value) occurs for fA = 1. Recall that A\ was chosen as a/2 in
Fig. 14.23(b) and a was chosen as 1 in Fig. 14.23(a). Hence, A = ‘2 and the
truncation value of f is 2 Hz. As a result, to convert Fig. 14.23(a) to Fig. 14.23(b),
we use only the main lobe and first side lobe of Fig. 14.23(a) and determine the
abscissa axis 0 from Eq. (14.26). Note that we have illustrated by means of symbols
on Figs. 12.22(a) and (b) several conversion values. As shown, we truncate the
conventional Fourier transform results of Fig. 14.23(a) at f = 2 Hz.

The results of Fig. 14.23(b) are plotted in conventional polar-coordinate form
in Fig. 14.23(c). Observe that the results are symmetrical for angles greater than
+90°. This follows from our electric field aperture distribution assumption in that
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Figure 14.23 (a) Conventional Fourier transform of the time function of Fig.
14.22, (b) far-field antenna pattern for the aperture distribution of Fig. 14.22, and
(c) polar coordinate graphical presentation of part (b).
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Fig. 14.22 can be interpreted as the aperture distribution in any plane revolved around
the abscissa axis. Hence, the antenna pattern is expected to be symmetrical.

FFT Antenna-Pattern Computation

To apply the FFT to the computation of antenna patterns, we simply
implement the basic principles previously established. That is, we consider
the aperture electric field distribution as a time-domain waveform; compute
the FFT of this waveform and then apply the appropriate abscissa scale-
conversion factor of Eq. (14.26).

In Fig. 14.24(a), we show an example electric field aperture distribution
that alternates in phase and has constant amplitude. Note that the aperture
distribution function is symmetrical about the origin. We must be careful to
preserve this relationship when applying the FFT. This is accomplished by
sampling the aperture distribution function, as shown in Fig. 14.24(b). We
use the fact that the sampled function to which the FFT is to be applied
must be periodic. The number of zeros that one introduces is strictly a matter
of choice as to the desired FFT frequency spacing to allow one to easily
trace the side-lobe structure of the antenna pattern.

Figure 14.24(c) illustrates the FFT of the sampled aperture distribution
of Fig. 14.12(b). This result must be converted or transformed, as is de-
scribed in Ex. 14.3. Let us assume that the distances shown in Fig. 14.24(a)
are in meters and that we wish to determine the antenna pattern for a wave-
length A = %5 m. Then, from Eq. (14.26), the truncation frequency value
is 2 Hz. As aresult, we transform or convert the FFT results of Fig. 14.12(c)
to those of Fig. 14.24(d) by means of Eq. (14.26). Only the results for the
frequencies 0 = f = 2 Hz are converted. As before, the antenna pattern for
angles greater than = 90° is a replica of the pattern for angles less than +90°,
The corresponding polar plot is shown in Fig. 14.24(e).

Recall that as the wavelength of the antenna becomes small with re-
spect to the aperture dimension, then the main lobe of the antenna becomes
narrow and the number of side lobes is increased. To see this effect, let us
convert or transform the FFT results of Fig. 14.24(c) for a wavelength A =
Ys m. From Eq. (14.26), the truncation frequency is now 5 Hz. We illus-
trate the resulting converted polar plot in Fig. 14.24(f).

We have developed a simplified application of the FFT to antenna-
pattern analysis. Our approach requires a conversion of the far-field radiation
integral of Eq. (14.20) to a Fourier Integral. A more detailed application of
our approach is given in Ref. [25]. Results presented here can be extended
to the two-dimensional analysis of antenna apertures. The radiation pattern
of reflector antennas is determined in Refs. [5] and [14] by the FFT and a
[sin(«)]/u sampling approach. Incorporation of the FFT with the conjugate
gradient method is used to solve for the aperture fields and the induced
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Figure 14.24 (a) Example one-dimensional antenna aperture distribution, (b)
sampled aperture distribution for FFT computation, (¢) FFT of the sampled ap-
erture distribution of part (b), (d) angle transformation of the FFT results of part

(c) for A = 0.5 meters, (e) polar plot of part (d) for A = 0.5 meters, and (f) polar
plot of part (d) for A = 0.2 meters.
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current densities for wire, wire mesh, and rectangular plate antennas in Refs.
[7] and [20].

14.7 FFT PHASE-INTERFEROMETER MEASUREMENT
SYSTEM

The FFT can implement a phase-measurement system based on the inter-
ferometer principle. Recall that the phase difference between waveforms
received at two spatially separated sensors (antennas) separated by a dis-
tance d can be used to determine the angle of arrival of the waveform from
the relationship (see Fig. 14.25):

0 = sin"'(\$/27d) (14.27)

where 6 = angle of arrival
N\ = signal wavelength
¢ = phase difference
d = antenna separation

Equation (14.27) is the classical phase-interferometer equation for computing
the direction of arrival of a plane wavefront. We now show the procedures
for applying the FFT to phase-interferometer measurement systems.

FFT Phase Interferometer

The block diagram of an FFT interferometer direction-of-arrival system
is illustrated in Fig. 14.25. As shown, the output of each sensor or antenna/
receiver is sampled by an analog-to-digital (A/D) converter and the FFT of
each sensor output is computed. Because each resolution element of the
FFT consists of a real and an imaginary term, then the phase 8,, of each
FFT filter output can be computed as

6. = tan-! [Real Output (R,,)]

Imag Output (I,) n=20,1,...,N2 (14.28)
Equation (14.28) is computed for the FFT outputs for each of the two chan-
nels. Phase difference &, is then determined by simple subtraction for each
FFT resolution cell (filter output).

The next process step, system phase correction, is the single most
practical consideration in considering the application of the FFT to inter-
ferometer signal processing. A limiting factor in the accuracy of a direction
finding system is the differential phase error between the two channels.
System designers attempt to perfectly match the two channels from sensor
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Figure 14.25 Block diagram of an FFT phase-interferometer measurement
system.

(or antenna) to receiver output, but in practice phase error exists. Calibration
is often necessary to achieve sufficient accuracy.

With an FFT implementation, it is possible to calibrate the system for
all frequencies within the passband of the receiver. For example, a broad-
band signal can be injected perpendicular to the sensor array. The phase
difference between the two channels should be zero. If the phase difference
between corresponding FFT cells differs from zero, this differential is due
to system inaccuracies for that frequency cell and the error can be stored
(by cell) as a system phase correction. System calibration can be repeated
as often as required.

The angle of arrival can be determined for each frequency cell of the
FFT. If the signal bandwidth is greater than the FFT bandwidth, adjacent
FFT cells should give near-identical results. Note that the proposed imple-
mentation concept also yields the angle of arrival of multiple signals if their
frequencies do not overlap.
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Measurements in the Presence of Interference

Another distinct advantage of an FFT interferometer system is the
capability to cope with interfering signals. A conventional phase-measure-
ment system normally is reasonably well-matched to the signal bandwidth
and if an interfering signal overlaps any portion of this bandwidth, then the
resulting phase measurement is in error. With the FFT approach, the re-
ceiver output is divided by the FFT into a band of narrow-band filter outputs.
The phase difference is computed simultaneously for each of the filter out-
puts across the receiver bandwidth. In most instances, the interfering signal
differs in angle of arrival from the signal of interest. Hence, on an angle-
vs.-frequency plot, one will see two straight-line segments, one for the signal
of interest and one for the interfering signal. Unless the interfering signal
completely overlaps in frequency the desired signal, then an angle-of-arrival
measurement can be made.

FFT Monopulse Direction-Finding System

The FFT can also be applied to the development of an amplitude-
comparison monopulse direction-finding system. An amplitude comparison
of each filter output provides the appropriate measurement. Note that, as
in the interferometer case, it is straightforward to develop a calibration pro-
cedure for each FFT resolution cell.

14.8 FFT TIME-DIFFERENCE-OF-ARRIVAL
MEASUREMENT SYSTEM

The accurate measurement of the time difference of arrival for narrow-band
signals arriving at spacially separated sensors is an excellent application of
the FFT. Analog correlators can be used, but system inaccuracies severely
limit the fields of application. In this section, we address the basics in ap-
plying the FFT to time-difference-of-arrival measurements.

Problem Definition

The FFT is applied to time-difference-of-arrival measurements by im-
plementing classical correlation techniques. From Chapter 4, the correlation
function for a waveform s,(¢) that arrives at a sensor at some time ¢, and a
replica of that same waveform, s»(¢), arriving at a different sensor at some
later time to + 7 is given by

2@ = [ _si0sat + v dr (14.29)
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By definition, the correlation function measures the degree of match or cor-
relation between a waveform and a shifted replica of the waveform. Hence,
Eq. (14.29) reaches a maximum for that shift T that corresponds to the time
difference of arrival of the waveforms at the sensors. We determine the value
of Tmax at the correlation peak by using the FFT to compute the discrete
correlation theorem discussed in Sec. 7.4.

FFT Time-Difference-of-Arrival Measurement

The basic computational procedure for FFT application to the time-
difference-of-arrival measurement is illustrated in Fig. 14.26. As shown,
waveforms s,(¢) and its replica s,(¢) arrive at spacially separated sensors at
time difference 1. Each sensor output is sampled by an analog-to-digital
converter and input to an FFT. Recall from Chapter 7 that zeros must be
appended to the sampled waveforms to avoid end effects. From the FFT
outputs, we form the correlation theorem product §( S5 (f), where
S5 (f) is the complex conjugate of S,(f). The resulting complex function is
termed the cross spectrum. The cross spectrum can be viewed as an am-
plitude and phase spectrum, as shown in Fig. 14.26. The inverse FFT of the
cross spectrum is the desired cross-correlation function. The cross-corre-
lation function peaks at the value of Tmax corresponding to the desired time-
difference-of-arrival measurement.

Although the procedure described appears straightforward, there is one
shortcoming. Examine the output cross-correlation in terms of an accurate
determination of the peak value. The time resolution of the cross-correlation
function is determined by the sampling interval of the waveforms s,(¢) and
s2(t). If the sampling interval is T's, then the cross-correlation time resolution
is T's, which is not sufficiently accurate for practical applications. As a result,
we must interpolate between the samples of the cross-correlation function
to determine Tmax. As long as the Nyquist sampling rate for the input signals
is observed, then, theoretically, the continuous cross-correlation waveform
can be reconstructed.

FFT Phase-Domain Time-Difference-of-Arrival
Measurement

An alternate approach to measure the time difference of arrival is to
compute the slope of the phase-domain function. Note from Fig. 14.26 that
the phase slope is equal to 2mTmax. This follows from the time-shifting theo-
rem (Sec. 3.4). Hence, rather than implementing an interpolation procedure
to accurately estimate Tmax, We simply estimate the slope of the phase
spectrum.

Several alternatives for slope estimation should be explored based on
the specifics of the problem. A weighted least-square approach based on
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cross-spectrum amplitude (shown in Fig. 14.26) appears the most practical.
This procedure allows one to give the most weight to the frequency resolution
cells where the signal-to-noise ratio is greatest. In fact, a procedure to elimi-
nate from the slope estimation those data from low cross spectrum amplitude
cells is probably most advantageous. One can also average consecutive
phase-spectrum data in order to increase the signal-to-noise ratio.

An FFT time-difference-of-arrival system can be calibrated, as dis-
cussed in the previous section. Note that if the input waveforms have no
delay between them, then the cross-phase spectrum should be zero. Any
deviations from zero are due to system phase-differential errors. This cal-
ibration data can be stored and the phase-spectrum data can be appropriately
corrected for each measurement.

14.9 FFT SYSTEM SIMULATION

Accurate prediction of system performance often requires the development
of simulation techniques to verify the design criteria. Radar, communica-
tions, sonar, and imaging system designers use the FFT for digital simulation
analysis to reduce hardware design cost.

The general class of systems for which FFT simulation is applicable
are those that can be characterized by open-loop transfer functions. This
follows because the FFT requires that a block of data is processed simul-
taneously. Systems whose nonlinearities are characterized in the time do-
main can also be easily simulated. FFT simulation is appealing to a system’s
analyst because of the simplicity of designing the simulation. As we saw in
Chapter 12, either a time- or frequency-domain specification of system func-
tions can be implemented by the FFT. This implies that equations familiar
to the system’s hardware engineer are used directly in the simulation.

To explore the potential of FFT simulation techniques, we describe in
this section the application of the FFT to the prediction of radar performance
in a specified environment. This problem is in general nontractable by con-
ventional analysis techniques and is characteristic of classical background
clutter, electronic countermeasure (ECM) and electronic counter-counter-
measure (ECCM) problems. The simulation can be extended to more so-
phisticated radar signal-processing techniques, including matched receivers,
doppler filtering, optimum signal design, chirp waveforms, and phased
arrays.

FFT Radar-System Simulation
The block diagram of a simplified radar receiver is shown in Fig. 14.27.

The mixer and the local oscillator convert the radio-frequency (RF) signal
to an intermediate frequency (IF), where the converted signal is amplified
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Figure 14.27 Block diagram of a simplified radar receiver.

and filtered. The (RF) pulse modulation is extracted by the detector and
amplified by the video amplifier. Target range information is extracted by
the video processor. The key to radar performance in a clutter or jamming
environment is generally determined by the capability of the video processor.

The classical radar-analysis problem is to determine the degradation
of range extraction by the video processor as a function of input-noise char-
acteristics. System degradation is normally measured in terms of probability
of detection and probability of false alarm. If the received noise is Gaussian,
then closed-form solutions for system performance can be obtained. How-
ever, it is necessary to resort to a simulation in order to evaluate system
degradation if the noise is an interfering signal with specified modulation
characteristics. A digital FFT simulation of the block diagram illustrated in
Fig. 14.27 is a cost-effective method for evaluating system performance in
these cases.

Figure 14.28 illustrates the radar model chosen for simulation and the
corresponding FFT simulation block diagram. The received waveform is
simulated by generating samples of the additive combination of the pulsed
IF waveform and the interfering signal. Both the IF and video amplifiers
(filters) are simulated by sampling their respective transfer functions in the
frequency domain, as discussed in Chapter 12.

The IF amplifier is assumed to be a cascade combination of Butterworth
filters whose center and cutoff frequencies are chosen to enhance the rolloff

I [ VIDEO
| Fampurien | DETECTOR AMPLIFIER

TRANSFER FUNCTION TRANSFER FUNCTION

|
SAMPLED | |
RECEIVED | |
WAVEFORM | I
| |
FFT X (FFT)™ I
| |
SAMPLED | | SAMPLED
IF FILTER | | LOW PASS
| |

Figure 14.28 FFT simulation model of a radar receiver.
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of the skirts of the resulting transfer function. Conventional analog filter
design equations are sampled in the frequency domain. Filtering at IF is
accomplished by forming the product of the FFT of the sampled input and
the sampled filter function; this product is then inversely transformed to
obtain the time-domain output of the filter.

Nonlinear square-law detection is simulated by squaring the IF time-
domain waveform. Simulation of the video amplifier (filter) is accomplished
in the same manner as the 1F amplifier. The video amplifier is assumed to
be a three-pole Butterworth low-pass filter that is simulated by frequency-
domain sampling. The resulting output video waveform is representative of
the receiver performance in the presence of the simulated interference.

FFT Radar-System Simulation Results

To illustrate the waveforms that can be obtained by this simulation
method, Gaussian noise is added to the input waveform shown in Fig. 14.29.
An estimate of the power spectrum of the input waveform obtained by com-
putation of a Hanning weighted FFT is shown in Fig. 14.30(a). A similarly
computed IF output power spectrum is shown in Fig. 14.30(b). The detected
video output is illustrated in Fig. 14.30(c). If a sequence of system video
outputs is generated by the simulation, each with independent noise samples,
statistical parameters such as probability of detection, probability of false
alarm, error rate, etc. can be evaluated as a function of the characteristics
of the interfering signal and the parameters of the video processor.

w
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Figure 14.29 FFT radar-system simulation input waveform.
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Figure 14.30 FFT radar-system simulation results: (a) power spectrum of input
signal plus noise, (b) IF output power spectrum, and (c) detected video output
signal.

Communication-System Simulation

FFT simulation techniques are also readily adaptable to communica-
tion systems. In digital data systems, a common problem encountered is the
estimation of intersymbol intererence as a function of noise level, data rate,
transmitter bandwidth, transmitter filter rolloff characteristics, and system
synchronization parameters. Analogous to the radar problem, an FFT simu-
lation can be implemented to evaluate the probability of correctly decoding
a transmitted message as a function of each parameter degrading system
performance. An FFT simulation approach to communication-system anal-
ysis allows one to include real-world constraints that are normally unwieldly
in closed-form analysis.
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Figure 14.30 (continued)
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14.10 FFT POWER-SPECTRUM ANALYSIS

The measurement of power spectra is a difficult and often misunderstood
topic. Because the FFT readily yields frequency and amplitude information,
many investigators proceed to estimate the magnitude of a sampled wave-
form by applying the FFT. If the waveform is periodic or deterministic, then
a correct interpretation of FFT results is likely. However, when waveforms
are random processes, it is necessary to develop a statistical approach to
amplitude estimation. We describe in this section the fundamentals of power-
spectrum estimation, introduce the terminology, and provide FFT proce-
dures for computing the power spectrum. As is shown, the FFT computa-
tional procedures are straightforward; however, the statistical interpretation
of the results is difficult. A detailed development of statistical estimation is
beyond the scope of this discussion.

Correlation Spectrum Estimation

Let x(¢) be a random function of time. In constrast to a deterministic
function, future values of a random function cannot be predicted exactly.
However, it is possible that the value of the random function at time ¢,
influences the value at time ¢,. We express this statistical characteristic by
means of the autocorrelation function, which is given by

&(1) = lim /L © x()[x(t + 7)) dt (14.30)
L—o —L/2

The power-spectral-density function ®(f) and the autocorrelation function
&(1) are defined as a Fourier transform pair:

(1) = fw (fer™" df & B(f) = fi b()e 2T dr (14.31)

Function ®(f) is called by many terms including the power-spectrum, the
power-density, the spectral-density, and the power-spectral-density func-
tion. We use these terms interchangeably, as does the literature. Note that
if we set 1 = 0 in Eqgs. (14.30) and (14.31), we obtain

o

|- ewar =60 = [ @ a (14.32)

The right-hand of Eq. (14.32) is the total energy or power of the random
function (see Sec. 2.4). Because the integral of ®(f) is equal to the total
signal power, then the terminology power, or spectral density, has been
adopted.

If the autocorrelation function is known, then the calculation of the
power spectrum is determined directly from the Fourier transform. How-
ever, the general case is that we must determine &(t). Equation (14.30) is
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appealing but the relationship requires a knowledge of x(¢) for — < ¢t < o,
In practice, x(¢) is known only over a finite interval, and we must estimate
&(1) based on only this finite duration of data. The estimator for &(t) that
is generally used is

. 1 L=l
o(1) = L_—l"'| L x(Ox[(e + [7])] dt l7I<L (14.33)

where x(¢) is assumed to be known only over the finite duration L.
Because &(7) is not defined for T > L, then, as shown in Fig. 14.31,
we multiply Eq. (14.33) by a window function that is nonzero where Eq.
(14.33) is defined and is zero elsewhere. Function w(7) is termed a lagged
window because we can visually describe our observation of ¢(7) as looking

A
®(T)
Undefined Undefined
L L ANNNN AN\
—L L T
(a)
wiT)
1
—L L T
(b)
w(T)plT)
-L L T

(c)

Figure 14.31 Graphical illustration of the window function used in correlation-
spectrum estimation.
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through the window w(t). The modified autocorrelation function w(w)&('r)
exists for all 7 and hence its Fourier transform exists. We can then obtain
an estimate of the power spectrum using the relationship of Eq. (14.31):

=)

b = [ wbee 7 dn (14.34)

where w(t) = 1for| 7 | < L and is zero elsewhere. d.(f) is normally defined
as the correlation or lagged-product estimator for the power spectrum. This
approach to spectral analysis is commonly referred to in the literature as
the Blackman-Tukey procedure [27].

Periodogram Power-Spectrum Estimation

An alternate approach to the correlation spectrum procedure is to es-
timate the spectrum directly by means of the periodogram. Let

2

A L
b,(f) = WLy | [ xwe 2 dr (14.35)

Subscript p indicates that the power-spectrum estimate is obtained by means
of the periodogram. Because Eq. (14.35) is in the form of a Fourier transform
over a finite interval, we can then use the FFT to compute the spectrum
estimate.

Although the periodogram and the correlation spectrum-estimation
procedures appear quite different, they are theoretically equivalent under
certain conditions. It can be shown (Ref. [28]) that

R L2 . )
@,(f) = f_m (1 = | 7 [/L)b(v)e 7> dr (14.36)

The inverse Fourier transform of Eq. (14.36) yields
b,( =10 - |7|L)d(x) |7|<L (14.37)

Hence, if we modify the lagged-product spectrum-estimation technique by
simply using a triangular (Bartlett) window rather than a rectangular lag
window, then the two procedures are equivalent. Using the convolution
theorem, we can rewrite Eq. (14.36) as

d,(f) = Wa(f) = d(f) (14.38)

where Wx(f) is the Bartlett frequency-domain window function. Hence, the
periodogram spectrum estimate is equal to the lagged-product spectrum es-
timate convolved with the Bartlett window frequency function.

Correlation spectrum estimation theoretically employs the rectangular
lag window, and the periodogram spectrum-estimation procedure can be
interpreted as employing the triangular lag window. In practice, we employ
neither of these two windows, as will now be described.
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Spectral Windows

In the previous discussion, we showed that the correlation and peri-
odogram estimation procedures can both be interpreted as using frequency-
domain window or weighting functions. In estimation problems, one strives
to achieve an estimator whose mean value (the average of multiple estimates)
is the parameter being estimated. It can be shown (Ref. [28]) that the mean
value of both the correlation and periodogram estimation procedures is the
true spectrum ®(f) convolved with the frequency-domain window function:

Mean[®.(f)] = Mean[d,(f)] = W(f) * O(f) (14.39)

Hence, the mean value of the power-spectrum estimate equals the true spec-
trum only if the frequency-domain window function is an impulse function
(i.e., the data record length is infinite in duration). If the mean of the estimate
is not equal to the true value, then we say that the estimate is biased.

From our previous discussion of FFT data-weighting functions (Sec.
9.2), we know that detail is lost if we smooth (convolve) with a broad spectral
(frequency-domain) window. Said differently, amplitude values adjacent to
a true peak in the spectrum become biased due to the smoothing that occurs
in the convolution operation with the spectral frequency window function.
Hence, one could conclude that a narrow spectral window is desirable. How-
ever, this is not a valid conclusion because the more narrow the spectral
window, the larger the variance of the estimate (Refs. [27] and [28]). This
statement follows intuitively because the variance of the estimate of several
random variables that are summed has a smaller variance than that of a
single random variable. Hence, to reduce the variance of the estimate, we
must broaden the spectral window that averages or smoothes adjacent es-
timates due to the convolution operation of Eq. (14.39).

The normal method for characterizing the width of the frequency-do-
main window is to define its bandwidth. In spectral analysis, bandwidth is
defined as

Bandwidth (BW) = 1/{[:3 W3(f) df} (14.40)

Spectral window bandwidth determines the resolution of the spectrum es-
timate as well as the variance of the estimate. A compromise between small
variance and high fidelity (resolution) is the crux of the power-spectrum
estimation problem. We follow the conclusion of Jenkins [28] that any a
priori optimality criteria that sets too rigid a mathematical formulation for
this trade-off is not practical. A more useful and flexible approach is to use
an experimental spectrum-estimation approach that allows one to learn the
appropriate bandwidth of the spectral window from the data. After defining
a FFT procedure for computing the power spectrum, we develop such an
experimental technique.
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Smoothed Periodogram FFT Spectrum Estimation

The spectral window for the periodogram is of the form {[sin(f)l/f}>.
This follows from the developments leading to Eq. (14.38), where it was
shown that the periodogram spectral estimate was equivalent to a correlation
estimate using the triangular or Bartlett window. Recall from Sec. 9.2 that
the Bartlett frequency window has relatively high side lobes with respect to
other window functions. However, Jones [29] has shown that very good
periodogram spectral estimates can be obtained from the {[sin(f)]/f}* spectral
window by averaging (smoothing) adjacent spectrum estimates. The
smoothed periodogram (sp) estimate is given by

d,,(f) = Wo(f) * &,(f) (14.41)

where Wp(f) is the rectangular frequency window first suggested by Daniel
[28];

Wo({)

1/(Bfo) —Bfo/2 = f = Bfol2 (14.42)

=0 otherwise

Note that parameter Bf, specifies the frequency range over which the peri-
odogram is averaged (fo = 1/L). Hence, the smoothed periodogram window
is that obtained by averaging the appropriate number of {[sin(f)]/f}* spectral
windows that are spaced at intervals of fo = 1/L. We show in Fig. 14.32
the {[sin(f)]/f}* periodogram spectral window and the smoothed periodogram
spectral window for B = 10. That is, we have averaged 10 adjacent periodo-
gram windows. A comparison of the smoothed periodogram spectral window
with the Hanning and Parzen windows is shown in Fig. 14.33 under the
constraint of equal bandwidths. Spectral windows with equal bandwidths,

A weth) 4\ Wolf)* Walf)

|

B=10
Al f 5 0 5 f
L L L L
(a) (b)

Figure 14.32 (a) Periodogram spectral window, and (b) the smoothed periodo-
gram spectral window for 8 = 10.
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Figure 14.33 Comparison of smoothed periodogram, Hanning, and Parzen spec-
tral windows under the equal-bandwidth constraint.

as determined from Eq. (14.43), produce a spectrum estimate with equal
variances. The bandwidth or resolution of the smoothed periodogram is
given by B/L. We show in Fig. 14.34 a smoothed periodogram computing
procedure using the FFT. As shown, we average the FFT computed esti-
mates in groups of B, except that the first group contains only /2 terms.

Experimental Procedure for FFT Spectral Analysis

A practical procedure for power-spectrum estimation is to progres-
sively reduce the spectral analysis bandwidth. This approach allows one to
learn significant features of the spectrum during the course of the analysis.
The initial choice of a wide bandwidth masks fine detail in the spectrum.
However, a wide bandwidth produces a stable (low-variance) estimate. If
we allow the analysis bandwidth to become smaller, then additional detail
can be explored. The practicality of this approach is limited by interpretation
problems that result from the instability (large variance) of the estimates.

To illustrate the concept of spectral bandwidth closing, we generate
samples of a random process (T = 0.1 s) with a power spectrum that for
the present we assume is unknown. Our objective is to deduce from the data
the true form of the spectrum.

FFT spectrum estimates according to the procedure of Fig. 14.34 are
computed in Fig. 14.35 for N = 64 and BW = 0.8, 0.4, and 0.2 Hz. We note
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—-—h

. Sample x(t) for0 = t=< L:
XKkT) =x(t) |«er k=0,1,... ,N—-1
2. Compute the FFT of x(kT):

N-1

X(nfo) > x(kt)ei2mokN
k=0

fo = 1/NT
3. Compute the periodogram of X(nfo):
®p(nfo) = (T/NHRe?[X(nfo) + Im2[X(nfo)l}

4. Compute the smoothed periodogram:

p/2-1

&.,(0) = 2/ go & ,(nfo)

. ap2-1

cbsp(Bfo/z) =1/B 2 ‘I’p(nfO)
n=Rp/2

. 5p2-1

Qsp(3Bfo/2) = 1B 3 ®p(nfo)
n=3p/2

Figure 14.34 FFT computational procedure for smoothed periodogram spectrum
estimation.

in Fig. 14.35 that as we close the bandwidth from 0.8 to 0.4 Hz, the estimated
spectrum contains several spectrum peaks. As we further close the band-
width to 0.2 Hz, these peaks become even more pronounced. Before reach-
ing a conclusion that these peaks are real, it is necessary to establish that
the peaks are not the result of variability or instability of our estimate. We
use the concept of confidence intervals to make this assessment.

We also show in Fig. 14.35 the 90-percent confidence limits (amplitude
range) for the estimate produced for each bandwidth selection. Because a
log amplitude scale is used, then the confidence interval is valid for any
frequency estimate of the power spectrum. The confidence limit, or ampli-
tude range, is interpreted in that the true power spectrum for any frequency
falls within the noted interval with probability 0.9. Hence, the confidence
limit is a measure of the statistical variance of the estimate if we assume
that there is no bias in the spectral estimate. For wide spectral bandwidth,
we know that bias is possible. To determine the confidence limit for each
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Figure 14.35 Spectrum estimate for N = 64.

bandwidth, we use the graphs shown in Fig. 14.36. To use the graph, we
must compute the parameter n = 2L(BW), where L is the data record length,
L = NT. Parameter 7 is referred to as the number of degrees of freedom
and can be interpreted as the number of squared random variables that have
been summed. Intuitively, we expect the variance of summed random vari-
ables to decrease as the number of variables summed is increased. Hence,

the larger the number of degrees of freedom, the smaller the variance of the
spectrum estimate.
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Figure 14.36 Plot of confidence limits as a function of the number of degrees of
freedom 7.

For the spectrum estimate determined with a bandwidth of 0.8 Hz, we
compute n = (2)(0.1)(64)(0.8) = 10.24. From Fig. 14.36, we obtain the values
2.2 and 0.58 from the upper-limit and lower-limit graphs, respectively. These
limits are plotted as a vertical line, as shown in Fig. 14.35. Because the
confidence interval is valid for any frequency estimate of the power spec-
trum, we slide this vertical line along our estimate to the peak value of 0.4
Hz in Fig. 14.36. We conclude that the 90-percent confidence amplitude
range is so large with respect to the peak variation in our spectrum estimate
that we cannot conclude if the results are statistically significant. To ensure
that the peak is real, we must reduce the amplitude range of the confidence
interval.

To improve the confidence of our estimate, we increase the number
of data points N, which increases 7, the number of degrees of freedom of
the estimate. In Fig. 14.37, we show spectrum estimates for N = 512 and
BW = 0.8, 0.4, and 0.2 Hz. Note that the spectrum peaks that were observed
previously are significantly different. This gives evidence that the previously
defined peaks were due to statistical instability. Observe in the lower-fre-
quency region that the spectral estimate decreases in magnitude as the spec-
tral bandwidth is decreased. This observation leads one to the conclusion
that there is estimation bias for the wider spectral windows. This same effect
is observed in the upper-frequency region (0.8 to 1.2 Hz). In the frequency
region of 0.3 t0 0.6 Hz, the opposite effect occurs and the amplitude increases
as the spectral window bandwidth is reduced. This trend gives evidence that
there may be a peak in this region. However, we note that the range of the
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Figure 14.37 Spectrum estimate for N = 512.

90-percent confidence limit is still larger than the excursion of the peak we
are trying to validate.

In Fig. 14.38, we repeat the spectrum estimates for the case N = 2048.
We observe a definitive trend toward a peak in the spectrum at approxi-
mately 0.5 Hz. The spectrum estimate for BW = 0.4 is relatively smooth,
which gives credibility to the estimated peak. The estimate for BW = 0.2
Hz is questionable because of noticeable variability. Note that for BW =
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Figure 14.38 Spectrum estimate for N = 2048.

0.4 and 0.2 Hz, there is essentially no change in the estimate in the range
0.0 t0 0.2 Hz and only a small change in the range 0.3 to 0.6 Hz. We conclude
that the spectral estimate (BW = 0.4 Hz) has minimum bias in the lower-
frequency range. The same arguments and conclusion can be reached for
the upper-frequency region. This estimate also has a reasonably small con-
fidence interval. Recall that the confidence interval assumes that there is no
bias in the estimate. Therefore, we cannot conclude that the estimate for
BW = 0.8 Hz is the best estimate. Based on these observations, we conclude
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that the spectrum estimate for BW = 0.4 Hz yields a true peak in the spec-
trum at approximately 0.5 Hz. In Fig. 14.38, we also show the true spectrum.
We have estimated reasonably well the true shape of the spectrum.

Summary

In the literature, there are multiple methods described for computing
the power spectrum. The Blackman-Tukey procedure is the most popular,
but there is no particular reason other than tradition for its use. Spectrum-
estimation procedures based on the periodogram yield results that are as
good or better than other methods and is computationally more efficient.
As discussed, the application of the FFT to spectrum analysis is complex
and is primarily a statistical estimation problem. As long as we can continue
to increase the data record length, then estimates with reduced variability
can be obtained. However the practical problem normally encountered is
one of insufficient data and the power-spectrum analysis problem quickly
enters the realm of art-science. With the FFT, it is quite easy to produce
spectrum estimates and for this reason the reader is cautioned to use this
section as only an introduction to spectrum estimation. The interpretation
of these FFT results is the key to the power-spectrum estimation problem.
Readers should beware that there is considerable discussion in the literature
concerning the selection of optimal window functions. In most practical
spectrum-analysis applications, window selection is of minor importance
compared to the problem of spectrum interpretation. The literature also de-
scribes the use of data-weighting functions in the periodogram computation
of the power spectrum. This approach is used to reduce the side lobes of
the Bartlett spectral window that, as discussed, is inherent in the compu-
tation of the periodogram. From a statistical viewpoint, this approach is not
sound unless the random background noise is of minor importance to the
deterministic signal being evaluated.

Welch [32] describes a spectrum-analysis procedure where the data is
sectioned into subintervals and a periodogram is computed for each section
of data. These periodograms are then averaged to improve the variability
of the spectrum estimate for each frequency. This computation approach is
limited by the leakage properties of the Bartlett spectral window and data
windows are generally used to improve the window characteristics. Addi-
tional spectrum analysis applications of the FFT are given in Refs. [30], [31],
and [33].

14.11 FFT BEAMFORMING

The conventional delay-and-sum technique for array beamforming in radar,
communications, sonar, and seismic applications is illustrated in Fig. 14.39.
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Figure 14.39 Conventional delay-and-sum technique for array beamforming.

As shown, a plane wavefront arriving at an angle 0 to a sensor array with
spacing d between elements is delayed by an amount T between each adjacent
sensor pair. If we are to recombine, in the proper phase, the output of each
sensor, then we must compensate for these time delays. The relationship
between the sensor spacing d and the delay T is given by

7 = (d/c) cos(0) (14.43)

where c is the velocity of propagation of the wavefront. To recombine the
sensor outputs for an incoming wavefront at an angle 6, we must delay the
output of sensor m by

mt = (md/c) cos(0) (14.44)

where the wavefront angle 6 and the sensor m are defined in Fig. 14.39.
Signal recombination, or spatial array beamforming, is then achieved by the
coherent (in-phase) addition of the delayed sensor outputs:
M-1
y(©) = D xm(t — m7) (14.45)
m=0
where we have assumed M sensors.
Beamforming by means of delay lines becomes quite cumbersome from
a hardware viewpoint as the number of array sensors increase. If digital
delay lines are used, the sensor outputs must be sampled at a rate much
higher than the Nyquist rate to minimize side-lobe degradation in narrow-
band linear-array beam patterns. However, with the FFT, it is possible to
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perform the equivalent of a time delay in the frequency domain. We develop
in this section the procedures for applying the FFT to spatial-array beam-
forming. Our approach follows that of Refs. [19] and [34].

Frequency-Domain Single-Beam Relationships

Recall from the time-shifting property (Sec. 3.5) that a shift in time by
an amount 7 is equivalent to multiplication by e ~/>™*" in the frequency do-
main. Equation (14.45) can then be written as

M-1 M-1
YO = S xut —mr) K Y = S Xm(He 2™ (14.46)
m=0 m=0

The term on the right-hand side of Eq. (14.46) is the appropriate fre-
quency-domain relationship for combining the M sensor outputs with the
appropriate delays. Hence, we take the Fourier transform of the output for
each sensor, multiply by the complex exponential e ~/2™”", and add the
results according to the right-hand side of Eq. (14.46). The inverse Fourier
transform yields y(¢).

Note that Eq. (14.46) is valid only for one specific value of the param-
eter 7, that is, the array has been pointed in the direction 0 defined in Eq.
(14.43).

Frequency-Domain Multiple-Beam Relationships

Let us assume that we desire to simultaneously implement the correct
delays in order to combine the M sensor outputs for various azimuth angles
0;. In particular, we must compute the frequency-domain summation of Eq.
(14.46) for each value 1; associated with a beam direction 6;. To form M
azimuth beams, we define increments of 7; as

7 = i(d/M) i=01..., M-1 (14.47)

where d is the distance between sensors and M is the number of sensors.
The beam, or azimuth, angle 6; fer each delay value 1; can be determined
from Eq. (14.43):

0; = cos™ Ycti/d) = cos™(ic/M) (14.48)
The right-hand side of Eq. (14.46) then becomes
M-1
Yi(f) = 2 Xnu(f)e s2mfomidtn (14.49)
m=0

Equation (14.49) requires that we compute the Fourier transforms of
each sensor output, multiply the transform for each sensor by the exponential
e ~J2mf(mid/M) for each desired beam direction 6;, and then perform the in-
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dicated summation. The inverse Fourier transform yields the time-domain
function associated with a beam direction 0;. The computation of X,,,(f) and
Y.(f) are easily formulated in terms of a two-dimensional FFT.

Two-Dimensional FFT Array Processing

Assume that we sample each sensor output x,,(¢) with sample interval

T to form x,,,(kt), where k = 0,1, ..., N — 1. Then we use the FFT to
compute the frequency function for each sensor m:
N-1
X(nfo) = 3 xn(kt)e ~F2mkD®RSO) n=01... N-1
k=0 (14.50)
fo = I/NT

If we replace the continuous variable f in Eq. (14.49) with the discrete
frequencies nf, obtained by substituting Eq. (14.50), then Eq. (14.49)
becomes

M-1 N-—1
YG,nfo) = 3 { > xm(kt)e_jz‘"("”"m} e ~2mFmidIM)  (14.51)

m=0 k=0

The two-dimensional FFT relationship of Eq. (14.51) is a function of the
beam number i and frequency nf,. The two-dimensional inverse FFT yields
the appropriate time-domain waveform associated with each beam pointed
in the direction ;. If the number of sensors is large, then digital beamforming
using the FFT is attractive.

Summary

The preceding derivation has been for a linear array of M elements.
Our approach can be extended to cases of circular, cylindrical, and spherical
arrays. Beam-pattern side lobes can be minimized by using a weighting func-
tion. It is also possible to design adaptive methods in which each array output
is weighted from a calculated expression based on actual received data.

PROBLEMS

14.1 Consider the band-pass waveforms illustrated in Fig. 14.40. Analogous to Fig.
14.3, graphically and analytically develop the range of acceptable sampling
frequencies that produce nonoverlapped aliased images of the band-pass spec-
trum. What do you conclude concerning spectrum inversion?

14.2 Assume a band-pass waveform with a frequency spectrum as shown in Fig.
14.41. Show graphically a sampling frequency that results in down sampling
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Figure 14.40 Band-pass waveforms for Prob. 14.1.

Hf) 'BT:2f0
[I—
. !
/l\\
/o
4L+ \ ; » Figure 14.41 Band-pass waveform for
o | 7o t  Prob. 14.2.

to a center frequency of f,. Are there additional sampling frequencies that
produce the same result?

14.3 For the example frequency function shown in Fig. 14.3(c), choose a sampling
frequency that down samples the spectrum to a zero center frequency. Show
graphically your results. What are your conclusions? Hint: Consider double
side-band amplitude modulation.

14.4 Assume that the frequency function shown in Fig. 14.42 results from a single
side-band modulation of a voice signal that inverts the voice spectrum as
shown. Develop graphically a down-sampling procedure that simultaneously
demodulates the signal and inverts the spectrum. Your results should be iden-
tical to those of Fig. 13.14(e).

I IHe) Br = 4kHz
/\ i
|

T

t ®  Figure 14.42 Frequency function for
-15kHz

15kHz f Prob. 14.4.

14.5 Repeat the graphical and analytical developments of Ex. 14.2 if h(?) is given
as

h(t) = cos[2n(5fo + fo/2)t] — Y42 sin2w(5fo + fo/2)t]
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14.6 Assume a bandpass signal has a center frequency of 16f, and a bandwidth By
= 3f,. If quadrature sampling is used, what is the minimum sample rate for
the in-phase and quadrature channels? If the signal is to be reconstructed with
a center frequency of 5f,, determine the sample interpolation requirements.

14.7 Assume that the frequency functions illustrated in Fig. 14.43 are narrow-band
signals to be sampled by quadrature-sampling techniques. Use a graphical
analysis procedure analogous to Figs. 14.4 and 14.5 to develop the Fourier
transform of the in-phase and quadrature functions resulting from quadrature
sampling. Discuss for each case the required sampling rate to prevent aliasing.
Show by a graphical analysis analogous to Figs. 14.7 and 14.8 that no infor-
mation is lost even though quadrature sampling results in overlapped fre-
quency functions. Also comment on the increase in sample rate that is required

for each case if the sampled waveforms are recombined at a center frequency
of 2f 0.

Hif) - REAL Hif) - REAL

! ' ! I s ! I ! I T
y T T T ¥

-7fo -6fp  -3fo -fo fo 3fo 5fo o f

(a) (b)

Hif) - IMAGINARY

Aty N2t | fo 260 3o 4o
NG

A

(c)

Figure 14.43 Frequency functions for Prob. 14.7.

14.8 Assume that extremely fine resolution is desired in the narrow frequency band
B, shown in Fig. 14.44. Also, assume that the desired resolution cannot be
achieved across the total signal bandwidth due to computer memory limita-
tions. Use the concept of frequency translation followed by low-pass filtering
to develop a procedure for increased FFT resolution (Zoom FFT, Ref. [24]).

Iy B:

Figure 14.44 Frequency function for
Prob. 14.8. | 1

14.9 Assume that a single frequency sinusoid is buried in noise with a S/N = —20
dB. If a S/N = +10 dB is required to clearly establish the presence of the
signal, determine the appropriate FFT parameters.
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14.10

14.11

14.12

14.13

14.14

14.15

14.16

14.17

14.18

14.19

14.20
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A narrow-band signal of bandwidth BW; is buried in wide-band noise of band-
width BW,,. Determine the maximum processing gain which can be achieved
by FFT signal processing.

Assume that hardware limits FFT processing to a size N = 512. If a single
frequency sinusoid is buried in noise with a S/N = —35 dB, determine the
number of successive FFTs which must be added to yield a processed signal-
to-noise ratio greater than +6 dB.

Explain how you would process the signal of Prob. 14.11 if S/N = —55 dB
and the frequency of the sinusoid is known.

Use the FFT to implement the block diagram matched filter processor shown
in Fig. 14.15. Experiment with different waveforms and compute the matched
filter output. If your waveforms are to be used as a radar, discuss each from
the perspective of range resolution and probability of detection.

Let a received signal s,(f) be given by
s(1) = s(t) + as(t + 1)
where
s(t) = cosmfot) fo=1Hz
a= -09
T = 0.75

Our objective is to use cepstrum processing to remove the echo als(z + 7,)].

(a) Compute the cepstrum of s(¢) using the FFT.

(b) Compute the cepstrum of s,(¢) using the FFT.

(¢) Implement the block diagram of Fig. 14.17 and compare your results with
the waveform s(¢) computed in part (a).

In deconvolution, the inverse filter impulse response is r(¢), as determined

from Eq. (14.13). What is the theoretical result if #(¢) and h(t) are convolved?

What is the result if a Hanning weighting function is employed according to

Eq. (14.16)?

Theoretically, deconvolution can be accomplished with no error. Describe

several practical limitations to obtaining theoretical results.

Develop an approach to design a deconvolution filter for the case where H(f)

is zero-valued, for example, H(f) = [sin(f)}/f. Hint: Use the Hanning weight-

ing function, where the truncation frequency f. is the first zero value of H(f).

Use a second Hanning weighting function between the first and second zero

values of H(f). Repeat as necessary to achieve signal restoration.

Repeat Ex. 14.3 for the cases a = 4\ and @ = M2. What do you conclude

concerning the relationship between parameters a and \.

In Fig. 14.24(b), what is the effect of increasing the number of zero-valued

samples?

Using the procedures developed in Sec. 14.6, compute and plot the far-field

antenna pattern for each of the electric field aperture distributions shown in

Fig. 14.45.
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Figure 14.45 Electric field aperture distributions for Prob. 14.20.

14.21 Refer to Eq. (14.27), which determines the angle of arrival of a waveform.
For a fixed d, what is the effect of setting A = Ay, 2X\o, 4No, . . . ? What do
you conclude concerning the relationship between parameters d and A?

14.22 Practical implementation of Eq. (14.27) involves measurement of the param-
eter ¢ in the presence of noise. If a measurement is made in the presence of
noise, what is the effect of:

(a) increasing d for a fixed

(b) decreasing \ for a fixed d

What do you conclude is the optimum relationship between the parameters d
and A if noise is considered?

14.23 Assume that an FFT phase-interferometer direction-finding system is to per-
form measurements over the wavelength range A, to 107\, in the presence of
noise. In view of Probs. 14.21 and 14.22, propose a system solution which
will insure accurate phase difference measurement over the wavelength range.
(Hint: Consider multiple antennas.)

14.24 Modify Fig. 14.25 so that only FFT cells with a signal-to-noise ratio that ex-
ceeds a preset threshold enter into the phase difference computation.

14.25 In an FFT time-difference-of-arrival system, how does one determine which
signal, s,(#) or s,(1), is the first to arrive?

14.26 Prove that the phase slope of the cross-spectrum (Fig. 14.26) is equal to the
time-difference-of-arrival multiplied by 2.

14.27 A weighted least-squares procedure to estimate the phase slope in Fig. 14.26
has been suggested. On what parameters should the weights be based?

14.28 Propose an FFT simulation to evaluate the performance of a radar system
employing a specially designed transmitted waveform and a matched filter
signal processor. How does your simulation change if the radar is operating
in the presence of a known interference (jamming)?

14.29 Let N = 512, BW = 0.1, 0.3, and 0.9 Hz. If T = 0.1 secs, determine the 90%
and 95% confidence limits for each case.

14.30 Compute and graph on a log scale the smoothed periodogram spectral window
for g = 5, 10, 20, and S0. Show that the windows are roughly rectangular in
shape and that the sidelobes fall off at 6 dB per octave. Observe that the initial
fall-off of the sidelobes is a function of .
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10.

11.

12.

13.
14.

15.

16.

17.
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A

THE IMPULSE FUNCTION:
A DISTRIBUTION

The impulse function 3(¢) is a very important mathematical tool in continuous
and discrete Fourier transform analysis. Its usage simplifies many deriva-
tions that would otherwise require lengthy, complicated arguments. Even
though the concept of the impulse function is correctly applied in the solution
of many problems, the basis or definition of the impulse is normally mathe-
matically meaningless. To ensure that the impulse function is well-defined,
we must interpret the impulse not as a normal function but as a concept in
the theory of distributions.

Following the discussions by Papoulis [1, Appendix I] and Gupta [2,
Chapter 2], we describe a simple but adequate theory of distributions. Based
on this general theory, we develop those specific properties of the impulse
function that are necessary to support the developments of Chapter 2.

IMPULSE FUNCTION DEFINITIONS

Normally, the impulse function (3-function) is defined as
3(t — 1) =0 t# 1o (A.D
f_ 8(t — to) dr = 1 (A2)
That is, we define the 8-function as having undefined magnitude at the time
of occurrence and zero elsewhere, with the additional property that the area

under the function is unity. Obviously, it is very difficult to relate an impulse

386
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to a physical signal. However, we can think of an impulse as a pulse wave-
form of very large magnitude and infinitely small duration such that the area

of the pulse is unity.
We note that with this interpretation, we are, in fact, constructing a

f(t)

Nle
Nilo

f(t)

V)=

-
]

d

Figure A.1 Representations of the 3-function.
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series of functions (i.e., pulses) that progressively increase in amplitude,
decrease in duration, and have a constant area of unity. This is simply an
alternate method for defining a &-function. Consider the pulse waveform
illustrated in Fig. A.1(a). Note that the area is unity and, hence, we can
write mathematically the d-function as

o(¢) = lin}) ft, a) (A3)

In the same manner, the functions illustrated in Figs. A.1(b) to (d) satisfy
Eqgs. (A.1) and (A.2) and can be used to represent an impulse function.

The various properties of impulse functions can be determined directly
from these definitions. However, in a strict mathematical sense, these defi-
nitions are meaningless if we view 8(¢) as an ordinary function. If the impulse
function is introduced as a generalized function or distribution, then these
mathematical problems are eliminated.

DISTRIBUTION CONCEPTS

The theory of distributions is vague and, in general, meaningless to the
applied scientist who is reluctant to accept the description of a physical
quantity by a concept that is not an ordinary function. However, we can
argue that the reliance on representation of physical quantities by ordinary
functions is only a useful idealization and, in fact, is subject to question. To
be specific, let us consider the example illustrated in Fig. A.2.

As shown, the physical quantity V is a voltage source. We normally
assume that the voltage v(¢) is a well-defined function of time and that a
measurement merely reveals its values. But we know in fact that there does
not exist a voltmeter that can measure exactly v(t). However, we still insist
on defining the physical quantity V by a well-defined function »(¢) even
though we cannot measure v(t) accurately. The point is that because we
cannot measure the quantity V exactly, then on what basis do we require
the voltage source to be represented by a well-defined function v(#)?

A more meaningful interpretation of the physical quantity V is to define
it in terms of the effects it produces. To illustrate this interpretation, note
that in the previous example, the quantity V causes the voltmeter to display

| 1 | |

| | | |

| [ voLtace Vioutput) | VOLT—METER | +[1Jal2] | |
SOURCE o

| vin | | DISPLAY |

| | | |

: CAUSE : TESTING FUNCTION : RESPONSE :

Figure A.2 Physical interpretation of a distribution.
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or assign a number as a response. For each change in V, another number
is displayed or assigned as a response. We never measure u(¢) but only the
response; therefore, the source can be specified only by the totality of the
responses that it causes. It is conceivable that there is not an ordinary func-
tion v(¢) that represents the voltage parameter V. But because the responses
or numbers are still valid, then we must assume that there is a source V
causing them and the only way to characterize the source is by the responses
or numbers. We now show that these numbers in fact describe V as a
distribution.

A distribution, or generalized function, is a process of assigning to an
arbitrary function ¢&(¢) a response or number

Rl(0)] (A.4)

Function &(¢) is termed a testing function and is continuous, is zero outside
a finite interval, and has continuous derivatives of all orders. The number
assigned to the testing function ¢(¢) by the distribution g(z) is given by

|7 sty dr = Riow) (4.5)

The left-hand side of Eq. (A.5) has no meaning in the conventional sense of
integration, but rather is defined by the number R[$(f)] assigned by the
distribution g(z). Let us now cast these mathematical statements in light of
the previous example.

With reference to Fig. A.2, we note that if the voltmeter is modeled
as a linear system, then the output at time ¢, is given by the convolution
integral

|- wwntto - 0 ae

where A(¢) is the time-domain response of the measuring instrument. If we
consider A(¢) as a testing function (that is, each particular voltmeter has
different internal characteristics and as a result yields a different response
for the same input, we thus say that the meter tests or senses the distribution
2(t), then the convolution integral takes the form

| v0sie.t0) dr = Ris(200 (A.6)

Thus, for a fixed input V, the response R is a number depending on the
system function ¢(¢,20).

If we interpret Eq. (A.6) as a conventional integral and if this integral
equation is well-defined, then we say that the voltage source is defined by
the ordinary function v(¢). But, as stated previously, it is possible that there
does not exist an ordinary function satisfying Eq. (A.6). Because the re-
sponse R[d(¢,t0)] still exists, we must assume that there is a voltage source
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V that causes this response and that a method of characterizing the source
is by means of the distribution of Eq. (A.6).

The preceding discussion casts the theory of distributions in the form
of physical measurements for ease of interpretation. Based on the defining
relationship of Eq. (A.S), we now investigate the properties of a particular
distribution: the 3-function.

PROPERTIES OF IMPULSE FUNCTIONS

The impulse function 8(¢) is a distribution assigning to the testing function
&(¢) the number $(0):

| s ar = 40 (A7)

It should be repeated that the relationship of Eq. (A.7) has no meaning as
an integral, but the integral and the function 8(¢) are defined by the number
$(0) assigned to the function &(¢).

We now describe the useful properties of impulse functions.

Sifting Property
The function 8(¢+ — o) is defined by
|78t = 160 dr = 610) A9

This property implies that the 3-function takes on the value of the function
&(t) at the time the d-function is applied. The term sifting property arises
in that if we let ¢o continuously vary, we can sift out each value of the function
&(#). This is the most important property of the §-function.

Scaling Property

The distribution 8(at) is defined by

- L= t
|- aan) dr = Mo I-. aum(;) dt A.9)

where the equality results from a change in the independent variable. Thus,
d(at) is given by
1

d(at) = mﬁ(t) (A.10)
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Product of a 8-function by an Ordinary Function

The product of a 8-function by an ordinary function A(¢) is defined by

|- wonamew ar = [ swirns d (A.11)

If A(¢) is continuous at ¢ = ¢y, then
3(to)h(t) = h(t0)d(to) (A.12)

In general, the product of two distributions is undefined.

Convolution Property

The convolution of two impulse functions is given by

f—mw [f—mw 81(Md2(r — 1) d’f]d)(t) dt

- [ U_Z 82t — TO(1) dt] dr (A13)
Hence,
31(t — 1) * 82(t — 12) = B[t — (11 + t2)] (A.14)
d-functions as Generalized Limits

Consider the sequence g,(¢) of distributions. If there exists a distri-
bution g(¢) such that for every test function &(z), we have

tim [~ gao dt = [~ g(0o(r) dr (A.15)
then we say that g(¢) is the limit of g,(¢)

g(t) = lim g,(¢) (A.16)

We can also define a distribution as a generalized limit of a sequence
fa(t) of ordinary functions. Assume that f,(z) is such that the limit

lim [~ £.06(0) de

exists for every test function. This limit then is a number that depends on
&(¢) and thus defines a distribution g(¢), where

g(t) = lim f,(1) (A.17)
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and the limiting operation is to be interpreted in the sense of Eq. (A.15). If
Eq. (A.17) exists as an ordinary limit, then it defines an equivalent function
if we assume that we can interchange the order of limit and integration in
Eq. (A.15). It is from these arguments that the conventional limiting argu-
ments, although awkward, are mathematically correct.

The 8-function can then be defined as a generalized limit of a sequence
of ordinary functions satisfying

lim [~ £,(06() dt = 6(0) (A.18)

If Eq. (A.18) holds, then

o(r) = linl Fa(t) (A.19)

Each of these functions illustrated in Fig. A.1 satisfy Eq. (A.18) and define
the 3-function in the sense of Eq. (A.19).
Another functional form of importance that defines the 8-function is

sin at

3(¢) = lim (A.20)
a—»>© Tt
Using Eq. (A.20), we can prove [Papoulis] that
f cosQ@uft) df = f_w 27t df = (1) (A.21)

which is of considerable importance in evaluating particular Fourier
transforms.

TWO-DIMENSIONAL IMPULSE FUNCTIONS

The two-dimensional impulse function 8(x,y) is a distribution assigning to
the testing function &(x,y) the number ¢(0,0):

f . f _ 3ey)dlx.y) = ¢(0,0) (A.22)
From this definition, the useful properties of two-dimensional impulse func-

tions can be derived. In particular, the shifting property, which is key to
developing the two-dimensional sampling theorem, is as follows:

f:o f:o 3(x — X0,y —yo)h(x,y) dx dy = h(xo,y0) (A.23)
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Algorithm, FFT:

arbitrary factors, 156, 160

base 2, 148

base 4, 157, 162

base 4+2, 158

BASIC, 145

Cooley-Tukey, 152, 154, 158, 160, 163

matrix formulation, 131

PASCAL, 147

real data, 188

Sande-Tukey, 155

Twiddle factor, 162
Aliasing:

frequency domain, 83, 172, 276, 313, 324, 329

time domain, 83, 95, 200, 282, 321
Antenna design analysis, 349
Autocorrelation, 69, 365

Band-limited, 83, 98, 101

Band-pass, 86, 299, 305, 315, 320, 329
Base 2 FFT, 148

Base 4 FFT, 157, 162

Base 4 + 2 FFT, 158

Baseband, 86, 324, 327, 329
Beamforming, 376

Bias, 368

Bit-reversing, 140

Canonic FFT forms, 154
Cepstrum analysis, 341
Circular convolution, 123
Computer Program, BASIC:
Dolph-Chebyshev, 186
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FFT, 145

FFT convolution, 209

FFT of two real functions, 191

FFT, two times capability, 194

two-dimensional FFT, 255

two-dimensional FFT convolution, 265
Confidence intervals, 371, 373
Convolution:

discrete (see Discrete convolution)

FFT (see FFT convolution)

frequency theorem, 64, 112

graphical evaluation, 51, 256

impulse functions, 57, 61, 257

integral, 50

limits of integration, 54

linear-systems, 59, 302

time theorem, 60, 112

two-dimensional, 255

two-dimensional theorem, 259
Cooley-Tukey, 154, 158, 160, 163
Correlation:

comparison to convolution, 66

discrete (see Discrete correlation)

FFT, 225, 264, 358

graphical evaluation, 67

theorem, 65, 113

two-dimensional, 260
Cross-correlation, 69, 358
Cross-spectrum, 358

Decimation, 155, 323
Decomposition, 42, 110, 189
Deconvolution, 345

Degrees of freedom, 372



Direction finding, 355
Discrete convolution: (see also FFT
convolution)
circular, 123
definition, 118
frequency-convolution theorem, 112
graphical development, 119
relationship to continuous convolution, 121
time-convolution theorem, 112
two-dimensional, 261
Discrete correlation:
definition, 127
graphical evaluation, 127
theorem, 113
two-dimensional, 264
Discrete Fourier transform:
definition, 97
Fourier transform relationship, 98
graphical development, 90
properties, 107, 115
theoretical development, 92
two-dimensional, 240
Discrete inverse Fourier transform, 97, 108, 195
Down-conversion, 37, 317, 326
Down-sampling, 313, 323, 326
Dual node pair, 138

Echo removal, 341
End effect, 124

FFT antenna-pattern computation, 353
FFT averaging, 339
FFT band-pass filters:
crossover, 301
definition, 299
demultiplexing, 315
graphical development, 294, 296
hopped filters, 303
in-phase filters, 299
multichannel (see Multichannel FFT band-pass
filtering)
quadrature (see Quadrature)
shifted filters, 303
FFT beamforming, 376
FFT complex sampling, 310, 317, 336
FFT computation flowchart, 141
FFT computer program (see Computer program,
BASIC)
FFT convolution:
computer program, 209, 265
computing procedure, 208
computing speed, 209, 220, 263
data restructuring, 206, 263
efficient, 223
overlap-add, 217, 222
overlap-save, 212, 221
sectioning, 211
select-save, 221
two-dimensional, 260
FFT correlation, 225, 264, 358
FFT deconvolution, 347
FFT digital filters (see Filter design)
FFT power-spectrum analysis, 365
FFT signal detection, 183, 337
FFT system simulation, 360
FFT time-difference-of-arrival, 357

Filter design:
band-pass (see FFT band-pass filters)
deconvolution, 346
frequency domain specification, 280
integrate and sample (see FFT band-pass
filters)
inverse, 346
matched, 340
multichannel band-pass (see Multichannel FFT
band-pass filtering)
notch, 284
recursive, 272
ripple, 90, 100, 178, 276, 284, 315
time domain aliasing, 282
time domain specification, 273
Flow chart (see Signal flow graph)
Fourier integral, 9
Fourier series, 74, 77
Fourier transform:
definition, 9, 22
discrete (see Discrete Fourier transform)
existence, 13, 17
FFT computation, 167
interpretation, 4
inverse, 11
pairs, 23
properties, 30, 46
relationship to discrete transform, 98
simultaneous, 45
table, 24
two-dimensional, 233
Frequency:
convolution theorem, 64, 112
sampling theorem, 86
scaling, 33
shifting, 37, 108
Functions:
band-limited, 83, 98, 101
band-pass, 86, 299, 305, 315, 320, 329
baseband, 86, 324, 327, 329
complex, 44, 111
decomposition, 42, 110, 189
discontinuous, 22, 103, 167, 177
Dolph-Chebyshev, 183, 288
even, 40, 109
Hanning (see Hanning function)
Impulse (see Impulse function)
noncausal, 175, 250, 353
odd, 41, 110
rectangular (see Rectangular function)
sampling, 80, 90, 92, 98, 103, 258, 322
separable, 237
testing, 389
truncation (see Weighting function; Window)

Hanning function, 181, 252, 276, 285, 302, 315,
346, 369
Hopped FFTs, 303

Impulse function:
convolution, 57, 257, 391
definition, 18, 386
multiplication, 80, 257, 323, 391
properties, 390

In-phase:
filter bank, 299
reference sinusoid, 328
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In-place computation, 138, 155 time domain, 80, 90, 92, 98, 103, 258, 322

Interferometer, 355 two-dimensional, 254
Interpolation, 199, 333, 358 Sande-Tukey, 155
Inverse discrete Fourier transform, 97, 195, 252 Scaling:

Inverse Fourier transform: frequency domain, 33
alternate formula, 40, 108 time domain, 32
definition, 11, 22 Shifted FFTs, 303
two-dimensional, 239 Sidelobes, 103, 178, 181, 185, 187, 276, 284, 300,

317, 368
Signal detection, 183, 337

Lagged products, 127, 367 Signal flow graph:

Laplace transform, 23, 199 base 2, N=16, 137

Leakage (see Sidelobes) base 4, N=16, 159

Linearity, 30, 59, 107 base 4 + 2, N=8, 189

canonic forms, 152, 156
Simulation, 360

Matc'hed filters, 340 ) Singular function (see Impulse function)
Matrix FFT formulation, 131 Smoothed periodogram, 369, 371
Modulation, 37, 65, 313, 322, 324, 329, 333 Spatial, 233, 243

Monopulse system, 357 Spectral analysis, 365

Multichannel FFT band-pass filtering: Symmetry, 32, 107

complex samples, 310, 336

demultiplexing, 315

graphical development, 304

sample rate considerations, 313

theoretical development, 305
Multipath removal, 341

Temporal, 233

Testing function, 389
Time-difference-of-arrival, 357
Time scaling, 32

Time shifting, 35, 107
Transmission bandwidth, 314

Nyquist sampling rate, 84, 172, 254, 322, 336 Truncation function (see Weighting function;
Window)
Two-dimensional:

Overlap-add sectioning, 217 array processing, 379
Overlap effect, 121, 124, 206 convolution, 255
Overlap-save sectioning, 212 convolution theorem, 259

correlation, 260

FFT (see Two-dimensional FFT)
Parseval’s theorem, 23 sampling, 254
PASCAL FFT computer program, 147 windows, 250
Periodogram, 367 Two-dimensional FFT:
Phase-interferometer, 355 alternate computing procedure, 246
Power spectrum, 365 Array processing, 379

BASIC computer program, 255
computational reorganization, 243

Quadrature: convolution, 260
FFT complex sampling, 336 graphical development, 241
filter bank, 299 inverse, 252
reference sinusoid, 329 periodicity, 247
sampling, 313, 327 successive one-dimensional transforms, 238
signal reconstruction, 331 windows, 250

Record length (see Weighting function; Window) Unscrambling, 141

Rectangular function, 90, 98, 103, 172, 178, 181,

187, 276, 282, 295, 303 WP computation, 140
Resolution, 170, 180, 187, 243, 300, 317, 337 WP factorization, 149
Ripple, 90, 94, 172, 346 (see also Sidelobes and Waveforms (see Functions)

Filter design) Weighting function:

comparisons, 182
Dolph-Chebyshev, 183

Sampling: filter bank interpretation, 300
band-pass sampling theorem, 322 Hanning (see Hanning function)
bandwidth, 314 rectangular (see Rectangular function)
complex, 310, 336 two-dimensional, 250
down-sampling, 313, 323, 326 Window (see also Weighting function):
frequency domain, 86, 92, 94, 106, 195, 281 bandwidth, 182, 368
quadrature (see Quadrature) Bartlett, 181, 367
theorem, frequency domain, 86 Daniel, 369
theorem, time domain, 83 spectral, 368
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